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Tavi 1. kombinatorika 
 
 

$ 1. gadanacvleba, wyoba, jufdeba. maTi raodenobis gamosaTvleli formulebi 
 

erTi da imave n -elementebisagan Sedgenil yovel dalagebul },,,,{ 321 naaaa Λ  

simravles n _gadanacvleba ewodeba. n  ricxvs gadanacvlebis rigi ewodeba. n  rigis 
yvela gansxvavebul gadanacvlebaTa raodenoba tolia: 

 !nPn =   

n -elementiani simravlis elementebisagan Sedgenil yovel m  elementian 
dalagebul qvesimravles ewodeba wyoba n -elementisa m  elementad.  

n -elementis m  elementad yvela wyobaTa raodenoba aRiniSneba simboloTi: m
nA .  

adgili aqvs tolobas: 

)!(
!
mn

nAm
n −
= .  

cxadia, rom:  

1. 10 =nA ,        2. nAn =
1 ,        3. !nPA n

n
n == . 

n -elementiani simravlis nebismierad Sedgenil yovel m  elementian 
qvesimravles (dalagebis gareSe) ewodeba jufdeba n -elementisa m  elementad.  

n -elementis m  elementad yvela jufdebaTa raodenoba aRiniSneba simboloTi: 
m
nC .  

adgili aqvs tolobas:  

)!(!
!

mnm
nC m

n −⋅
= . 

cxadia, rom:  

1. 10 =nC ,        2. nCn =
1 ,      3. mn

n
m
n CC −= . 

 
 
1.1.1. ramden elements unda Seicavdes simravle, rom misi elementebisagan Sedgenili 
yvela gadanacvlebaTa ricxvi iyos:  

1. ara umetes 1000 -isa;  2. ara nakleb 500 -isa. 
1.1.2. SeadgineT A  simravlisagan yvela SesaZlo gadanacvleba, Tu:  

1. },,,{ qpnmA = ; 2. },,,2,1{ aqpA = . 
1.1.3. SeasruleT moqmedebebi da gamoTvaleT:  

1. 
!12

!6!8 −
; 2. 

)!4(
)!2(

−
−

n
n

; 3. 
)!4(

1
!

1
+

−
nn

; 4. 
!

1
)!2(

1
kk

−
−

. 

1.1.4. ramdeni sxvadasxva xerxiT SeiZleba 6  kacis arCeva eqvs sxvadasxva 
Tanamdebobaze, Tu kandidatTa raodenobaa 12? 
1.1.5. klasSi 28  moswavlea. gamosaSveb saRamoze maT erTmaneTs samaxsovro 
fotosuraTebi gaucvales. ramdeni fotosuraTi gaicvala sul? 
1.1.6. ramdeni gansxvavebuli sagnisagan SeiZleba 2 -elementiani 210  wyobis Sedgena? 
1.1.7. ipoveT saWadrako turnirSi monawileTa raodenoba, Tu TiToeulma monawilem 
yvela danarCenTan TiTo partia iTamaSa da sul 55 partia gaTamaSda? 
1.1.8. klasis 25  moswavlidan konferenciisaTvis unda airCion 4  delegati. ramdeni 
xerxiT SeiZleba amis gakeTeba? 
1.1.9. aCveneT Semdegi tolobis samarTlianoba:  

a) 4
8

3
7

4
7 CCC =+ ; b) 6

11
6
10

5
10 CCC =+ . 

1.1.10. ramdeni gansxvavebuli xerxiT SeiZleba Sedges 18 moswavliani klasis 
moswavleTa sia? 
1.1.11. ipoveT 0 , 1, 2 , 3 cifrebisagan Sedgenili yvela SesaZlo oTxniSna ricxvebis 
raodenoba, romelSic yvela cifri erTmaneTisagan gansxvavebulia  
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1.1.12. fexburTelTa gundSi 17  moTamaSe iricxeba. sastarto xuTeulis dayenebis 
ramdeni sxvadasxva varianti arsebobs? 

1.1.13. amoxseniT gantoleba xxCA xx −=− 223 6   

1.1.14. cifrebisagan 1, 2 , 3 , 4 , 5 Sedgenilia yvela SesaZlo xuTniSna ricxvi, 
romelSic cifrebi ar meordeba. ipoveT, aseTnairad miRebul ricxvebs Soris, 5 -
ianiT dawyebuli ricxvebis raodenoba 
1.1.15. ramdeni gansxvavebuli bileTis Sedgena SeiZleba 10 algebruli da 6  
geometriuli amocanis gamoyenebiT, Tu TiToeul bileTSi Sedis 3 algebruli da 2 
geometriuli amocana? 

1.1.6. amoxseniT utoloba 722
1 <−nA   

1.1.7. ramdeni sxvadasxva xerxiT SeiZleba ganvalagoT Taroze wignebis eqvsi tomi? 
 
 
$ 2. niutonis binomi. binomialuri koeficientis gamosaTvleli formula  
 
nebismieri naturaluri n  ricxvisaTvis marTebulia formula: 

nn
n

mmnm
n

n
n

n
n

n
n

n bCbaCbaCbaCaCba ⋅++⋅++⋅+⋅+⋅=+ −−− ΛΛ222110)( , 

romelsac niutonis formula (binomi) ewodeba. am formulis marjvena mxares 

binomis xarisxis daSla, xolo m
nC  koeficientebs _binomuri koeficientebi 

ewodeba. binomuri koeficientebis raodenoba 1+n -is tolia. 
binomur koeficientebs aqvT Semdegi Tvisebebi:   
1. boloebidan Tanabrad daSorebuli wevrebis binomuri koeficientebi 

erTmaneTis tolia mn
n

m
n CC −= .  

2. mk
mn

m
n

m
k

k
n CCCC −

−⋅=⋅  

binomuri xarisxis daSlis 1+k -e Sesakrebi tolia: 
kknk

nk baCT −⋅=  

 
 

1.2.1. ipoveT ( )12
3 2xx +  daSlis mexuTe wevri 

1.2.2. ipoveT ( )122−+ xx daSlis im wevris nomeri, romelic ar Seicavs x -s 
1.2.3. ipoveT ( )100001,01+ daSlis udidesi wevris nomeri 

1.2.4. ipoveT 632 )32( yx −  binomuri daSlis koeficientebis jami  
 
 
pasuxebi:  

1.1.1 6.1 ≤n , 6.2 ≥n ; 1.1.4. 440555
11 =A ; 1.1.5. 11=n ; 1.1.7. !6 ; 1.2.1. 6495 x⋅   

 
 
 



Tavi 2.  jgufi, rgoli, veli 
 

   R  aracariel simravleze mocemulia binaruli algebruli operacia, Tu mis 

yovel dalagebul ( )ba,  wyvils calsaxad eTanadeba Rc∈  elementi. 

   aracariel G  simravles ewodeba jgufi, Tu masze ganmartebulia erTi 
binaruli algebruli operacia ο, romlisTvisac sruldeba pirobebi (aqsiomebi): 

1. asociaciuroba  

     ( ) ( ) Gcbacbacba ∈∀= ,,,οοοο ; 

2. am operaciis mimarT e. w. neitraluri Gn∈  elementis arseboba 
    Gaaanna ∈∀== ,οο ; 
3. simetriuli elementis arseboba 

         naaaaGaGa ==∈∃∈∀ ∗∗∗ οο:, . 
Tu e s operacia Sekrebis operaciaa, maSin jgufs adiciurs uwodeben, n -s 
nulovan elements da aa −≡∗  elements a -s mopirdapires; Tu operacia 
gamravlebaa maSin jgufs multiplikaciuri jgufi hqvia, xolo n -s 
erTeulovani elementi da 1−∗ ≡ aa  elements a -s Sebrunebuli.  
    R  aracariel simravles ewodeba rgoli, Tu masze ganmartebulia Sekrebisa 
da gamravlebis binaruli algebruli operaciebi, romlebisTvisac sruldeba 
Semdegi aqsiomebi: 

1. komutaciuroba Sekrebis mimarT 
     Rbaabba ∈∀+=+ ,, ; 
2. asociaciuroba Sekrebis mimarT 

    ( ) ( ) Rcbacbacba ∈∀++=++ ,,, ; 
3. asociaciuroba gamravlebis mimarT 

         ( ) ( ) Rcbacbacba ∈∀⋅⋅=⋅⋅ ,,, ; 
      4. distribuciulobis aqsiomebi 

         ( ) Rcbacabacba ∈∀⋅+⋅=+⋅ ,,, , 

           ( ) Rcbacbcacba ∈∀⋅+⋅=⋅+ ,,, ; 

      5. nulovani elementis arsebobis Sesaxeb aqsioma 
        aaaRaR =+=+∈∀∈∃ θθθ ,: ; 
     6. mopirdapire elementis arsebobis Sesaxeb aqsioma 

         ( ) ( ) ( ) θ=+−=−+∈−∃∀ aaaaRaa :, ; 

Tu R  rgolSi damatebiT sruldeba komutaciurobis aqsioma gamravlebis 
mimarT abbaRba ⋅=⋅∈∀ :, , maSin rgols abeluri hqvia. Tu R  rgolSi arsebobs 

iseTi e  elementi, rom aaeeaRa =⋅=⋅∈∀ : , maSin rgols erTeuliani rgoli 
ewodeba. 
  R  rgolis RK ⊂  qvesimravles ewodeba misi qvergoli, Tu K  TviTonaa 
rgoli R - ze ganmartebuli binaruli algebruli operaciebis mimarT. 
imisaTvis, rom RK ⊂  qvesimravle iyos  R  rgolis qvergoli, aucilebelia da 
sakmarisi, rom: KabbaKba ∈−⇒∈∀ ,, . 
   aranulovan, komutaciur, erTeulian rgols, romlis yoveli aranulovani 
elementi Sebrunebadia ewodeba veli. 

  K  velis KK ⊂'  qvesimravles ewodeba misi qvergoli, Tu 'K  TviTonaa veli 
K - velSi ganmartebuli binaruli algebruli operaciebis mimarT. imisaTvis, 

rom KK ⊂'  qvesimravle iyos  K  velis qveveli, aucilebelia da sakmarisi, 

rom: '1' ,, KabbaKba ∈−⇒∈∀ − . 

  rgolis aranulovan a da b  elements ewodeba rgolis nulis gamyofebi, Tu 
adgili aqvs tolobas θ=⋅ba . Tu rgoli nulis gamyofTa erT wyvils mainc 
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Seicavs mas nulgamyofiani rgoli hqvia, winaaRmdeg SemTxvevaSi mas 
unulgamyofos uwodeben. 
  komutaciur, erTeulian, unulgamyofo rgols mTelobis are ewodeba. 

  Tu M  da 'M  ori aracarieli simravlea da TiToeul maTganze 
ganmartebulia Sekrebisa da gamravlebis binaruli algebruli operaciebi, 

maSin M simravlis 'M  simravleze F  urTierTcalsaxa asaxvas ewodeba 
izomorfizmi, Tu Mba ∈∀ , elementebisaTvis adgili aqvs tolobebs: 

( ) ( ) ( )bFaFbaF +=+  da ( ) ( ) ( )bFaFbaF ⋅=⋅ . 

 
2.1. daaxasiaTeT M  simravleze ganmartebuli binaruli algebruli operacia 
“ο” , Tu: 

a) NM =  da 5 baba ⋅=ο ; b) RM =  da baba coscos ⋅=ο ;  

g) NM =  da 1+−= baba ο ; d) ZM =  da 33 baba +=ο . 

2.2. vTqvaT, M  aracarieli simravlea, xolo X - mis yvela qvesimravleTa 
simravle. daaxasiaTeT X  simravleze ganmartebuli binaruli algebruli 
operacia ο , Tu: 

a) BABA ∪=ο ; b) BABA ∩=ο ; g) BABA \=ο ; d) ( ) ( )ABBABA \\ ∪=ο . 
2.3. daadgineT, qvemoT mocemuli simravleebidan romeli warmoadgens rgols 
a) mTel ricxvTa simravle, ricxvebis Sekrebisa da gamravlebis operaciebis 
mimarT; 
b) luw ricxvTa simravle, ricxvebis Sekrebisa da gamravlebis operaciebis 
mimarT; 
g) kent ricxvTa simravle, ricxvebis Sekrebisa da gamravlebis operaciebis 
mimarT; 
d) Nn∈  ricxvis jerad ricxvTa simravle, ricxvebis Sekrebisa da gamravlebis 
operaciebis mimarT; 
e) Q  da R  simravleebi, ricxvebis Sekrebisa da gamravlebis operaciebis 
mimarT. 

2.4. aCveneT, rom ( ){ }ZbabaM ∈= ,:,  simravle, masze ganmartebuli 

( ) ( ) ( )'''' ,,, bbaababa ++=+   da ( ) ( ) ( )'''' ,,, bbaababa ⋅⋅=ο  
operaciebis mimarT, aris rgoli. ipoveT misi yvela nulis gamyofi. 
2.5. aCveneT, rom erTeulian rgolSiSekrebis operaciis komutaciuroba rgolis 
danarCeni aqsiomebidan gamomdinareobs. 
2.6. daamtkiceT, rom unulgamyofo, komutaciuri rgoli, romelic Seicavs erTze 
met  elements, aris veli. 
2.7. daamtkiceT, rom rgolSi tolobidan ayax =   gamomdinareobs yx =  toloba 
maSin, da mxolod maSin, roca a  ar aris marcxena nulis gamyofi. 
2.8. aCveneT, rom Tu rgolSi arsebobs erTi mainc elementi, romelic ar 
warmoadgens rgolis nulis gamyofs, maSin Sekrebis komutaciuroba 
gamomdinareobs rgolis danarCeni aqsiomebidan. 
2.9. daamtkiceT, rom nebismier m -elementian rgolSi adgili aqvs tolobas 

0=+++= 44 344 21 Λ
m

aaama . 

2.10. ipoveT M  simravliT warmoqmnili idealebi: 

a) { } ZM ,5;3= -rgolSi;  

b) { } ZM ,10;4= -rgolSi; 

g) { } [ ]xRxxM ,1;1 46 −−= -rgolSi; 

d) { } [ ]xRxxM ,1; += -rgolSi; 

e) { } [ ]xQxxxxxM ,43;274 2324 −++−+=  da [ ]xR -rgolebSi. 
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2.11. aCveneT, rom M aracarieli simravlis yvela qvesimravleTa X  simravle, 
masze ganmartebuli Semdegi iperaciebiT: 

( ) ( )ABBABA \\ ∪=+  da BABA ∩=⋅ , XBA ∈, , 

warmoadgens erTeulian rgols pirobiT TT =2 . 

2.12. daamtkiceT, rom Tu R  rgolSi sruldeba piroba RXXX ∈∀= ,2 , maSin 
rgoli komutaciuria. samarTliania Tu ara igive debuleba pirobiT   

RXXX ∈∀= ,3 . 
2.13. gamoarkvieT, 2.3.-Si mocemuli simravleebidan romeli warmoadgens vels da 
romeli mTelobis ares. 
2.14. gamoikvlieT moduliT n  naSTTa klasebis simravlis struqtura roca: 
a) n  Sedgenili ricxvia; 
b) n  martivi ricxvia 
2.15. ipoveT 8Z -is, 18Z -isa da 5Z -is yvela qvesimravleebi. 

2.16. amoxseniT gantolebebi 11Z -Si: 

a) 0732 =++ xx ; b) 0322 =++ xx ; g) 0152 =++ xx ; d) 0532 =++ xx . 

2.17. Semdegi gantolebebidan romels aqvs amonaxsni 11Z -Si: 

 a) 52 =x ; b) 072 =−x ; g) ax =2 . 

2.18. aCveneT, rom Qcbacba ∈++ ,,,42 33  saxis ricxvebis simravle, ricxvebis 
Sekrebisa da gamravlebis binaruli algebruli operaciebis mimarT, 

warmoadgens vels. ipoveT  33 4221 +−=a  elementis Sebrunebuli elementi. 
2.19. aCveneT, rom rgolis Sebrunebad elementTa simravle warmoadgens jgufs. 
2.20. aCveneT, rom veli, Sekrebis binaruli operaciis mimarT, warmoadgens 
adiciur jgufs. warmoadgens Tu ara veli, gamravlebis operaciis mimarT, 
multiplikaciur jgufs. 

2.21. daamtkiceT, rom ( ){ }0,,:, ≠∈= aQbabaA  simravle warmoadgens jgufs Semdegi 

operaciis mimarT: ( )( ) ( )babaababa += '''' ,,, . 
2.22. aris Tu ara mTel ricxvTa simravle jgufi: 
a) ricxvTa Sekrebis operaciis mimarT; 
b) ricxvTa gamravlebis operaciis mimarT; 
g) ricxvTa gamoklebis operaciis mimarT. 
2.23. aCveneT, rom jgufis qvejgufTa TanakveTa aris jgufi. 
2.24. daamtkiceT, rom: 
a) R  adiciuri jgufi izomorfulia dadebiT namdvil ricxvTa 
multiplikaciuri jgufisa; 
b) ) Q adiciuri jgufi ar aris izomorfulia dadebiT racionalur ricxvTa 
multiplikaciuri jgufisa. 
 
pasuxebi: 
2.1. a) operacia komutaciuri da asociaciuria, gaaCnia neitraluri elementi 

1=n . simetriuli elementi mxolod 1=n  elements gaaCnia; b) operacia 
komutaciuri da asociaciuria, mas ar gaaCnia neitraluri elementi; g) operacia 
komutaciuri da asociaciuria, gaaCnia neitraluri elementi 1=n . yoveli 
elementi Tavisi Tavis simetriulia; d) operacia komutaciuri da asociaciuria, 
gaaCnia neitraluri elementi 0=n . yoveli a  elementis simetriulia a− . 
2.2. a) operacia komutaciuri da asociaciuria, gaaCnia neitraluri elementi 

∅=n . simetriuli elementi mxolod ∅=n  elements gaaCnia; b) operacia 
komutaciuri da asociaciuria, gaaCnia neitraluri elementi Xn = . simetriuli 
elementi mxolod Xn =  elements gaaCnia ; g) operacia arakomutaciuri da 
araasociaciuria, ar gaaCnia neitraluri elementi; d) operacia komutaciuri da 
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asociaciuria, gaaCnia neitraluri elementi ∅=n . yoveli  elementi Tavisi 
Tavis simetriulia. 2.3. a), b), d), e) –SemTxvevebSi simravle rgolia. 

2.5. miTiTeba: gaSaleT ( )( )yxee ++  namravli distribuciulobis gamoyenebiT. 

2.10. a) Z ; b) ( )2 ; g) ( )12 −x ; d) [ ]xR ; e) ( )1−x . 2.13. a) mTelobis are; e) veli. 

2.15. 8Z  -is qvergolebia 4,2,1  da 0 ; 18Z  -is qvergolebia 3,2,1 , ,6 9  

da 0 ; 5Z  -is qvergolebia 1  da 0 . 2.16. a) 1 da 7 ; b) ∅ ; g)2  da 7 ; d) 

421 == xx . 2.17. a) 4=x ; b) 2=x ; g) 11mod03 ≡− ax . 2.18. 331 4
43
12

43
9

43
5

−+=−a . 

 
 
 
 
 
 
 
 
 
 



Tavi 3.  kompleqsuri ricxvebi 
 
$. 1. kompleqsuri ricxvi. misi algebruli saxe 
 

namdvil ricxvTa dalagebul  ( )ba,  wyvils kompleqsuri ricxvi ewodeba. ( )0,a  
saxis kompleqsuri ricxvi gaigivebulia namdvil a  ricxvTan. kompleqsur 

ricxvTa simravle aRiniSneba simboloTi C . am simravleze gainmarteba Sekrebisa 
da gamravlebis algebruli operaciebi: 

( )ba, + ( )dc, = ( )dbca ++ , ; 
( )ba, ( )dc, = ( )bcadbdac +− , . 

am operaciebis mimarT C  simravle warmoadgens vels. ( )1,0  kompleqsuri 
ricxvi  aRiniSneba simboloTi i  da mas warmosaxviTi erTeuli qvia. 

z = ( )ba,  kompleqsuri ricxvi SeiZleba Caiweros saxiT: 

z = ( )ba, = ( )0,a + ( )b,0 = ( )0,a + ( )0,b ( )1,0 = bia + . 
kompleqsuri ricxvis am saxes – misi algebruli forma qvia. a  namdvil 

ricxvs z kompleqsuri ricxvis namdvili nawili ewodeba da zRe  simboloTi 
aRiniSneba, xolo b  namdvil ricxvs _ kompleqsuri ricxvis warmosaxviTi 
nawili da aRiniSneba simboloTi_ zIm . 

z = bia +  kompleqsuri ricxvis SeuRlebuli ewodeba z = bia −  saxis 
kompleqsur ricxvs.  

ori mocemuli 1z = 1a + 1b  da 2z = 2a + 2b  saxiT mocemuli kompleqsuri 
ricxvebisaTvis  

1z ± 2z = ( 1a ± 2a ) + ( 1b ± 2b ) i  

1z 2z = ( 1a 2a - 1b 2b ) + ( 1a 2b + 2a 1b ) i  

2

1

z
z

= 2
2

2
2

1221

ba
bbaa

+
+

 +  2
2

2
2

2121

ba
baab

+
− i  , .02 ≠z . 

 
3.1.1. gamoTvaleT 

.1  ( 2 + i ) ( 5 - i ) + )23( i+ );57( i+    .2  );318)(4()12)(3( iiii −+−−+  

.3   );56)(32()43)(25( iiii −+−++      .4  ;
2

)34)(3(
i

ii
+
−+

   .5  ;
3

)32)(76(
i

ii
−

−+
  

.6   
( )

;
3

)7)(21(
2i

ii
+

−+
   .7   ;

1
)32)(3(

i
ii

+
−+

   .8  ;
25

)71)(23(
i

ii
−

−+
  .9   ( ) ( ) ;23 22 ii +−+  

.10  
( )
( )

;
22
22

7

5

i
i

−
+

       .11   ;
4
3

4
1

5

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+ i    .12  ( ) ( ) .3223 44 ii +−+  

3.1.2. gamoTvaleT  

.1   ( )( );5451 ii +−+        .2  ( ) ;31 2i−       .3   :)32)(32( ii +−   

.4   ( );7,05,0
3
1

2
1 ii −⎟

⎠
⎞

⎜
⎝
⎛ +   .5   ;

32
32
i
i

−
+

    ;
917
413
i
i

−
+

 

3.1.3. amoxseniT gantolebebi namdvili x  da y  mniSvnelobebisaTvis 

.1  ( ) ( ) ;4323 iiyxyx −=+++    .2   ( ) ( ) ;2114372 iiyxyx −−=−+−  

.3   ;323673 ixiyix −−=++−   .4   ;42334 iyixyix −=+−−  

.5   ( ) ( ) ;
4
7

3
12332 iyixi −=−++  

3.1.4. gamoTvaleT 

;88i  ;57i  ;68−i  ;,2 Ζ∈ni n  ;, Ν∈− ni n    ;453525155 iiiii ++++    
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;4,32 >++++ niiii nΛ   .60642 iiii Λ  
3.1.5. amoxseniT gantolebaTa sistemebi 

.1   ( ) ( ) izizi 2322 21 +=−++            .3   ( ) iizzi 232 21 −=−+  

    ( ) ( ) ;4122 21 izizi +=++−                 ( ) ;54434 21 iziiz −=++  

.2   ( ) iziiz 83232 21 −=−+              .4     ( ) iziz −−=++ 143 21  

     ( ) ;47344 21 iziiz +=++                   ( ) ( ) ;3513 21 izizi −=−−−          

3.1.6. gamoTvaleT 

.1   ;3
2i
   .2   ;

32
32

+−
−−

i
i

   .3   ;
1

3
i
i

−
−

   .4    .
52

3
32
23

i
i

i
i

+−
+

−
+
+

 

3.1.7. amoxseniT gantolebebi 

.1   ;2 iz =   .2   ;322 iz −=   .3   ;472 iz −=   .4   ( ) ;02232 =+++− iziz  

.5   .71042 −=− izz     

3.1.8. vTqvaT  ,
2
3

2
1 iz +−=   gamoTvaleT 

.1  ( )( );22 czbzaczbza ++++  .2  ( )( )( );2bzabzaba +++  .3 ( ) ( ) .3232 czbzaczbza +++++  
3.1.9. amoxseniT Semdegi gantolebebi maTi marcxena mxareebis namdvil 
koeficientian mravalwevrTa namravlad daSlis gziT 

.1   ;010096 234 =+++ xxx                    .3   ;043 24 =+− xx  

.2   ;072242 24 =+++ xxx                    .4   .028930 24 =+− xx  
3.1.10 daamtkiceT, rom Tu  

( ) ,, Ν∈+=+ nyixbia n
   maSin   ( ) .2222 nyxba +=+  

3.1.11. daamtkiceT: 
.1   z   kompleqsuri ricxvi namdvili rom iyos aucilebeli da sakmarisia, rom 

adgili hqondes tolobas ;zz =  

.2   z   kompleqsuri ricxvi wminda warmosaxviTi rom iyos aucilebelia da 

sakmarisi, rom Sesruldes toloba z ;z−=  

.3  ;2121 zzzz +=+      2121 zzzz = ;   ,
2

1

2

1

z
z

z
z

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
02 ≠z . 

3.1.12. ra SemTxvevaSi iqneba namdvili ricxvi ori kompleqsuri ricxvis jami, 
namravli. 
3.1.13. aCveneT, rom 

.1   =+ zz ;Re2 z   .2   ;Im2 zizz =−   .3   ;)( zz =
−

  .4   ;zz =    

.5   ( ) ( ) ;, Ν∈= nzz
nn       .6   .2zzz =  

3.1.14. daamtkiceT, rom nebismieri namdvili koeficientebis mqone  f  
mravalwevrisa da nebismieri z  kompleqsuri ricxvisaTvis adgili aqvs tolobas: 

                                        ( ) ( ).zfzf =  
 
$. 2.  kompleqsuri ricxvis trigonometriuli saxe. muavris formula. fesvi 
kompleqsuri ricxvidan. 
  

ganvixiloT sibrtyeze raome OXY  sakoordinato sistema. yovel ( )baz ,=  

kompleqsur ricxvs Seesabameba erTaderTi wertili (koordinatebiT a  da b ) am 
sibrtyeze da piriqiT_ am sibrtyis yovel wertils Seesabameba erTaderTi 
kompleqsuri ricxvi (am wertilis koordinatebisagan Sedgenili dalagebuli 
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wyvili). aseTnairad agebul sakoordinato sibrtyes kompleqsuri sibrtye 
ewodeba. OX  RerZs namdvil RerZs uwodeben, xolo OY -s_warmosaxviT RerZs. 

kompleqsur sibrtyeze aRebul yovel biaz +=  saxis kompleqsur ricxvs 

Seesabameba ( )ϕ,r  wyvili, sadac: r  aris z  kompleqsuri ricxvis Sesabamisi  

radius veqtoris sigrZe OM , mas kompleqsuri ricxvis moduli ewodeba da z -

iT  aRiniSneba, xolo ϕ  warmoadgens im kuTxis sidides, romelsac OM  radius 

veqtori qmnis OX  RerZis dadebiT mimarTulebasTan, amasTan es kuTxe 
gadazomilia saaTis isris sawinaaRmdego mimarTulebiT. ϕ -s z  ricxvis 
argumenti ewodeba da aRiniSneba  simboloTi Argz . 

yoveli biaz +=  ricxvis moduli  
22 baz +=  

calsaxadaa gansazRvruli, xolo argumenti_ara. amitom z  kompleqsuri 
ricxvisaTvis ganimarteba misi e.w. mTavari argumenti zarg  _ argumentis is 

mniSvneloba, romelic [ )ππ ,−  SualedSia moTavsebuli. z  ricxvis nebismieri 
argumenti gamoiTvleba Semdegi formuliT  

.,2arg Ζ∈+= kkzArgz π  
kompleqsuri ricxvis mTavari argumentis dasadgenad gamoiyeneba Semdegi 

formula: 
                          

                             

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

<<−

><+

>

=

0,0,

0,0,

0,

arg

ba
a
barctg

ba
a
barctg

a
a
barctg

z

π

π   

 . 

SevniSnoT, rom ( )0,0=z  kompleqsur ricxvisaTvis argumenti ar ganimarteba. 
rogorc naxazidan Cans 

ϕcosra =  da .sinϕrb =  

amrigad, biaz +=  kompleqsuri ricxvi SeiZleba CavweroT saxiT 

( )ϕϕ sincos irz += . 

kompleqsuri ricxvis Caweris am ukanasknel saxes misi trigonometriuli saxe 
ewodeba. 

Tu gamoviyenebT eileris formulebs, maSin z  kompleqsuri ricxvi SeiZleba 
Caiweros e.w. maCvenebliani  saxiTac: 

ϕirez = . 
samarTliania muavris formula: 

( ) .,argsinargcos Ζ∈∀+= nzniznzz nn  

am formulis gamoyenebiT miiReba z  kompleqsuri ricxvidan n -uri rigis 
fesvis amoRebis Semdegi formula: 

.12,1,0,2argsin2argcos −=⎟
⎠
⎞

⎜
⎝
⎛ +

+
+

= nn
n

kzi
n

kzzz nn Λ
ππ

 

 
3.2.1. Semdegi kompleqsuri ricxvebi warmoadgineT trigonometriuli saxiT 
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.1  ;1  .2  2− ; .3  ;i  .4  ;i−  .5  ;1 i+  .6  ;1 i−  .7  i+−1 ; .8  ;1 i−−  .9 ;31 i−  .10  ;43 i−  .11  

;5−  .12   ;1 207i−  .13  ;31 i−−  .14  ;
3
31 i+  .15  ;32 i+  .16  ;sincos αα i−   

.17  ;sincos1 αα i++  .18  ;10sin10cos οο i−  .19  ;
1
1

α
α

itg
itg

−
+

 

3.2.2. gamoTvaleT 

.1  ( ) ;1 1000i+  .2  ( ) ;31
150

i+  .3  ( ) ;3
30

i+  .4  ;
2
1

2
31

48

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++ i   .5  ( ) ;22

12
i+−   

.6  ;
1

31
12

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−

i
i

 .7  ;
1
3

30

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+
i
i

 .8  ( )( );70sin70cos20sin20cos οοοο ii ++   

.9  ( )( );70sin70cos50sin50cos οοοο ii ++    

.10  ;
12
7sin

12
7cos

3
2sin

3
2cos

4
3sin

4
3cos ⎟

⎠
⎞

⎜
⎝
⎛ +⎟
⎠
⎞

⎜
⎝
⎛ +⎟
⎠
⎞

⎜
⎝
⎛ +

ππππππ iii  .11  ( ) ;,sincos1 Ν∈++ ni nαα  .12  

( ) ,,1 Ν∈+ nnω  sadac ;
3

2sin
3

2cos ππω i+=  

3.2.3. gamoTvaleT 

.1   ;
40sin40cos
130sin130cos

οο

οο

i
i

+
+

  .2   ;
1
3

i
i

+
−

 .3 ;
50sin50cos
140sin140cos

οο

οο

i
i

+
+

 .4  ;
49sin49cos
109sin109cos

οο

οο

i
i

+
+

 

3.2.4. aCveneT, rom Tu ,cos21 α=+
z

z    

maSin    .,cos21
Ζ∈=+ nn

z
z n

n α  

3.2.5. aCveneT, rom Tu 

,
2
1

<z  maSin  ( )
4
31 3 <++ izzi  

3.2.6. SeasruleT moqmedebebi 

.1   ( )( )( );sincos131 ϕϕ iii +++  .2  ;
sincos
sincos

ϕϕ
ϕϕ

i
i

−
+

 .3   
( )( )
( )( ) .

sincos12
sincos31
ϕϕ
ϕϕ

ii
ii

−−
+−

 

3.2.7. daamtkiceT, rom 

.1 ( ) ;
4

sin
4

cos21 2 ⎟
⎠
⎞

⎜
⎝
⎛ +=+

nini
n

n ππ
 .2   ( ) ;

6
sin

6
cos23 ⎟

⎠
⎞

⎜
⎝
⎛ +=+

nini nn ππ
  

.3  ;
1
1

1
1

α
α

α
α

itgn
itgn

itg
itg

n

−
+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
+

  .4   
( )
( )

.2
1

31
4

3

=
+

+
n

n

i
i

 

3.2.8. gamosaxeT xsin -iT da xcos -iT: 

.1   ;4sin x   .2   ;4cos x   .3  ;5sin x  .4   ;5cos x   .5 .6sin x  
3.2.9. gamosaxeT tgx -iT: 

.1  ;3xtg   .2  ;5xtg   .3 .6xtg  
3.2.10. aCveneT, rom 

.1 ( );3coscos3
4
1cos3 xxx −=  .2 ( );3sinsin3

4
1sin3 xxx −= .3 ( );32cos44cos

8
1sin4 +−= xxx  

.4 ( ).cos103cos55cos
16
1cos5 xxxx ++=  

3.2.11. ipoveT fesvis yvela mniSvneloba 
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.1 ;13  .2 ;44 − .3 ;6 i .4 ;646 .5 ;13 i+ .6 ( ) ;13 3i+ .7 ( );1288 i−  .8 i43− ; .9 ;
3

1
3

i
i
+
+

 

.10 ;
31

1
4

i
i

−
+−

 .11  ( );3151210 i−  .12  ;223 i−  .13  ;
2

5427
3

i
i

+
−

 .14  ;
3

248
3

i
i

−
+

 .15 .16  

3.2.12. gamosaxeT radikalebSi 

.1 ;
3

2cos π
 .2 ;

3
2sin π

 .3 ;
5

4cos π
 .4  .

5
4sin π

 

3.2.13. SesaZlebelia Tu ara, rom namdvil koeficientebiani kvadratuli 
gantolebis fesvebi iyos i32 +  da i−1 , pasuxi daasabuTeT. 
3.2.14. SeadgineT namdvil koeficientebiani kvadratuli gantoleba Tu cnobilia, 
rom misi erTerTi fesvis mniSvnelobaa: 

.1 ( )( );7531 ii −+    .2 ;
2
3

i
i

−
+

  .3 ;
1
1

i
i

−
+

 .4  .
1

31
i

i
+

+
 

3.2.15. amoxseniT gantoleba 

.1 ( ) ( ) ;011 =−++ nn zz  .2  ( ) ( ) ;011 =−−+ nn zz  .3 ( ) ( ) ;0=−++ nn iziz  .4 ( ) ( ) ;055 =−−+ nn iziz  

.5 ( ) ( ) ;022 =−−+ nn zz  .6  ( ) ( ) .033 =−++ nn iziiz  
3.2.16. kompleqsur sibrtyeze monaxeT Semdegi kompleqsuri ricxvebis Sesabamisi 
wertilebi 

.1 ;1 i+ .2 ;2 i− .3 ;54 i+− .4 ;57 i−− .5 ;05 i+ .6 ;90 −i .7 ;5i .8 ;8i− .9 ;31 i−− .10 ;
2
2

2
2 i+  

3.2.17. ipoveT kompleqsuri ricxvebi, romlebic Seesabamebian: 
.1  im kvadratis wveroebs, romlis centric koordinatTa saTaveSia, misi gverdis 

sigrZe 3-is tolia da erTi gverdi namdvili RerZis paraleluria 
.2  im wesieri samkuTxedis wveroebs, romlis centric koordinatTa saTaveSia, 

misi erTi gverdi namdvili RerZis paraleluria da am gverdis mopirdapire 
wvero warmosaxviT RerZze Zevs. amasTan am samkuTxedze Semoxazuli wrewiris 
radiusia r   

.3  wesieri −n kuTxedis wveroebs, romlis centric koordinatTa saTaveSia da 

erT-erTi wveroa ( )0,1  wertili. 

3.2.18. rogor arian ganlagebuli kompleqsur sibrtyeze wertilebi, romlebic 
Seesabamebian: 

.1  321 ,, zzz  kompleqsur ricxvebs, Tu 

0321 =++ zzz  da 0321 ≠== zzz ; 

.2  4321 ,,, zzzz  kompleqsur ricxvebs, Tu 

04321 =+++ zzzz  da 04321 ≠=== zzzz . 

3.2.19. kompleqsur sibrtyeze aRwereT im wertilTa simravle, romelTa Sesabamisi 
kompleqsuri ricxvebisaTvis: 

.1  ;1=z .2 ;
4

,2 πϕ ==r  .3 ;4≤r  .4 ;7≥r  .5 ;8≤r  .6 ;74 ≤< r  .7  ;
6
π

 .8  ;
24
πϕπ

<≤  

.9 ;
2

30 πϕ <<  .10  ;0Re >z .11  ;4Im ≤z  .12  ;2Re1 ≤≤ z  .13  ;2ImRe <+ zz  

.14 ;311 =++− zz  .15 ;
2
11Re <

z
 .16  ;4<++− iziz  .17 ;232 >−+ iz  .18 ;421 <+−< iz  

.19 .11 −<+ zz  

3.2.20. ra traeqtoria aRiwereba 
z
1
 wertilis mier, roca z  gairbens wrewirs 

centriT bia +  wertili da radiusiT .r  
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3.2.21. ra traeqtorias aRwers wertili 2z , roca z  wertili Semoivlis ,1 i−−  

,2 i− ,22 i+ i21+−  wveroebis mqone kvadratis perimetrs. 
3.2.22. daamtkiceT Semdegi igiveoba da gaarkvieT misi geometriuli Sinaarsi 

( ).2 2
2

2
1

2
21

2
21 zzzzzz +=−++  

3.2.23. kompleqsuri sibrtyis romeli wertilebisaTvis sruldeba toloba: 

.1 ;322 =+++ baiba  .2  .20442 =−++ bia  

3.2.24. kompleqsuri sibrtyis A  da B  wertilebi  iz 361 +=  da iz 432 −=   

kompleqsur ricxvebs Seesabamebian. SeadgineT AOB  kuTxis biseqtrisis 
gantoleba. 

3.2.25. paralelogramis ,A B  da C  wveroebi ,1z  2z  da 3z   kompleqsur ricxvebs 

Seesabamebian. ipoveT paralelogramis meoTxe, B  wveros mopirdapire, wveros 
Sesabamisi kompleqsuri ricxvi. 
3.2.26. ipoveT kvadratis ori mopirdapire wveros Sesabamisi kompleqsuri 
ricxvebi Tu cnobilia, rom misi danarCeni ori wveros Sesabamisi kompleqsuri 
ricxvebia z  da .w  
3.2.27. wesieri −n kuTxedis ori mezobeli wveros Sesabamisi kompleqsuri 

ricxvebia 1z  da  .2z  ipoveT am mravalkuTxedis danarCeni wveroebis Sesabamisi 
ricxvebi. 
 
 
$. 3. −n uri rigis fesvi erTidan 
 

vityviT, rom −1 dan −n uri rigis ε  fesvi ekuTvnis l  maCvenebels ( )nl ≤ , Tu 

l  aris umciresi naturaluri ricxvi, romlisTvisac .1=lε  
−1 dan −n uri rigis ε  fesvs ewodeba pirveladi fesvi, Tu igi ekuTvnis 

−n maCvenebels anu .1≠nε  
 
3.3.1. gamosaxeT radikalebSi −1 dan −n uri rigis ε  fesvebi, Tu 

.24,16,12,8,6,3,2=n  

3.3.2. ipoveT −1 dan −n uri rigis yvela fesvis jami da namravli. 
3.3.3. aCveneT, rom: 

.1  { },,,1 1210 −= n
n εεεε Λ  sadac ;2sin2cos

n
ki

n
k

k
ππε +=  

.2  ;12,1,0,1 −== nkk
k Λεε  .3  

⎩
⎨
⎧

≥+
<+

=
−+

+

nlk
nlk

nlk

lk
lk ,

,
ε
ε

εε , .11,0, −= nlk Λ  

3.3.4. ipoveT −1 dan −n uri rigis yvela pirveladi fesvi, Tu: 24,16,12,8,6,5,4,3,2=n  

3.3.5. romel maCvenebels miekuTvneba 1-dan n -uri rigis TiToeuli fesvi, Tu: 
.20;15 == nn  

3.3.6. ipoveT −600 1 yvela is fesvi, romelic miekuTvneba maCvenebels .6  

3.3.7. aris Tu ara −1 dan romelime rigis  fesvi ricxvi .
2
2

i
i

−
+

 

3.3.8. aCveneT, rom −1 dan −n uri rigis ε  fesvi pirveladia maSin, da mxolod 

maSin, roca 1,,, 132 =− nn εεεεε Λ  ricxvebi wyvilwyvilad gansxvavebulebi arian. 
3.3.9. aCveneT, rom:  

.1  ;1 nll ⇔=ε   

.2  −1 dan −n uri rigis ε  fesvi ekuTvnis l  maCvenebels maSin, da mxolod maSin, 

roca ( ) .1, =nl  
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3.3.10. ipoveT −1 dan −n uri rigis yvela fesvis −k uri xarisxebis jami. 

3.3.11. ipoveT ,
1

0
∑
−

=

n

k

kε  sadac ε  aris −1 dan −n2 rigis pirveladi fesvi. 

3.3.12. aCveneT, rom: 
.1  −1 dan −n uri rigisa  da −1 dan −m uri rigis fesvTa namravli aris −1 dan 
−nm rigis  fesvi; 

.2  −1 dan −n uri rigis pirveladi fesvisa da −1 dan −m uri rigis pirveladi 

fesvis namravli aris −1 dan nm  rigis  pirveladi fesvi Tu ( ) .1, =mn  
 
$4. zogierTi jamisa da namravlis gamoTvla kompleqsuri ricxvebis gamoyenebiT 
 
3.4.1. gamoTvaleT jami: 

.1  ;1 642 Λ+−+− nnn CCC  .2  ;1 21 Λ+++ nn CC  .3 ;7531 Λ+−+− nnnn CCCC  .4 ;1 84 Λ+++ nn CC  

.5 ;951 Λ+++ nnn CCC .6 ;
27
1

9
1

3
1 7531 Λ+−+− nnnn CCCC  .7 ,321 12 −++++ nnεεε Λ  sadac ε  

aris −1 dan −n uri rigis fesvi. 
3.4.2. daamtkiceT, rom: 

.1  ;
3

cos22
3
11 63 ⎟

⎠
⎞

⎜
⎝
⎛ +=+++

πnCC n
nn Λ  .2 ( ) ;

3
2cos22

3
1741 ⎟

⎠
⎞

⎜
⎝
⎛ −

+=+++
πnCCC n

nnn Λ  

.3 ( ) .
3
4cos22

3
1852 ⎟

⎠
⎞

⎜
⎝
⎛ −

+=+++
πnCCC n

nnn Λ  

3.4.3. vTqvaT, ε  aris −1 dan −n uri rigis fesvi. ipoveT Semdegi jamis 
mniSvneloba: 

.1  ;
1

12∑
=

−
n

k

kk ε  .2  .
1

13∑
=

−
n

k

kk ε  

3.4.4. daamtkiceT, rom: 

.1  ;,2,

2
sin

2
cos

2
1cos

cos2coscos Ζ∈≠

+

=+++ kkxx

xnxn

nxxx πΛ  

.2 ;,2,

2
sin

2
1sin

2
sin

sin2sinsin Ζ∈≠

+

=+++ kkxx

xnxn

nxxx πΛ  

.3 ;
2
1

11
9cos

11
7cos

11
5cos

11
3cos

11
cos =++++

πππππ
 

.4 ;
2
1

11
10cos

11
8cos

11
6cos

11
4cos

11
2cos −=++++

πππππ
 .5 ;012cos5cos3coscos =

−
++++ ππππ

n
n

nnn
Λ  

.6 .012sin5sin3sinsin =
−

++++ ππππ
n

n
nnn

Λ  

3.4.5. aCveneT, rom: 

.1 ;
1

11
12

cos2
12

1

2

−
−

=⎟
⎠
⎞

⎜
⎝
⎛ +

+
−

+

=
∏ x

x
n
kxx

nn

k

π
 .2 ;

1
11cos2 2

21

1

2

−
−

=⎟
⎠
⎞

⎜
⎝
⎛ +−∏

−

= x
x

n
kxx

nn

k

π
 .3 ;

22
sin 1

1

1
−

−

=

=∏ n

n

k

n
n

kπ
 

.4 .
2

12
12

sin
1

∏
=

+
=

+

n

k
n

n
n
kπ

 

 
$5. damatebiTi amocanebi 
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3.5.1. aCveneT, rom 

.1  ( ) ;,21 48 Ζ∈=+ ni nn
  .2 ( ) ( ) .,211 24 Ζ∈−=+ ni nnn

 
3.5.2. daamtkiceT: 

.1 ;2121 zzzz +≤±                              

.2 ;2121 zzzz ±≤−   

.3 ⇔+=+ 2121 zzzz  1z  da 2z  ricxvebis sesabamisi radiusveqtorebi erTidaimave 

mimarTulebisaa;  

.4 ⇔−=+ 2121 zzzz  1z  da 2z  ricxvebis Sesabamis radius veqtorebs urTierT 

sawinaaRmdego mimarTuleba aqvT. 
3.5.3. daamtkiceT Semdegi utolobis samarTlianoba 

( ) ,argarg,min 21212121 zzzzzzzz −+−≤−  ra SemTxvevaSi eqneba adgili tolobas. 

3.5.4. aCveneT, rom 

.1 ( ) ;sincos1cos
2

222∑
⎥⎦
⎤

⎢⎣
⎡

=

−−=

n

ok

kknk
n

k xxCnx  .2 ( ) ( ) .sincos1sin
2

1

0

121212∑
⎥⎦
⎤

⎢⎣
⎡ +

=

++−+−=

n

k

kknk
n

k xxCnx  

3.5.5. aCveneT, rom Tu 

{ },,,, 21 n
n zzzz Λ=  maSin { }.,,, 21 n

n zzzz Λ=  

3.5.6. daamtkiceT Semdegi tolobebis samarTlianoba 

.1 ;2121
nn n zzzz =                    .2 ;2121

nn n zzzz −=−   

.3 n z  simravlisa da n z−  simravlis gaerTianeba aris n z2 2  simravle. 
3.5.7. WeSmaritia Tu ara Semdegi toloba 

.1, φmzz nnm m =  
3.5.8. daamtkiceT, rom 

.1  −1 dan −n uri rigis fesvebis nG  simravle −n uri rigis ciklur jgufs 

warmoadgens 

.2  yoveli −n uri rigis G  cikluri jgufi izomorfulia nG -is. 

3.5.9. aCveneT, rom Tu ε  aris −1 dan −n uri rigis pirveladi  fesvi, maSin ε  -ic 
−1 dan −n uri rigis pirveladi fesvia. 

3.5.10. daamtkiceT, rom Tu ( ) 1, =nm , maSin: ε  aris −1 dan −nm rigis pirveladi 

fesvi maSin, da mxolod maSin, roca ε  warmoadgens −1 dan −n uri rigis 
pirveladi fesvisa da −1 dan −m uri rigis pirveladi fesvis namravls. 

3.5.11. ganvixiloT eileris ( )nφ  funqcia. daamtkiceT, rom: 

.1  −1 dan −n uri rigis pirveladi fesvebis raodenoba ( )−nϕ is tolia; 

.2  Tu ( ) 1, =nm , maSin ( ) ( ) ( );nmmn ϕϕϕ =  

.3 ( ) ,1−= ppϕ  Tu −p martivi ricxvia; 

.4 ( ) ,1−−= nnn pppϕ  Tu −p martivi ricxvia; 

.5  Tu ,21
21

lk
l

kk pppn Λ=  sadac −lppp ,,, 21 Λ  erTmaneTisagan gansxvavebuli martivi 

ricxvebia, maSin ( ) .
1

1
∏
=

−
=

l

k k

k

p
p

nnϕ  

3.5.12. daamtkiceT, rom −1 dan −n uri rigis kε  fesvis maCvenebeli l  gamoiTvleba 

formuliT: ( ).,kn
nl =  

3.5.13. ipoveT −1 dan −n uri rigis ε  fesvis maCvenebeli, Tu cnobilia, rom kε  
miekuTvneba −l maCvenebels. 
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3.5.14. ( )−∑ n iT avRniSnoT −1 dan −n uri rigis yvela pirveladi fesvis jami. 

aCveneT, rom: 

.1 ( ) ;11 =∑  .2 ( ) ,1−=∑ p  sadac −p martivi ricxvia;  

.3 ( ) ,0=∑ kp  sadac −p martivi ricxvia da ;1>k  

.4  ( ) ( ) ( ),∑∑∑ = mnnm  Tu ( ) .1, =mn  

3.5.15. daamtkiceT, rom: 

.1  ( ) ;2cos2cos2 2

1

0
2

22 m
m

m

i

i
m

mm CximCx +−= ∑
−

=

 

.2 ( ) ;122coscos2
0

12
122 ∑

=
+

+ +−=
m

i

i
m

mm ximCx  

.3 ( ) ( ) ;2cos12sin2 2

1

0
2

22 m
m

m

i

i
m

immm CximCx +−−= ∑
−

=

+
 

.4 ( ) ( ) ;122sin1sin2
0

12
122 ∑

=
+

++ +−−=
m

i

i
m

immm ximCx  

.5 ( ) ( ) ( ) .cos2cos2cos2
sin

sin 52
3

31
2

1 Λ−+−= −
−

−
−

− m
m

m
m

m xCxCx
x

mx
 

3.5.16. gamoTvaleT jami 

.1 ;cos2coscos1 2 nxaxaxa n++++ Λ  .2 ( ) ;1cos2coscos 1 xnCxCx n
nn ++++ Λ  

.3 ( ) ;1sin2sinsin 1 xnCxCx n
nn ++++ Λ  .4 ;sin3sin32sin2sin nxnxxx ++++ Λ  

.5 ;cos3cos32cos2cos nxnxxx ++++ Λ  .6 ( ) ;12sin3sinsin 222 xnxx −+++ Λ  
3.5.17. aCveneT, rom 

.1 ( ) ( ) ( ) ( );
cos21

coscoscos2coscoscos 2
2

xx
xnxxx n

+−
−−

=++++++++
β

βααβαβαβαα ΛΛ  

.2 ( ) ( ) ( ) ( );
sin21
sinsinsin2sinsinsin 2

2

xx
xnxxx n

+−
−−

=++++++++
β

βααβαβαβαα ΛΛ  

3.5.18. kompleqsur sibrtyeze gamosaxeT simravle yvela im wertilebisa, romelTa 
Sesabamisi z  kompleqsuri ricxvebi akmayofileben pirobas: 

,
2

1 λ=
−
−

zz
zz

 sadac .0>λ  

3.5.19. daamtkiceT, rom wilad-wrfiv asaxvas 

1, =−
+
+

= bcad
dcz
bazω  

namdvili wrfe gadahyavs maSin, da mxolod maSin, roca .,,, Rdcba ∈  
3.5.20. daamtkiceT, rom yvela im wilad-wrfiv asaxvas, romelsac zeda 
naxevarsibrtye gadahyavs erTeulovan Ria wreSi, cenrtiT koordinatTa saTaveSi, 
aqvs saxe: 

,
bz
bza

−
−

=ω  sadac .0Im,1 >= ba  

3.5.21. daamtkiceT, rom yvela im wilad-wrfiv asaxvas, romelsac erTeulovan Ria 
wre, cenrtiT koordinatTa saTaveSi, gadahyavT Tavis TavSi aqvs saxe: 

,
1 bz

bza
−
−

=ω  sadac .1,1 <= ba  

3.5.22. gamoarkvieT 2, ≥= nznω  asaxvis geometriuli Sinaarsi. 
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pasuxebi: 
 

3.1.1. .1 ;322 i+ .2 ;338 i+− .3 ;1820 i+−  .4 ;57 i−  .5 ;1,23,10 i+  .6 ;
2
1

2
3 i+  .7 ;33 i−  .8 ;

29
61

29
123 i−  

.9 ;25 i+  .10 ;
16
1

16
1 i+−   .11 ;

64
3

64
1 i− .12 .240i  3.1.2. .1 ;1529 i−−  .2 ;610 i−  .3 ;7  .4 ;

60
11

60
29 i−  

.5 ;
13
12

13
5 i+−  .6 .

2
1

2
1 i+   3.1.3. .1 ;

7
11,

7
13

⎟
⎠
⎞

⎜
⎝
⎛ −  .2 ;

13
29,

13
30

⎟
⎠
⎞

⎜
⎝
⎛

 .3 ;
3
7,4 ⎟
⎠
⎞

⎜
⎝
⎛ −  .4 ( );2,2  .5 .

26
9,

156
55

⎟
⎠
⎞

⎜
⎝
⎛−  

3.1.4. ( ) ( ) ( )( ) .1;
2

11;;1;1;1;;1 −
−−

−−
n

nnn iiiii   3.1.5. .1 ;54,
4

⎟
⎠
⎞

⎜
⎝
⎛ + ii

 .2 ;
53
47

53
142,

53
78

106
7

⎟
⎠
⎞

⎜
⎝
⎛ −+− ii   

.3 ;
221
5

221
116,

221
313

221
167

⎟
⎠
⎞

⎜
⎝
⎛ +−−− ii  .4 .

32
3

32
11,

32
11

32
5

⎟
⎠
⎞

⎜
⎝
⎛ +−− ii   3.1.6. .1 ;3−  .2 ;

13
34

13
11 i+−  .3 ;

2
3

2
3 i−  

.4 .
377
76

377
361 i+   3.1.7. .1 ( );1

2
2,

2
2 i+−  .2 ;

2
432

2
432 i−
±

+
−  

.3 ;
2

14652
2

14652 i−
±

+
−  .4 ;

4
67324

4
67326 +±
+

−±
 

.5 .
2

61092
2

610924 i+
±

−±
 3.1.8. .1  ( );222 bcacabcba ++−++  .2 ;33 ba +  

.3 ( ) ( ) .123 222222333 abcbcaccbabcabacba ++++++−++  3.1.9. .1 { },24,21 ii ±−±  

( )( );20832 22 +++− xxxx  .2 { },22,22 ii ±−± ( )( );12464 22 +++− xxxx  

.3 ,
2
1

2
7

⎭
⎬
⎫

⎩
⎨
⎧

±± i ( )( );2727 22 +++− xxxx  .4 { },4 i±±  ( )( ).178178 22 +++− xxxx  

3.1.12. ibazibaz 222111 , +=+=  ricxvebisaTvis: ,21 Rzz ∈+   Tu ;021 =+ bb  ,21 Rzz ∈  Tu 

.01221 =+ baba   3.2.1. .1 ;0sin0cos οο i+  .2 ( );sincos2 ππ i+  .3 ;
2

sin
2

cos ππ i+  .4 ;
2

3sin
2

3cos ππ i+  

.5 ;
4

sin
4

cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +

ππ i  .6 ;
4

sin
4

cos2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−

ππ i  .7 ;
4

3sin
4

3cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +

ππ i  

.8 ;
4

sin
4

cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +−

ππ i  .9 ;
3

sin
3

cos2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−

ππ i  .10 ;
3
4sin

3
4cos5 ⎟

⎠
⎞

⎜
⎝
⎛ − arctgiarctg  

.11 ( );sincos5 ππ i+  .12 ;
4

sin
4

cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +

ππ i  .13 ;
3

2sin
3

2cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +

ππ i  .14 ;
6

sin
6

cos
3

32
⎟
⎠
⎞

⎜
⎝
⎛ +

ππ i  

.15 ;
12

sin
12

cos322 ⎟
⎠
⎞

⎜
⎝
⎛ ++

ππ i  .16 ( ) ( );sincos αα −+− i  .17 ;
2

sin
2

cos
2

cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +

ααα i  

.18 ;
18

35sin
18

35cos2 ⎟
⎠
⎞

⎜
⎝
⎛ +

ππ i  .19 .2sin2cos αα i+ .  3.2.2. .1 ;250  .2 ;2150 .3 ;230−  .4 ( ) ;32
24

+  

.5 ( ) ;322
612 −−  .6 ;26−  .7 ;215i  .8 ;i  .9 ( );31

2
1 i+−  .10 ;1  .11 ;

2
sin

2
cos

2
cos2 ⎟

⎠
⎞

⎜
⎝
⎛ +

ααα ninnn  

.12 .
3

sin
3

cos ππ nin
+   3.2.3. .1 ( );10sin10cos οο i+−  .2 ;

2
13

2
13 i+
−

+
 .3 ;i  

.4 ( ).10sin10cos
5
3 οο i+−   3.2.4. jer aCveneT, rom .sincos αα iz +=   
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3.2.6. .1 ;
12

17sin
12

17cos22 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ ++⎟

⎠
⎞

⎜
⎝
⎛ + ϕπϕπ i  .2 ;2sin2cos ϕϕ i+  

.3 .
12

2sin
12

2cos
2
2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −

πϕπϕ i   3.2.8. .1 ;sincos4sincos4 33 xxxx −  

.2 ;sinsincos6cos 44 xxxx +−  .3 ;sinsincos10sincos5 5324 xxxxx +−  

.4 ;sincos5sincos10cos 4235 xxxxx +−  .5 .sincos6sincos20sincos6 5335 xxxxxx +−  

3.2.9. .1 ;
31

3 3

tgx
xtgtgx

−
−

 .2 ;
5101

105
42

53

xtgxtg
xtgxtgtgx

+−
+−

 .3 ( ) .
15151

31032
642

53

xtgxtgxtg
xtgxtgtgx

−+−
+−

 

3.2.11. .1 ;
2
3

2
1,1

⎭
⎬
⎫

⎩
⎨
⎧

±− i  .2 { };1,1 ii ±−±  .3 ;5,4,3,2,1,0,
3

sin
3

cos
⎭
⎬
⎫

⎩
⎨
⎧ =+ kkik ππ

 .4 ;126  

.5 ( ) ;32322
6
1,14

2
1,32322

2
1 636

⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ −+−−−⎟

⎠
⎞⎜

⎝
⎛ + iii  

.6 ( )( ) ( )( ) ;3131
2
1,3131

2
1,1

⎭
⎬
⎫

⎩
⎨
⎧ −−++−+−+−−+ iii  

.7 ;7,,1,0,
32

18sin
32

18cos2
⎭
⎬
⎫

⎩
⎨
⎧

=⎟
⎠
⎞

⎜
⎝
⎛ −

+
−

Λkkik ππ  .8 { };2,2 ii +−−  

.9 ;2,1,0,
36

1924sin
36

1924cos
2

1
6 ⎭

⎬
⎫

⎩
⎨
⎧

=⎟
⎠
⎞

⎜
⎝
⎛ +

+
+ kkik ππ  

.10 ;3,2,1,0,
48

1324sin
48

1324cos
2

1
8 ⎭

⎬
⎫

⎩
⎨
⎧

=⎟
⎠
⎞

⎜
⎝
⎛ +

+
+ kkik ππ  

.11 ;9,,2,1,0,
30

16sin
30

16cos
⎭
⎬
⎫

⎩
⎨
⎧

=⎟
⎠
⎞

⎜
⎝
⎛ −

+
−

Λkkik ππ  

.12 ;1,3232
2
2,3232

2
2

⎭
⎬
⎫

⎩
⎨
⎧

−⎟
⎠
⎞⎜

⎝
⎛ +−−−⎟

⎠
⎞⎜

⎝
⎛ −−+ iii  .13 ( ) ;3

2
3

⎭
⎬
⎫

⎩
⎨
⎧ −± i  

.14 { };2,3 ii −+±  .15 .
2

31,
2

31,1
⎭
⎬
⎫

⎩
⎨
⎧ −

±
+

±±
ii

 

3.2.12. .1 ;
4

15 −
 .2 .

4
5210 +

  3.2.13. ara.  3.2.14. .1  ;0760522 =+− xx  .2 ;0222 =+− xx  

.3 ;012 =+x .4 ( ) .02132 =++− xx   3.2.17. .1  ;
2
3

2
3 i±±  .2 ( ).1

2
3,3 ii −±   3.2.18. .1  wesieri 

samkuTxedis wveroebi, centriT koordinatTa sistemis saTaveSi; .2  rombis 
wveroebi, centriT koordinatTa sistemis saTaveSi.  3.2.19. .8  kuTxe; .13  sibrtyis 

nawili moTavsebuli 1±=+ yx  wrfeebs Soris ( );iyxz +=  .14  elifsi 

;1
5

4
9

4 22

=+
yx .15  ( ){ };11: 22 πyxiyxz +−+=  .16  −=+ 1

43

22 yx
elifsiT SemosazRvruli 

sibrtyis nawili; .19 warmosaxviTi RerZis marcxena Ria naxevarsibrtye. 
3.2.23. .1 i21+−  da i−2  wertilebze gamavali wrfis wertilebisaTvis; 

.2 −≥+−= 4,202 yxy parabolis wertilebisaTvis.  3.2.24. ( ) .52 xy −=  

3.2.25. .3214 zzzz +−=   3.2.26. .
22

wziwz −
±

+
  3.2.27. ( ) nkzzzz kk ,,2,1,010 Λ=−+= ε , sadac 

n
ki

n
k

k
ππε 2sin2cos +=  da ( ) ( )( )−−++= 12210 2

1 zzictgzzz warmoadgens mravalkuTxedis 

centrs.   
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3.3.1. { };1±  

;
2
3

2
1,1

⎭
⎬
⎫

⎩
⎨
⎧

± i ( ) ( ) ;31
2
1,31

2
1,1

⎭
⎬
⎫

⎩
⎨
⎧ −±+±± ii ( ) ( ) ;1

2
2,1

2
2,,1

⎭
⎬
⎫

⎩
⎨
⎧

−±+±±± iii

( ) ( ) ( ) ;3
2
1,3

2
1,31

2
1,

⎭
⎬
⎫

⎩
⎨
⎧ −±+±+±± iiii

( ) ( ) ;2222
2
1,2222

2
1,1

2
2,1

2
2,,1

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +±−±⎟

⎠
⎞⎜

⎝
⎛ −±+±±−±±± iiiii  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) .2626
4
1,1

2
2,2626

4
1,3

2
1,31

2
1,,1

⎭
⎬
⎫

⎩
⎨
⎧

+±−±±±−±+±+±±±±± iiiiii  

3.3.2. .1  ( ) ;1 n−  .2  ,0  Tu 1>n . SeniSvna: −1 isa da ( )−−1 gan gansxvavebuli 
Tanamamravlebi davajgufoT urTierT Sebrunebul wyvilebad. 

3.3.4. { };1− ( ) ;31
2
1

⎭
⎬
⎫

⎩
⎨
⎧ ±− i  { };i± −1 is garda yvela fesvi; ( ) ;31

2
1

⎭
⎬
⎫

⎩
⎨
⎧ ± i ( ) ;1

2
2

⎭
⎬
⎫

⎩
⎨
⎧

±± i  

( ) ;3
2
1

⎭
⎬
⎫

⎩
⎨
⎧ ±± i  ;2222

2
1,2222

2
1

⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ +±−±⎟

⎠
⎞⎜

⎝
⎛ −±+± ii  

( ) ( )( ) ( ) ( )( ) .2626
4
1,2626

4
1

⎭
⎬
⎫

⎩
⎨
⎧ +±−±−±+± ii   3.3.6. 

2
31

100
i+

=ε  da .
2

31
500

i−
=ε  

3.3.7. ara. SeniSvna: es ricxvi warmoadgineT trigonometriuli saxiT da aCveneT, 

rom mas, rogorc •C  multiplikaciuri jgufis elements gaaCnia usasrulo rigi. 

3.3.10. ,n  roca kn  da −0 sxva SemTxvevaSi.  3.3.11. .
1

2
ε−

  

3.4.1. .1  ;
2

cos22 πnn

 .2  ;2n  .3 ;
4

sin22 πnn

.4 ;
4

cos22 2
2

2 πnn
n

−
− +  (SeniSvna: gamoiyeneT  punqti 

.1  da Semdegi tolobebi: ( ) 01;2
00

=−= ∑∑
==

n

k

k
n

kn
n

k

k
n CC ); .5 ;

4
sin22 2

2
2 πnn

n
−

− +  .6 ;
6

sin32 2
1 πnn

n
−

 

.7 jami tolia: ,
1 ε−

−
n

 roca 1≠ε  (saZiebeli jami gavamravloT ( )−− ε1 ze) da 

( ) ,
2

1+nn
 roca .1=ε  3.4.3. .1

( )( )

( )
( )

;
1,

1
21

1,
6

121

2

2

⎪
⎪
⎩

⎪⎪
⎨

⎧

≠
−

−−

=
++

ε
ε

ε

ε

nn

nnn

 .2
( )

( ) ( )( )
( )

.
1,

1
61131

1,1
4
1

3

23

22

⎪
⎪
⎩

⎪⎪
⎨

⎧

≠
−

+−−+−

=+

ε
ε

εε

ε

nnnn

nn
 

3.4.5. .1 tolobis marjvena mxaris mricxveli davSaloT namravlad ( ),
2

1
∏
=

−
n

k
kx ε  

sadac 
n
ki

n
k

k
ππε 2sin2cos += . kx ε−  da kkn xx εε −=− −  Tanamamravlebi gavaerTianoT; 

.3  SevkvecoT .1 -li toloba ( )−−12x zed da miRebuli gamosaxuleba CavweroT 

−= 1x Tvis. 

3.5.3. gamoarkvieT ( ) 2121 argarg,min zzzz −  sididis geometriuli azri. toloba 

miiRweva maSin, roca 21 argarg zz =  an roca mocemul ricxvTagan erTerTi nulis 

tolia.  3.5.6. ganmartebiT { }.: AazazA ∈=  3.5.7. arasworia: tolobis marjvena da 

marcxena mxares mdgomi simravleebi sxvadasxva raodenoba elementebisagan 
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Sedgebian.  3.5.9. ε  da ε  erTnairi rigis mqone elementebia.  3.5.13. Tu −ε is 

maCvenebelia ,m  maSin −kε s maCvenebeli iqneba ( ) ,,km
ml =  ese igi ( ).,kmlm =  

3.5.15. −.4.,3.,2.,1 SeniSvna: Tu ,sincos xixz +=  maSin ;
2

cos
21

2
m

m zzx ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
=

−

 .5  radganac 

( ) ( ) ,sincos21sin1sin kxxxkxk =−++  amitom adgili aqvs tolobas: ,11 −+ −= kkk AtAA  sadac 

x
kxAk sin

sin
=  da .cos2 xt =  gamoiyeneT induqciis meTodi −k s mimarT.  

3.5.16. .6  SeniSvna: .
2
2cos

2
1sin2 xx −=   3.5.18. −= 1λ Tvis _wrfe, romelic 21, zz  

boloebis mqone monakveTis Sua wertilze, mis marTobulad, gadis; −≠ 1λ Tvis 

_wrewiri, romlis diametris boloebia 
λ
λ

−
−

1
21 zz
 da 

λ
λ

+
+

1
21 zz
 wertilebi. 

 



Tavi IV. gadanacvleba da Casma 
 

$ 1. gadanacvleba  
 

n -rigis n,,3,2,1 Λ  gadanacvlebas ewodeba mTavari, masSi elementebi maTi 
nomris mixedviT arian dalagebulni.  

amboben, rom naaaa ,,,, 321 Λ  gadanacvlebis ka  da ma  elementebi adgenen 

inversias (uwesrigobas), Tu: 

mk aa >  da mk < . 

gadanacvlebas ewodeba luwi gadanacvleba, Tu is inversiaTa luw raodenobas 
Seicavs. winaaRmdeg SemTxvevaSi, mas ewodeba kenti gadanacvleba. mTavari 
gadanacvleba luwia. 

gadanacvlebis nebismieri ori elementisaTvis adgilebis urTierT-Secvlas 
transpozicia ewodeba. 

gadanacvlebaSi yoveli ori elementis transpozicia cvlis mis luw-
kentovnebas (wyviladobas). 

yvela SesaZlo n -rigis gadanacvlebebs Soris naxevari luwi da naxevari kenti 
gadanacvlebaa. 
 
4.1.1. ipoveT inversiaTa ricxvi Semdeg gadanacvlebaSi  
1. 1,4,5,3,2 ;  2. 4,5,2,1,3,6 ;  3. 8,7,4,5,2,3,6,9,1 ;  4. 2,3,1,4,6,5,7 ;  

5. nn 2,,8,6,4,2,12,,7,5,3,1 ΛΛ − ;  6. 12,,7,5,3,1,2,,8,6,4,2 −nn ΛΛ  
4.1.2. Semdeg gadanacvlebaSi, ipoveT inversiaTa ricxvi da daadgineT n -is ra 
mniSvnelobisTvisaa luwi an kenti  
1. nnn 3,,9,6,3,13,,8,5,2,23,,7,4,1 ΚΚΚ −− ;  2. 23,,7,4,1,13,,8,5,2,3,,9,6,3 −− nnn ΚΚΚ ;   

3. 23,,7,4,1,3,,9,6,3,13,,8,5,2 −− nnn ΚΚΚ ;  4. nnn 3,,9,6,3,23,,7,4,1,13,,8,5,2 ΚΚΚ −− ;  

5. nnnn 4,,12,8,4,14,,11,7,3,24,,10,6,2,34,,9,5,1 ΚΚΚΚ −−− ; 

4.1.3. romel gadanacvlebaSi qmnian n,,3,2,1 Λ  ricxvebi inversiaTa udides 
raode3nobas, ipoveT es raodenoba 
4.1.4. ipoveT inversiaTa raodenoba, romelsac qmnis ricxvi 1, Tu is gadanacvlebis 
k -ur adgilze dgas  
4.1.5. ipoveT inversiaTa raodenoba, romelsac qmnis ricxvi n , Tu is mTavari 
gadanacvlebis k -ur adgilze dgas  
 
 
$ 2. Casma  
 

},,3,2,1{ nA Λ=  dalagebuli simravlis yoveli niai i ≤≤= 1,)(σ , urTierT 

calsaxa asaxvas Tavis Tavze, n -uri xarisxis Casma ewodeba da Caiwereba saxiT:  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

naaaa
n

Λ
Λ

321

321
, 

sadac, nai ≤≤1  da jiaa ji ≠≠ , . 
Casmas ewodeba luwi, Tu misi zeda striqonis Sesabamisi gadanacvleba 

mTavaria, xolo qveda striqonis Sesabamisi gadanacvleba _luwi, xolo mas 
ewodeba kenti, Tu misi zeda striqonis Sesabamisi gadanacvleba mTavaria, xolo 
qveda striqonis Sesabamisi gadanacvleba _kenti. 
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n -uri xarisxis f  da g  gadanacvlebis gf ⋅  namravli 

(kompozicia) ewodeba gadanacvlebas, romelic miiReba maTi Tanmimdevruli 
Sesrulebis gziT, anu: 

))(())(( igfigf =⋅ . 
gamravlebis operaciis mimarT, n -uri xarisxis yvela gadanacvlebaTa simravle 

warmoadgens jgufs, romelsac simetriuli jgufi ewodeba da nS -iT aRiniSneba.  

 
4.2.1. ipoveT Semdegi Casmis Sebrunebuli Casma 

1. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
12354
54321

;  2. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
45312
54321

;  3. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
6317254
7654321

; 4. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
3675124
7654321

;      

4.2.2. ipoveT Semdeg gadanacvlebaTa namravli 

1. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
1423
4321

2314
4321

;  2. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
21435
54321

31542
54321

;   

3. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
25143
54321

42153
54321

;  4. 

2

1542
4321
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
;  5. 

3

21543
54321
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
  

4.2.3. ipoveT 100A , sadac ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
89621071453
10987654321

  

4.2.4. ipoveT 150A , sadac ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
28101796453
10987654321

 

4.2.5. ipoveT BA ⋅  da AB ⋅  namravlebi, Tu ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

41523
54321

A  da ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

31452
54321

B  

4.2.6. ipoveT BA ⋅−1  da 1−⋅ AB , Tu ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1432
4321

A  da ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

3412
4321

B  

4.2.7. amoxseniT gantoleba 

1. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
654123
654321

512346
654321

X ; 2. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⋅

3421
4321

1234
4321

X ;   

4.2.8. ipoveT X  Casma Semdegi tolobidan CAXB = , sadac ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

4561237
7654321

A , 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

6547213
7654321

B  da ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

2746315
7654321

C  

 
 
 
pasuxebi: 
 
4.1.1. 5.1 ;  8.2 ;  13.3 ;  18.4 ;  2/)1(.5 −nn ;  2/)1(.6 +nn ; 4.1.2. 2/)1(3.1 −nn  inversia. 

gadanacvleba luwia kn 4=  da 14 += kn _Tvis da kentia 24 += kn  da 34 += kn _Tvis, 
sadac k  nebismieri arauaryofiTi mTeli ricxvia;  2/)1(3.2 +nn  inversia. 

gadanacvleba luwia kn 4=  da 34 += kn _Tvis da kentia 14 += kn  da 24 += kn _Tvis, 
sadac k  nebismieri arauaryofiTi mTeli ricxvia; 2/)13(.3 +nn  inversia. 

gadanacvleba luwia kn 4=  da 14 += kn _Tvis da kentia 24 += kn  da 34 += kn _Tvis, 
sadac k  nebismieri arauaryofiTi mTeli ricxvia; 2/)13(.4 −nn  inversia. 

gadanacvleba luwia kn 4=  da 34 += kn _Tvis da kentia 14 += kn  da 24 += kn _Tvis, 
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sadac k  nebismieri arauaryofiTi mTeli ricxvia; )13(3.5 −nn  inversia. 

gadanacvleba, nebismieri n _Tvis, luwia; 4.1.3.  gadanacvlebaSi 1,2,3,,2,1, Λ−− nnn . 

inversiaTa raodenoba tolia 2/)1(2 −= nnCn ; 4.1.4.  1−k ; 4.1.5.  kn −  

4.2.1. 1. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
35124
54321

;  2. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
45312
54321

;  3. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
6721635
7654321

; 4. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
5641723
7654321

; 

4.2.2. 1. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2431
4321

;  2. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
45213
54321

;  3. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
54321
54321

;  4. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2143
4321

;   

5. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
15432
54321

;  4.2.3. A ;  4.2.4. E  igiuri Casma; 4.2.5. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⋅

12354
54321

BA  da 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⋅

53142
54321

AB ; 4.2.6. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⋅−

4123
43211 BA  da ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⋅ −

2341
43211AB ;  

4.2.7. 1. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
362145
654321

; 2. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2134
4321

; 4.2.8. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

6543217
7654321

X  

  
 

 
 
 
 



Tavi # 5 determinanti 
 

$1.  2-e da 3-e rigis determinanti 
 

me-2-e rigis determinanti  

12212211
2221

1211 aaaa
aa
aa

−==Δ  

tolia misi mTavari da damxmare diagonalebze mdgomi elementebis 
namravlebis sxvaobisa.  

me-3-e rigis determinanti ki tolia:  

322311332112312213322113312312332211

333231

232221

131211

aaaaaaaaaaaaaaaaaa
aaa
aaa
aaa

−−−++==Δ  

gamoTvlebis Sesrulebis dros, mosaxerxebelia e.w. samkuTxedebis wesis 
gamoyeneba, romelic SeiZleba gamovsaxoT Semdegi sqemis saxiT: 

ο ο

ο

ο

ο

ο ο
ο
ο

=Δ

 
5.1.1. gamoTvaleT  

;
23
12

.1 ;
87
54

.2 ;
1114
1217

.3
−

;
302211
325257

.4
−

;.5
dc
ba

;.6
cdbd
acab

;
cossin
sincos

.7
αα
αα

−
;

cossin
sincos

.8
ββ
αα

;
log1

1log
.9

a
b

b

a ;1log

log
.10

log

b
a

ba

b

a
ba

;
sincos1

1sincos
.11

αα
αα

i
i

−
+

;.12
biadic
dicbia

−−
++

;
1

1
.13

α
α

tg
tg
−

.
1

11
.14

33 ++

−

xxx
x

 

5.1.2. gamoTvaleT 

;
876
543
321

.1 ;
817
123
512

.2 ;
631
532
714

.3 ;
441
233
322

.4 ;.5
acb
bac
cba

;
00
00.6

l
a

dcb
;

1cossin
1cossin
1cossin

.7
γγ
ββ
αα

;
11
110
101

.8
iii
i
i

+−+
−
+

;
2
1

2
3,

1
1

1
.9

2

2

2

i+−=ε

εε

εε

εε

;
3

2sin
3

2cos,
1
1

111
.10

2

2 ππε

εε

εε i+=

;
cossin3
cossin3
cossin3

.11
22

22

22

δδ

ββ

αα −

.
111

.12
222 cba

cba
cba +++
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$.2. −n  uri rigis determinanti.  determinantis ZiriTadi Tvisebebi 
 

ganvixiloT −n  uri rigis kvadratuli cxrili (matrica), elementebiT 
raime −K velidan: 

,

321

2232221

1131211

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nnnnn

n

n

aaaa

aaaa
aaaa

A

Κ
ΛΛΛΛΛΛΛΛ

Κ
Κ

 

am matricis elementebisagan SevadginoT yvela iseTi −n Tanamamravliani 
namravlebi, rom TiToeul maTganSi, yoveli striqonidan da yoveli svetidan, 
Sediodes TiTo-TiTo elementi. miRebul namravlebSi Tanamamravlebi ise 
davalagoT, rom maTi pirveli indeqsebisagan Sedgenili gadanacvleba iyos 

mTavari gadanacvleba, anu hqondes saxe ( )n,,3,2,1 Κ . amgvarad, aseTi namravlis 

zogadi saxe iqneba: ,
321 321 nnkkkk aaaa Λ  sadac .,,1 jikknk jii ≠≠≤≤  cxadia, rom 

aseT namravlTa raodenoba n !-is tolia. aseTnairad miRebul, yvela SesaZlo 
namravlebisagan SevadginoT jami. amasTan TiToeuli Sesakrebs niSani 
mivuweroT imis mixedviT Tu rogoria am wevris meore indeqsebisagan 

Sedgenili ( )nkkk ,,, 21 Κ  gadanacvlebis luw-kentovneba.  

aseTnairad miRebul jams A  matricis determinanti ( −n uri rigis 

determinanti) ewodeba. gamoiyeneba Semdegi aRniSvnebi: A  an ( )Adet  

( )

nnnn

n

n

aaa

aaa
aaa

A

Κ
ΛΛΛΛΛ

Κ
Κ

21

22221

11211

det = . 

amrigad, ganmartebiT  ( ) ( )

( )
;1

21

21

21
21

,,,

,,
n

n

n
nkkk

kkk

kkkI aaaA Λ
Κ

Κ∑ −=  

determinantis ZiriTadi Tvisebebi: 
1. transponirebul matricTa deteminantebi erTmaneTis tolia; 
2. Tu determinantis romelime striqonis (svetis) TiToeuli elementi 

nulis tolia, maSin aseTi determinanti nulis tolia; 
3. determinantis romelime ori striqonisaTvis (svetisaTvis) adgilebis 

Secvla determinantis niSnis Secvlas iwvevs; 
4. determinantis romelime striqonis (svetis) saerTo mamravli SeiZleba 

gavitanoT determinantis niSnis gareT; 
5. Tu determinantis romelime ori striqoni (sveti) erTmaneTis 

proporciulia, maSin aseTi determinanti nulis tolia; 
6. Tu determinantis romelime striqonis (svetis) TiToeuli elementi 

warmoadgens ori Sesakrebis ( −n Sesakrebis) jams, maSin aseTi determinanti 
tolia ori determinantis ( −n Sesakrebis) jamisa romelTagan pirvelSi 
mocemul striqonSi dgas pirveli Sesakrebebi, xolo meoreSi_meore 
Sesakrebebi (da ase Semdeg −n uri Sesakrebi); 

7. determinantis mniSvneloba ar Seicvleba Tu mis romelime striqons 
(svets) davumatebT sxva nebismieri striqonis (svetis)  proporciul striqons 
(svets). 

determinantis gaSla −i uri striqonis mixedviT: 
adgili aqvs formulas  

,2211 ininiiii AaAaAaA +++= Λ .1 ni ≤≤  

sadac ( ) ij
ji

ij MA +−= 1  da ijM  warmoadgens ija  elementis Sesabamis minors. 
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5.2.1. gamoarkvieT, qvemoT moyvanili namravlebidan romeli Sedis 
Sesabamisi rigis determinantis gaSlaSi da ra niSniT: 

;.1 645546312213 aaaaaa ;.2 2445521331 aaaaa ;.3 5412352143 aaaaa ;.4 541236452361 aaaaaa
;.5 62547317462134 aaaaaaa ;.6 44615527721633 aaaaaaa ;.7 62432574513627 aaaaaaa ;.8 1,12312 nnn aaaa −Λ

;1,.9 ,1342312 nkaaaaa kknn ≤≤−Λ ;.10 2,1,3211 nnn aaaa Λ− ;.11 12,22,1243342112 −− nnnn aaaaaa Λ

23,313,133,23645546312213.12 −−−− nnnnnn aaaaaaaaa Λ . 

5.2.2. i  da k  ricxvebis mniSvnelobebi ise SearCieT, rom 312475516347 aaaaaaa ki  

namravli, Sesabamisi rigis determinantis gaSlaSi, dadebiTi niSniT Sediodes. 

5.2.3. ji ,  da k  ricxvebis mniSvnelobebi ise SearCieT, rom kji aaaaaa 644351651  

namravli, Sesabamisi rigis determinantis gaSlaSi, uaryofiTi niSniT 
Sediodes.  

5.2.4. i  da k  ricxvebis mniSvnelobebi ise SearCieT, rom 2146433562 aaaaaa ki  

namravli, Sesabamisi rigis determinantis gaSlaSi, uaryofiTi niSniT 
Sediodes.  
5.2.5. ipoveT 4 -e rigis determinantis ganaSalis yvela is wevri, romelic: 

.1  Tanamamravlad Seicavs 32a  elements da aqvs dadebiTi niSani;  

.2  Tanamamravlad Seicavs 21a  elements da aqvs uaryofiTi niSani. 

5.2.6. ra niSniT Sedis −n uri rigis determinantis ganaSalSi: .1  misi mTavari 
diagonalis elementebis namravli; .2  misi damxmare diagonalis elementebis 
namravli. 

5.2.7. ipoveT determinantis is wevrebi, romlebic Seicaven 4x -s, −3x s: 

1). ;

221
321
21
321

xx
x

xx
x

 2). .

421
314
2132
5312

xx
x

x
x

 

5.2.8. ipoveT n -uri rigis determinantis ganaSalSi is elementi, romelic jia  

elementis simetriulia, damxmare diagonalis mimarT. 
5.2.9. rogor Seicvlebab n -uri rigis determinantis mniSvneloba, Tu mis 
svetebs CavwerT Sebrunebuli TanmimdevrobiT. 
5.2.10. rogor Seicvlebab n -uri rigis determinantis mniSvneloba, Tu mis 
yovel elements SevcvliT damxmare diagonalis mimarT simetriuli 
elementiT. 
5.2.11. rogor Seicvlebab n -uri rigis determinantis mniSvneloba, Tu mis 
yovel elements CavwerT sapirispiro niSniT. 
5.2.12. 518,185  da 851 ricxvebidan TiToeuli 37 -ze iyofa. aCveneT, rom 
determinanti  

158
815
581

 gaiyofa −37 ze. 

5.2.13. 20927,25755,53227,20604  da 289  ricxvebidan TiToeuli −17 ze iyofa. 
aCveneT, rom determinanti 

98200
72902
55752
72235
40602

 gaiyofa −17 ze. 
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5.2.14. 26240,2624,40262,24026  da 62402  ricxvebidan TiToeuli −41 ze iyofa. 
aCveneT, rom determinanti 

20426
04262
42620
26204
62042

 gaiyofa −41 ze. 

5.2.15. gamoiyeneT determinantis ganmarteba da gamoTvaleT: 

;

0

0
00
000

.1

321

333231

2221

11

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

nnn aaa

aaa
aa

a

;0
00

0000

.2

1,2,1

31,32,3

21,2

nnnnnnn

nnn

nn

aaaa

aaa
aa

−−

−−

−

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ

Λ
Λ

;

000
000
000.3

5251

4241

3231

2524232221

1514131211

aa
aa
aa

aaaaa
aaaaa

;

000

0300
0020
0001

.4

nΛ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

000001

001000
010000
100000

.4

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

.

000

300
20

1

.5

a

a
aa
aaa

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

 

5.2.16. daamtkiceT 

( ) ( ) ( )( ) ;sinsinsin
2
1

2
cos

2
sin

2
cos

2
cos

2
sin

2
cos

2
cos

2
sin

2
cos

.1 γαβγαβ

αγαγαγ

γβγβγβ

βαβαβα

−+−+−=

++−

++−

++−

( ) ( ) ( ) ;coscossincoscossincoscossin
coscossinsin
coscossinsin
coscossinsin

.2
22

22

22

αγαγγβγββαβα
γγγγ
ββββ
αααα

−+−+−=

( )
( )

( )
( ) ;2.3 3

222

222

222

cbaabc
acbb

acba
ccba

++=
+

+
+

( )( )( )( )
( )( )( )( )( )( ) ;

111

111

111

.4
ycybyaxcxbxa

yxcbcaba

ycxc

ybxb

yaxa

++++++
−−−−

=

++

++

++

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

,cos
cos1cos1cos1

cos1cos1cos1
cos1cos1cos1

.5 2

22

22

22

ϕ
ϕϕϕ

ϕϕϕ
ϕϕϕ

=
−+−−
−−+−
−−−+

cccbca
bcbbba
acabaa

Tu .1222 =++ cba  

5.2.17. laplasis Teoremis gamoyenebiT, gamoTvaleT: 
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;

1111
1111
1111
1111

.1
−

−
−

;

0111
1011
1101
1110

.2 ;

13813
3411
3131
2111

.3

−−−
−−

−
−−

;

5222
2522
2252
2225

.4 ;

6544
7855
6452
5233

.5

−−−

 

;

4335
3727
9498
6237

.6

−
−
−

;

122112
756671
211221
237523
325732
810144

.7

−−

;

84554546
24132013
40216420
55404427

.8

−
−−

;

50654929
52726843
54777042
52715935

.9  

 

;

30201512
20151215
15121520
12152030

.10 ;

35452
45664
7913126
68795
46563

.11 ;

41111
14111
11411
11141
11114

.12

−
−

−
−

−

;

7057452480
521372062
5650141161
4640321351
1917131124

.13

;

1510622

6515210

3210216

3532

.14
−

;

51000
65100
06510
00651
00065

.15 .

61111
15111
11411
11131
11112

.16  

5.2.18. gamoTvaleT: 

;.1
yxyx
xyxy

yxyx

+
+

+
;.2

abcd
badc
cdab
dcba

;

07064
34251
12543
05043
53412

.3 ;

23050
42531
53142
14060
54321

.4

;

1234
4321
1

1

.5

23

32

23

32

xxx
xxx

xxx
xxx

;

0400
1200
4204
5312

.6
−

−
−

;

16325
70001
14113
50001
43112

.7

−

−

−

;

0110
1110
10101
0111
0110

.8

x
x

x
x

x

−
−
−
−
−

;

sincos
sincos
sincos
0011

.9

21

21

21

γγ
ββ
αα

zz
yy
xx

;

4sin44cos44sin4cos
3sin33cos33sin3cos
2sin22cos22sin2cos

sincossincos

.10

αααα
αααα
αβαα

αααα

;

00

00
00111
65000
11000

.11

2
3

2
2

2
1

321

xxx

xxx
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;

0

0
11110
00321
00111

.12

2
4

2
3

2
2

2
1

4321

xxxx

xxxx
;

73356
86854
24275
33432
54295

.13

−−
−−

−−−
−−
−−

;

500004
050040
005400
004500
040050
400005

.14 .15 ;

00

0 222

11211

nn

n

n

a

aa
aaa

Κ
ΛΛΛΛΛ

Κ
Κ

.16 ;
0

00
000

111

22

1

nnnn

nnn

bbba
bba

ba
a

Λ
Κ

ΛΛΛΛΛΛΛ
Κ
Κ

−−−

.17 ;

000
0000

0000
00

2,212,222,23,22,21,2

22,123,122,12

22,223,22

22,333

12,222,22322

2,112,122,1131211

nnnnnnnnn

nnnn

nnn

n

nn

nnn

aaaaaa
aaa
aa

aa
aaaa

aaaaaa

−−

−−−−

−−−

−

−−

−−

Κ

Λ

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ

Κ

Κ

.

000

000

000

010101
111

.18

11
2

1
1

11
22

1
11

22
2

2
1

2
3

2
232

2
131

21

2222121

11211

−−−

−−−

n
n

nn

n
nnn

n
n

n
n

n

nn

n

nn

n

xxx

xaxaxa

xxx

xaxaxa

xxx
xaxaxa

aaa

Λ

Λ

ΛΛΛΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ
Λ
Λ
Λ

 

5.2.19. daamtkiceT, rom: 

( ) ;.1 22222 dcba

abcd
badc
cdab
dcba

+++=

−−
−−

−− ( ) ;22
011
101
110

.2 222 dacbcabcba

dcba
c
b
a

+++−++=

( )( ) ;24

0
1111
1111
1111
1111

.3 2222 zuyuyzxuxzxyuzyx

uzyx
u
z
y
x

=++++−+++−=
−

−
−

−
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.4 avRniSnoT CBA ,, da −D Ti mesame rigis determinantebi, romlebic 

miiRebian 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

3333

2222

1111

dcba
dcba
dcba

 matricisagan, Tu am matricaSi amovSliT Sesabamisad 

pirvel, meore, mesame da meoTxe svetebs. daamtkiceT, rom: 

.

00
00
00

00
00
00

3333

2222

1111

3333

2222

1111

BCAD

dcba
dcba
dcba

dcba
dcba
dcba

−=  

5.2.20. gaSaleT: 

d
c
b
a

321
123
122
111

.1 meoTxe svetis mixedviT; 

011
101
110
111

.2

d
c
b
a

pirveli svetis mixedviT; 

2112

1212
2121

.3

−−

−−
−−

dcba
mesame striqonis mixedviT; 

3412

2324
1431

.4

−

−
−

dcba
mesame striqonis 

mixedviT; 

454
232
344
125

.5

−
−
−
−

d
c
b
a

meore svetis mixedviT. 

5.2.21. gamoTvaleT −n uri rigis )( jiaA =  determinanti, Tu: 

( ) ( ) ..3;,max.2;,min.1 jiajiajia jijiji −===  

 
 
$. 3. determinantis gamoTvla misi samkuTxa saxeze miyvanis xerxiT 
 

determinantis Tvisebebis gamoyenebiT, zogierTi saxis determinanti 
miiyvaneba e. w. samkuTxa saxeze, roca misi mTavari (an damxmare) diagonalis 
qvemoT (an zemoT) mdgomi yvela elementi nulis tolia_aseTi determinantis 
mniSvneloba tolia diagonalze mdgomi elementebis namravlisa, saTanado 
niSniT. 
 
5.3.1. miiyvaneT samkuTxa saxeze da gamoTvaleT 
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;

0111

1011
1101
1111

.1

Λ
ΛΛΛΛΛ

Λ
Λ
Λ

;.2 3

2

1

naxxx

xaxx
xxax
xxxa

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;

0321

021
301
321

.3

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

−−−

−−
−

n
n
n

;3
2

1

.4

nnnn

nnn
nnn
nnn

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;543
1432

12321

.5

nnnnnn

nnn
nnn
nnn

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

−
−−

;

1111
1111

11111
1111

1111

.6

Λ
Λ

ΛΛΛΛΛΛΛ
Λ
Λ
Λ

n
n

n
n

−
−

−
−

;

3222

2322
2232
2223

.7

Λ
ΛΛΛΛΛ
Λ
Λ
Λ

;

1111

.8 22222

11111

nnnnn aaaba

aabaa
abaaa

Λ
ΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

−

−
−

;

000

00
00

.9

210

x

xx
xx

aaaa n

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

−
−

;.10

321

3321

22311

113121

n

n

n

n

xxxx

axxx
aaxx
aaax

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

000

00
00

.11 32

21

321

n

n

x

xx
xx

aaaa

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

−
−

 

;.12

abbb

babb
bbab
bbba

Λ
ΛΛΛΛΛ

Λ
Λ
Λ

.

1

1

1
1

.13

4321

2
2221

12
11

32

Λ
ΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

nnnn

n

n

n

aaaa

xxaa

xxxa
xxxx

−

−

 

 
$. 4. determinantis gamoTvla wrfivi mamravlis gamoyofis xerxiT 
 

determinanti SesaZloa ganxilul iqnas, rogorc mravalwevri masSi 
monawile erTi, an ramdenime, cvladis mimarT. zogjer SesaZlebelia 
dadgindes, rom determinanti iyofa ramdenime mamravlze erTdroulad da e. i. 
maT namravlzec (im pirobiT, rom es mamravlebi damoukideblebi arian). aseT 
SemTxvevaSi SesaZlebeli xdeba determinantisa da am namravlis ganayofis 
mniSvnelobis dadgena, rac mniSvnelovnad amartivebs determinantis 
gamoTvlis process. 
 
5.4.1. gamoTvaleT, wrfiv mamravlTa gamoyofis gziT 
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;

0
0

0
0

.1

xyz
xzy
yzx
zyx

;

9132
5132
3221
3211

.2

2

2

x

x

−

−
;.3

xabc
axcb
bcxa
cbax

−
−

−
−

;

1111
1111
1111
1111

.4

z
z

x
x

−
+

−
+

;

1111

1311
1121
1111

.5

xn

x
x

−+

−
−

Λ
ΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;.6

210

10

20

210

xaaa

axaa
aaxa
aaaa

n

n

n

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

1321

121
311
321

.7

+

+
+

x

nx
nx
n

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

−

−

−

−

−

12

1
3

2
33

1
2

2
22

1
1

2
11

1

1

1

1

.8

n
nnn

n

n

n

xxx

xxx

xxx

xxx

Λ

ΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

vandermondis determinanti. 

 
$. 5. determinantis gamoTvla rekurentuli damokidebulebis povnis xerxiT 
 

zogierTi saxis determinantebisaTvis SesaZlebeli xdeba rekurentuli 
damokidebulebis povna, rac mniSvnelovnad amartivebs determinantis 
gamoTvlis process. 

ganvixiloT rekurentuli damokidebulebis erTi kerZo SemTxveva: vTqvaT, 
rekurentul damokidebulebas aqvs Semdegi saxe:  

2,21 >+= −− nqDpDD nnn , 

sadac p  da q  mudmivebia.  
0,0 ≠= qp  da 0,0 ≠= pq  SemTxvevebi trivialuria. 

dawvrilebiT ganvixiloT is SemTxveva, roca .0,0 ≠≠ qp  vTqvaT α  da β  
warmoadgens  

02 =+− qpxx  
gantolebis fesvebs, maSin:  
a). roca βα ≠  

( ) ( ) ;,; 12
2

12
121 βαβ

α
βαα

ββα
−

−
−=

−
−

=+=
DDCDDCCCD nn

n  

b). roca βα =  

( )( ) .,;1 1
22

12
121 αα

αα DCDDCCCnD n
n =

−
=+−=  

sadac, −2D iT da −1D iT aRniSnulia meore da pirveli rigis 

determinantebi, romlebic −nD Tavdapirvelad mocemuli determinantisagan 

“miiRebian” ( −iD  warmoadgens Tavdapirveli determinantis bolo −i cali 

striqonisa da −i cali svetis amoSlis Sedegad miRebul determinants).  
 
5.5.1. daadgineT rekurentuli damokidebuleba da gamoTvaleT: 
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;

2000

0210
0121
0012

.1

Λ
ΛΛΛΛΛ

Λ
Λ
Λ

;

3000

0310
0231
0023

.2

Λ
ΛΛΛΛΛ

Λ
Λ
Λ

;

70000

05720
00572
00057

.3

Λ
ΛΛΛΛΛΛ
Λ
Λ
Λ

;

3100000
2100000

0023100
0002310
0000254
0000065

.4

Λ
Λ

ΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ
Λ

;

5200000
3500000

0035200
0003520
0000343
0000021

.5

Λ
Λ

ΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ
Λ

;

32000000
13100000

00013100
00002320
00000131
00000023

.6

Λ
Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ
Λ

;

0000

010
001
000

.7

βα

αββα
αββα

αββα

+

+
+

+

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

( ) ( ) ( )

;

11111

33331
22221
11111

.8

32

32

32

n

n

n

nnnn ++++ Λ

ΛΛΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

;

001

001
001
1110

.9 2

1

na

a
a

Λ
ΛΛΛΛΛ
Λ
Λ
Λ ( ) ( )

( ) ( )
;

111
1

1

1

.10

111

Λ
Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

naaa

naaa

naaa
nnn

nnn

−−

−−

−−
−−−

;

10001

00101
00011
00001
100001

.11
3

2

1

na

a
a

a

Λ
ΛΛΛΛΛΛ
Λ
Λ
Λ
Λ

;

11
11

.12

212
1

1
1

2
1

2
1

1

−−−− ++

++

++

n
n

n
n

nn

nn

n

xxxx

xxxx

xx

Λ

ΛΛΛΛΛΛΛΛΛ
Λ

Λ
Λ

;

000

00
00

.13 22

11

210

n

n

x

xy
xy

aaaa

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

−
−

;

111

111

111

.14

2

2
2
22

1
2
11

n
nnn

n

n

xxx

xxx

xxx

+++

+++

+++

Λ

ΛΛΛΛΛΛΛΛΛ
Λ

Λ

;.15

321

3333231

2322221

1312111

nnnnn

n

n

n

babababa

babababa
babababa

babababa

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

.

520000

003520
000352
000035

.16

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

 

 
$. 6. determinantis gamoTvla misi jamis saxiT warmodgenis gziT 
 

zogierT SemTxvevaSi determinantis gamoTvla mniSvnelovnad martivdeba Tu 
mas ori, an meti, determinantis jamis saxiT warmovadgenT. 
 
5.6.1. gamoTvaleT: 
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;.1

21

21

21

n

n

n

xaa

axa
aax

Λ
ΛΛΛΛΛΛ

Λ

Λ

;.2

2

22212

12111

nnnnn

n

n

bababa

bababa
bababa

+++

+++

+++

Λ
ΛΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

;.3

321

332313

232212

131211

nnnn

n

n

n

xbababa

baxbaba
babaxba
bababax

Λ
ΛΛΛΛΛΛΛΛΛ

Λ

Λ
Λ

;.4

321

321

321

321

n

n

n

n

axaaa

aaxaa
aaaxa
aaaax

+

+
+

+

Λ
ΛΛΛΛΛΛΛΛΛ
Λ

Λ
Λ

   .
00
000
0000
111110

.5
3333

222

11

nnnnnn axxxxx

axxx
axx

ax

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ
Λ

 

5.6.2. gamoTvaleT: 

;

1222

2422
2232
2222

.1

+nΛ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;

0642

2042
2602
2642

.2

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

−−−

−−
−

n
n
n

;
3

2
1

.3

aaaaa
aaana

aaaa
aaaa

aaaa

Λ
Λ

ΛΛΛΛΛ
Λ
Λ
Λ

;

22531

12431
12521
12531

.4

−

−
−
−

n

n
n
n

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

3000

0310
0231
0023

.5

Λ
ΛΛΛΛΛ

Λ
Λ
Λ

;

1222

2122
2212
2221

.6

−

−
−

−

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

01
01

01
11110

.7

xxx
axx

axx

Λ
Λ

ΛΛΛΛΛ
Λ
Λ

;.8

xaaaa
axaaa

aaxaa
aaaxa
aaaax

−−−−
−−−

−−
−

Λ
Λ

ΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

;

0000
000

000
000

.9

α
βα

βα
βα

Λ
Λ

ΛΛΛΛΛΛ
Λ
Λ

;

1000

001
0001

.10

2

2

2

xx

xxx
xx

+

+

+

Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

;

000
000

0000
000
000

.11

xy
yx

x
yx

yx

Λ
Λ

ΛΛΛΛΛΛ
Λ
Λ
Λ

;

0000
1000

0010
0001
00001

.12

1

2

1

0

xa
xa

xa
xa

a

n

n

Λ
Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

−

−
−

−

−

( ) ( )

( ) ;

000

010
00

!2!1!

.13

210

x

xn
xn

aananan n

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

−−
−

−−
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;

1000
0000

0010
0001

1321

.14

x
x

x
x

nn

−

−
−

−

Λ
Λ

ΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

;

00001
10002

00102
00011
00001

.15

x
x

xn
xn

n

Λ
Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

−

−−
−−

−

;

00
00

00
00

.16

22

1212

22

11

nn

nn

ab
ab

ba
ba

Λ
Λ

ΛΛΛΛΛΛΛΛ
Λ
Λ

−−

;

001

001
01
111

.17 2

1

0

na

a
ya

a

Λ
ΛΛΛΛΛΛ

Λ
Λ

Λ

;

1

1
1

1

.18

32

312

21

12

Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

ααα

ααα

ααα

ααα

−−−

−−

−

nnn

nn

n

−n

ab
ab

a
ba

ba

2,

000
000

0000
000

000

.19

Λ
Λ

ΛΛΛΛΛΛ
Λ
Λ
Λ

rigis; 

;

11111

11111
11111

1321

.20

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

n

n
n

nn

−

−
−

−

;

1

1
1
1

.21

21

221

211

21

nn

n

n

n

baaa

abaa
aaba
aaa

+

+
+

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

222

2322
2222
2221

.22

nΛ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

121

2543
1432

321

.23

−nn

n

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ ( )

;

000

00
12

.24

a

aa
hnahahaa

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ

−
−+++

;

111111
0000

0000
0000
0000

.25

1

43

32

21

n

nn

a
aa

aa
aa

aa

+
−

−
−

−

−

Λ
Λ

ΛΛΛΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

.

100
00

01
00

.26

1

2

1

cx
cx

cx
cx

n

n

+−

− −

Λ
Λ

ΛΛΛΛΛΛΛ
Λ
Λ

 

5.6.3. gamoTvaleT determinanti: 
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;

10000

0110
0011
0001

.1 43

32

21

nb

bb
bb

bb

−

−−
−−

−

Λ
ΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

210000
120000

001210
000121

.2

14321

−
−

−−
−−

−

Λ
Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ nn aaaaaa

;

000

010
011
001

.3

x

x
x

x

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;

000
000

000
00
000

.4

cb
ac

cb
acb

ac

Λ
Λ

ΛΛΛΛΛ
Λ
Λ
Λ

;

cos21000

001cos21
0001cos2

.5

x

x
x

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ

;.6

xaaa

axaa
aaxa
aaax

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;.7

321

21

21

xaaa

aaxa
aaax

n

n

Λ
ΛΛΛΛΛΛΛ

Λ
Λ

;

1111

1111
1111
1111

.8 3

2

1

na

a
a

a

+

+
+

+

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ ( ) ( )

( ) ( ) ( )

( )

;

132

231
122

.9

ahnahahaha

hnahnahaahna
hnahnahahaa

−++++

−+−++−+
−+−+++

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ

;

21

21
21

.10

21

2212

1211

nnn

n

n

aaaaa

aaaaa
aaaaa

+++

+++

+++

Λ
ΛΛΛΛΛΛΛΛΛΛΛ

Λ

Λ ( )
( )

( )

;.11

222

22
2

2

222
1

21

1

2

n

n

axaa

aaxa

aaax
n

−

−

−

Λ

ΛΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

( )
( )

( )

;.12

2
21

2
2

221

121
2

1

nnn

n

n

axaaaa

aaaxaa

aaaaax

−

−

−

Λ

ΛΛΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

;.13

acccc
baccc

bbacc
bbbac
bbbba

Λ
Λ

ΛΛΛΛΛΛ
Λ
Λ
Λ

..14 2

1

nayyy

xxay
xxxa

Λ
ΛΛΛΛΛΛΛ

Λ
Λ

 

5.6.4. gamoTvaleT: 
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;

121321
32321

1521
1331
1321

.1

−−
−

−
−
−

nn
nn

nn
nn
nn

Λ
Λ

ΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

;

2222
22212

22322
22222
12222

.2

Λ
Λ

ΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

n
n −

;

0111

1011
1101
1110

.3

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;

111

111
111
111

.4

n

n
n

n

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

;

1

1
1
1

.5

1321

321

121

121

121

xaaaa
xaaa

axaa
aaxa
aaax

n

n

n

n

−

−

−

−

Λ
Λ

ΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

;

0000
1000

0010
0001
00001

.6

1

2

1

0

xa
xa

xa
xa

a

n

n

Λ
Λ

ΛΛΛΛΛΛΛΛΛ
Λ
Λ
Λ

−

−
−

−

−

;

1

1

1
1

.7

4321

2
2221

12
11

32

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

nnnn

n

n

n

aaaa

xxaa

xxxa
xxxx

−

−

;

110000

001110
000111
000011

.8

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

30000

02310
00231
00021

.9

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

940000

005940
000594
000059

.10

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

010000

001010
000101
000010

.11

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

010000

001010
000101
000010

.12

−

−
−

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

10000

00110
00011
00001

.13

a

a
a

a

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

10000

00110
00011
00001

.14

a

a
a

a

−

−
−

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

210000

001210

000121

000012

.15 2

2

2

x

xx

xx

xx

Λ

ΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

;

0

0
0

0

.16

bbbbb

aaabb
aaaab
aaaaa

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

.

1

1
1
1

11110

.17
3

2

1

nayyy

xayy
xxay

xxxa

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ
Λ

 

5.6.5. ipoveT: 
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;

000

000
000

.1 2

1

0

naa

aa
aa

bbbba

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

;01
001
0001

.2

321

2

aaxaxaxax

aaxax
aax

a

nnnn Λ

ΛΛΛΛΛΛΛ
Λ

Λ
Λ

−−−

−

−
−

;

0
0111

1011
1101
1110

.3

321

3

2

1

n

n

bbbb
a

a
a
a

Λ
Λ

ΛΛΛΛΛΛΛ
Λ
Λ
Λ

;

11

3211
23211
143211

54321

.4

Λ
ΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ
Λ

xxxx

nxx
nx
n

n

−
−
−

;

1

221
1321

4321

.5

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

xxxx

nxx
nx
n

−
−

;

1

1

1
1111

.6

1
22

1
1

1

22
4

2
3

11
3

1
2

−
−

−
+

− n
n

n
n

n
n

n

n

CCC

CCC

CCC

Λ

ΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

;

1

01

001
00011

.7

1321

3
3

2
3

1
3

2
2

1
2

−n
nnnn CCCC

CCC

CC

Λ

ΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

;

1

1

01

01

001

.8

1
3

1
2

1

32

3
4

2
4

3
3

2
3

2
2

n
nnn

n
nnn

CCC

CCC

CC

CC

C

+++ Λ

Λ

ΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

;

1

1

1

.9

21

1
2

1
1

1

21

m
mnmnmn

m
nnn

m
nnn

CCC

CCC

CCC

+++

+++

Λ

ΛΛΛΛΛΛΛΛ
Λ

Λ

;

1

1

1

1

.10

2
2
2

1
2

2
2

2
1

2

1
2

1
1

1

21

n
nnn

n
nnn

n
nnn

n
nnn

CCC

CCC

CCC

CCC

Λ

ΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

+++

+++

;.11

3122

1221

21

m
mn

m
mn

m
mn

m
mn

m
mn

m
mn

m
mn

m
mn

m
mn

CCC

CCC

CCC

++++

++++++

++++

Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

;

1

01

001
10001

.12

121

22
2

1
2

1
1

nn
nnn xCCC

xCC

xC

−Λ

ΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ
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;

1

01
001

0001

00001

.13

1321

3
3
3

2
3

1
3

2
2
2

1
2

1
1
1

0

n
n
nnnn xCCCC

xCCC
xCC

xC

x

−Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

Λ

;3
2

1

.14

naaaa

aaaa
aaaa
aaaa

+

+
+

+

Λ
ΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

1

3
1

2
1

1

.15

n
aaaa

aaaa

aaaa

aaaa

+

+

+

+

Λ

ΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

;

1

.16 2

nxaaaa

axaaa
aaxaa
aaaa

+

+

+
+

Λ

ΛΛΛΛΛΛΛΛΛΛ
Λ

Λ
Λ

;

12
1

2
1

1
11

2
1

5
1

4
1

3
1

1
1

4
1

3
1

2
1

1
3
1

2
11

.17

−++

+

+

nnnn

n

n

n

Λ

ΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

.
111

111

.18

21

12111

nnnn

n

axaxax

axaxax

−−−

−−−

Λ

ΛΛΛΛΛΛΛΛΛΛΛ

Λ

 

5.6.6. gamoTvaleT 

;

1111

.1

1111

1111

321

321

−−−− n
x

n
x

n
x

n
x

xxxx

n

n

CCCC

CCCC

Λ

ΛΛΛΛΛΛΛΛ

Λ

Λ
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( ) ;,

111

.2 1
1

12111

22212

12111

kk
k

k
k

k

nnnn

n

n

axaxxf

xfxfxf

xfxfxf
xfxfxf

+++= −

−−−

Λ

Λ
ΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

;

000

10
1

000

100

10
1

.3

1
1

21
1

1
2

12

1
1

31
2

21
1

1
2

12

kkn
n

n
n

n

knk
n

n
n

n
n

n

yC

yCyC
yyy

xC

xC

xCxC
xxx

−−
−

−
−

−

−−
−

−
−

−
−

−

Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

;

1

1

1
321

321
321

1

.4

12

12
22

1
1

2
11

11211

12222

12

12

2

−
−−

−

−

−−−−

−

−

−

−
n

knkn

n

n

nkkk

n

n

n

knyyy

yyy

yyy
xnxx

xnxx
nxxx
xxx

Λ

ΛΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

( )
( )

( )

;

1cos2coscos1

1cos2coscos1
1cos2coscos1

.5

111

111

000

−−− −

−
−

nnn n

n
n

ϕϕϕ

ϕϕϕ
ϕϕϕ

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ ( )

( )

( )

.

sinsin1sin

sinsin1sin
sinsin1sin

.6

1

111

000

nnn nn

nn
nn

ϕϕϕ

ϕϕϕ
ϕϕϕ

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ

−+

+
+
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$. 7. damatebiTi amocanebi 
 
5.7.1. daamtkiceT toloba: 

;cos

cos210000

001cos210
0001cos21
00001cos

.1 α

α

α
α

α

n=

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

.
sin

sin

cos210000

001cos210
0001cos21
00001cos2

.2
α
α

α

α
α

α

n
=

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

 

5.7.2. Semdegi ori determinantis gadamravlebis gziT 

1234

2143

3412

4321

xxxx
xxxx
xxxx
xxxx

−−
−−

−−

1234

2143

3412

4321

yyyy
yyyy
yyyy
yyyy

−−
−−

−−
 

daamtkiceT eileris igiveoba: 

( )( ) ( ) ++++=++++++ 2
44332211

2
4

2
3

2
2

2
1

2
4

2
3

2
2

2
1

yxyxyxyxyyyyxxxx

( ) ( ) +−−+++−− 2
24134231

2
34431221 yxyxyxyxyxyxyxyx ( )214234241 yxyxyxyx −+− . 

5.7.3. matricTa gadamravlebis gziT, daamtkiceT igiveoba: 

( )( ) ,333 333
111

3
1

3
1

3
1

333 ABCCBAcbacbaabccba −++=−++−++  
sadac, 

.,, 111111111 ccbaabCcabbacBccbbaaA ++=++=++=  

5.7.4. gamoTvaleT 

Aα , Tu −== 3,25 Aα aris mexuTe rigis determinanti. 

5.7.5. ipoveT yvela iseTi −α kompleqsuri ricxvi, rom −n uri rigis A  

gadaugvarebeli matricisaTvis adgili hqondes tolobas: .AA =α    

5.7.6. daamtkiceT, rom Tu −n uri rigis determinantis romelime −k cali 
striqonisa da −l  svetis gadakveTaSi nulebi dgas da amasTan nlk >+ , maSin 
aseTi determinanti nulis tolia. 
5.7.7. daamtkiceT: 

CA
CO
BA

= . 

5.7.8. samarTliania Tu ara toloba ,ABBA =  maSinac ki, roca ABBA ≠ . 

5.7.9. fibonaCis mimdevroba ewodeba naturalur ricxvTa mimdevrobas, romelic 
mocemulia Semdegi rekurentuli formuliT 

2,1, 2112 ==+= −− aaaaa nnn . daamtkiceT, rom  

.

110000

001110
000111
000011

−

−
−

=

Λ
ΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

na  
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5.7.10. ra maqsimaluri mniSvneloba SeiZleba hqondes mesame rigis 
determinants, romlis elementebicaa: 0.1  an 1 ; 1.2 an .1−  

5.7.11. −k uri rigis ramden minors Seicavs −n uri rigis determinanti. 
5.7.12. daamtkiceT, rom Tu determinantis romelime striqonis (svetis) yvela 
elementi erTis tolia, maSin am determinantis yvela elementis algebrul 
damatebaTa jami TviT am determinantis tolia. 
5.7.13. gamoTvaleT: 

( )

( ) ( ) .

cos4cos3cos2cos

2coscos11cos

1cos2coscos1

13cos2coscos

nnnn

n
n

nn
n

n
n

nn

nnn

ππππ

πππ

πππ

πππ

Λ

ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

Λ

Λ

Λ

−
−

−

−
−

−

 

5.7.14. daamtkiceT, rom −n uri rigis CBA ,,  da D  determinantebisaTvis Tu 
TT CDDC = , maSin 

TT CBDA
DC
BA

−= . 

5.7.15. daamtkiceT, rom Tu determinantis TiToeul elements mivumatebT erTsa 
da imave ricxvs, maSin determinanti mniSvnelobas ar Seicvlis. 
5.7.16. vTqvaT A   warmoadgens Δ determinantis i  -uri −j da uri striqonebisa 

da −k uri da −l uri svetebis amoSlis Sedegad miRebul ( )−− 2n rigis minors, 

amasTan lkji << , . daamtkiceT, rom  

( ) Δ−= +++ A
AA
AA lkji

jljk

ilik 1 . 

5.7.17. aCveneT, rom 

0
1coscos

cos1cos
coscos1

=
γβ

γα
βα

, Tu .0=++ γβα  

5.7.18. daamtkiceT, rom Tu CBA ,,  da D  kvadratuli matricebia, amasTan C  an 

D  gadaugvarebelia da CDDC = , maSin 

CBDA
DC
BA

−= . 

5.7.19. gamoTvaleT 

( )

( )

( ) ( ) ( )

,

1

1
1
1

11111

2113121

13963

12642

132

−−−−

−

−

−

nnnn

n

n

n

εεεε

εεεε

εεεε

εεεε

Λ

ΛΛΛΛΛΛΛΛΛΛΛ
Λ

Λ

Λ

Λ

sadac .2sin2cos
n

i
n

ππε +=  

5.7.20. daamtkiceT, rom Tu luwi rigis iribsimetriuli determinantis 
TiToeul elements mivumatebT erTsa da imave ricxvs_ determinantis 
mniSvneloba ar Seicvleba.  
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5.7.21. gamoTvaleT 
cEA
AcE

 determinanti, sadac −E erTeulovani 

matricaa da   

.

0000

0110
0011
0001

a

a
a

a

A

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ
Λ

=  

 
pasuxebi:  

5.1.1. ;.5;77614.4;355.3;4.2;1.1 bcad −  ( ) ;0.10;0.9;cos.8;1.7;0.6 βα +  

( ) ( );.12;0.11 2222 dcba +−+ .0.14;
cos

1.13 2α
  

5.1.2. ;0.6;3.5;15.4;28.3;42.2;0.1 333 abccba −++− ( ) ( ) ( )γβαγβα −+−+− sinsinsin.7  

;33.10;2.9;2.8 ii −− ( ) ( ) ( ) ( ) ( ) ( )( );sinsinsinsinsinsin3.11 αβαββγβγγαγα +−++−++−
( ) ( ) ( ) ( ).2.12 baabccaacbccbbaab −+−+−+−  

5.2.1. .1  plius niSniT; .2 minus niSniT; .3  minus niSniT;  .4  plius niSniT; .5 ar 

Sedis; .6  minus niSniT; .7 ar Sedis; .8 ( ) ;1 1−− n .9 ar Sedis; ( )
( )( )

2
21

1.10
−−

−
nn

; ( )n1.11 − ; 

( ) n31.12 − . 5.2.2. .2,6 == ki ;  5.2.3. .3,2,2 === jki ;  5.2.4. .1,5 == ki  

5.2.5. ;,,.1 413223144432211343322411 aaaaaaaaaaaa .,,.2 423421134332211444332112 aaaaaaaaaaaa  

5.2.6. .1  plius niSniT;  ( )
( )

;1.2 2
1−

−
nn

  5.2.7. 38.1 x−  da 42x ; 325.2 x− da .24 4x ; 

5.2.8. .1,1 +−+− injna ; 5.2.9. determinanti gamravldeba ( )
( )

−−
−

2
1

1
nn

ze.; 5.2.10. ar Seicvleba. 

5.2.11. determinanti gamravldeba ( ) −− n1 ze. 5.2.15. nnaaa Λ2211.1 ; 

( )
( )

;1.2 11,212
1

nnn
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tolia, nulovani ewodeba da aRiniSneba O  simboloTi. e. i.  

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

000

000
000

Λ
ΛΛΛΛ

Λ
Λ

O . 

( )
nmijaA

×
= matricis mopirdapire ewodeba matricas ( ) ( )

nmijaA
×

−=− .  matricas 

ewodeba samkuTxovani, Tu mas aqvs Semdegi saxe: 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

nn

n

n

n

a

aa
aaa
aaaa

A

Λ
ΛΛΛΛΛΛΛ

Λ
Λ
Λ

000

00
0

333

22322

1131211

. 

K∈λ  skalarisa da A  matricis namravli Semdegnairad ganimarteba: 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

⋅⋅⋅

⋅⋅⋅
⋅⋅⋅

=⋅

mnmm

n

n

aaa

aaa
aaa

A

λλλ

λλλ
λλλ

λ

Λ
ΛΛΛΛΛΛΛΛΛ

Λ
Λ

21

22221

11211

. 

ori erTnairi zomis ( )
nmijaA

×
=  da ( )

nmijbB
×

=  matricis jami ewodeba iseT 

( )
nmijcC

×
=  matricas, rom  

ijijij bac += . 
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Tu mocemulia ( )
lmijaA
×

=  da ( )
nlijaA

×
=  ori iseTi matrica, rom pirvel 

maTganSi svetebis raodenoba tolia striqonebis raodenobisa meore 
matricaSi, maSin ganimarteba am matricTa BA ⋅  namravli, rogorc iseTi 

( )
nmijcC

×
=  matrica, rom 

njmibac
l

k
kjikij ,1,,1,

1
==⋅= ∑

=

. 

matricTa gamravlebis am formulas koSi-bines formula hqvia. matricis 
skalarze gamravlebis, maTi Sekrebisa da gamravlebis operaciebs Semdegi 
Tvisebebi aqvT: 

1. a) ABBA +=+ ;  b) ( ) ( ) CbACBA ++=++ ; g) AAOOA =+=+ .  

2. a) AA =⋅1 ;   b) OA =⋅0 ;     g) ( ) ( ) AA ⋅⋅=⋅⋅ βαβα ;  

   d)  ( ) AAA ⋅+⋅=⋅+ βαβα ;   e) ( ) BABA ⋅+⋅=+⋅ ααα , K∈βα , . 

3. a) ( ) ( )CBACBA ⋅⋅=⋅⋅ ;        b) ( ) ( )BABA ⋅⋅=⋅⋅ αα ;  

   g) ( ) CBCACBA ⋅+⋅=⋅+ ;    d) ( ) BCACBAC ⋅+⋅=+ . 

Tu  ( )
nmijaA

×
=  matricaSi striqonebsa da svetebs adgilebs SevucvliT, 

miviRebT matricas, romelsac A  matricis transponirebuli matrici ewodeba 

da aRiniSneba TA  simboloTi, e. i. ( )
mnij

T aA
×

= . adgili aqvs Semdeg Tvisebebs: 

( ) AA TT = ;   ( ) TTT BABA +=+ ;   ( ) TT AA ⋅=⋅ λλ ;   ( ) TTT ABBA ⋅=⋅ . 

( )
nnijaA

×
=  kvadratul matricas ewodeba gadagvarebuli Tu 0=A , winaaRmdeg 

SemTxvevaSi mas gadaugvarebeli matrica hqvia.  

A  kvadratuli matricis Sebrunebuli ewodeba matricas, romelsac 1−A -iT 
aRniSnaven da romlisTvisac sruldeba toloba:  

EAAAA =⋅=⋅ −− 11 . 
imisaTvis, rom A  kvadratul matricas gaaCndes Sebrunebuli matrica 

aucilebeli da sakmarisia, rom is iyos gadaugvarebeli. adgili aqvs 
tolobas:  

∗− ⋅= A
A

A 11 , 

sadac ( )
nnijAA

×
∗ =  aris A  matricis mikavSirebuli matrica, romlis ijA  

elementi warmoadgens A  matricis ija  elementis algebruli damatebas.  

kvadratuli matricis raime k  cali striqonisa da k  cali svetis 
gadakveTaze mdgomi elementebisagan Sedgenil determinants mocemuli 
matricis k -uri rigis minori ewodeba. 

vityviT, rom matricis rangia r , Tu arsebobs am matricis erTi mainc  r  
rigis aranulovani minori da misi yvela 1+r rigis minori nulis tolia. 

matricis elementaruli gardaqmna ewodeba Semdegi operaciebidan 
TiToeuls: 1) matricis nebismieri ori striqonisaTvis (svetisaTvis) 
adgilebis Secvla;  

2) matricis romelime striqonis (svetis) TiToeuli elementis gamravleba 
K  velis aranulovan elementze;  

3) matricis romelime ori striqonis (svetis) Sesabamisi elementebis 
algebruli Sekreba. matricis elementaruli gardaqmnebi mis rangs ar cvlis. 

 
6.1. ipoveT BA + , BA ⋅  da AB ⋅ , Tuki isini arseboben, Tu: 
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a) ,
132
254
324

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−=A

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

=
252
143
231

B ; b) ( ),3,5,2,1 −=A

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

=

51
42
01
32

B ;  

 

g) ( ),5,0,1=A
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

3
2
4

B ; d) ,

00

00
00

2

1

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

na

a
a

A

Λ
ΛΛΛΛ

Λ
Λ

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

nb

b
b

B

Λ
ΛΛΛΛ

Λ
Λ

00

00
00

2

1

; 

e) ,
0

0

2

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

A
A

A  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

2

1

0
0
B

B
B , sadac iA  da iB , 2,1=i -erTi da igive rigis 

matricebia. 
6.2. gamoTvaleT: 

a) 

n

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

22
22

, 2>n ; b) 

n

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

45
34

; g) 

n

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

λ
λ

λ

10
01
00

; d) 

n

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

− 500
031
003

. 

6.3. aageT yvela meore rigis matrica, romlis kvadratic erTeulovani 
matricis tolia 

6.4. ipoveT ( )Af , Tu: 

a) ( ) 1082 −−= xxxf  da ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
13
12

A ; 

 b) ( ) 7352 23 −+−= xxxxf  da ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
12
21

A ; 

g) ( ) 645 246 +−+−= xxxxxf  da 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

0000
1000
0100
0010

A ;  

d) ( ) nn
nn axaxaxaxf ++++= −
−

1
1

10 Λ  da ,
0

0

2

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

A
A

A  sadac 1A  da 2A  nebismierad 

aRebuli kvadratuli matricebia. 
6.5. daadgineT pirobebi, romelTa Sesrulebis SemTxvevaSi samarTliania 
Semdegi toloba: 

a) ( ) 222 2 BABABA ++=+ ;  

b) ( )( ) 22 BABABA −=−+ ; 

g) ( )( )1221 −−−− ++++−=− nnnnnn BABBAABABA Λ . 

6.6. ipoveT A  matricTan gadanacvlebadi yvela matrica: 

a) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

11
01

A ;  b) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

0100
0010
0001
0000

A ; g) jiA ji

n

≠≠

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

= ,,

00

00
00

2

1

αα

α

α
α

Λ
ΛΛΛΛ

Λ
Λ

. 

6.7. rogor Seicvleba BA ⋅  namravli, Tu: 
a) A  matricis i -ur da j -ur striqonebs adgilebs SevucvliT; 
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b) A  matricis i -ur striqons davumatebT amave matricis j -ur striqons, 
gamravlebuls λ -skalarze; 
g) B  matricis i -ur da j -ur svetebs adgilebs SevucvliT; 

d) B  matricis i -ur svets davumatebT amave matricis j -ur svets, 
gamravlebuls λ -skalarze. 
6.8. aageT yvela meore rigis matrica, romlis kvadratic nulovani matricis 
tolia 
6.9. amoxseniT matriculi gantolebebi: 

a) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
95
53

43
21

X ;  b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

⋅
65
21

45
23

X ; g) =⋅

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

X

1000

100
110
111

Λ
ΛΛΛΛ

Λ
Λ
Λ

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−
−

1000

2100
1210

321

Λ
ΛΛΛΛΛΛ

Λ
Λ
Λ

n
n
n

. 

6.10. rogor Seicvleba 1−A , Tu: 
a) A  matricis i -ur da j -ur striqonebs adgilebs SevucvliT; 

b) A  matricis i -ur striqons davumatebT amave matricis j -ur striqons 
gamravlebuls λ -skalarze. 
6.11. daamtkiceT, rom mTelelementebiani matricas maSin, da mxolod maSin, 
gaaCnia mTel elementebiani Sebrunebuli matrica, roca misi determinanti 
tolia 1± . 
6.12. aCveneT, rom 0=⋅ XA  matricul gantolebas, sadac A  kvadratuli 

matricaa, gaaCnia aranulovani amonaxsni maSin, da mxolod maSin, roca 0=A . 

6.13. ipoveT 1−A , Tu ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

l

k

E
UE

A
0

, sadac kE  da lE  Sesabamisi rigis erTeulovani 

matricebia, xolo U  warmoadgens lk +  rigis matricas. 
6.14. aCveneT: 
a) gadaugvarebeli, simetriuli matricis Sebrunebuli – simetriuli matricaa; 
b) gadaugvarebeli, irib simetriuli matricis Sebrunebuli – iribsimetriuli 
matricaa. 
6.15. aCveneT, rom ori simetriuli matricis namravli simetriulia maSin, da 
mxolod maSin, roca mocemuli matricebi gadanacvlebadia. 
6.16. aCveneT, rom ori iribsimetriuli matricis namravli iribsimetriulia 
maSin, da mxolod maSin, roca mocemuli matricebi gadanacvlebadia. 
6.17. gamoTvaleT Semdegi matricis rangi: 

a) 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −

23
21
54

; b) 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

030
000
700

; g) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

−

152
331
002
401

; d) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−
−
−

−

128125
74193
01642
70321

; e) 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

11001
10100
00101
00011
00110

. 

6.18. λ  da β  parametris namdvil mniSvnelobebze damokidebulebis 
gaTvaliswinebiT, gamoTvaleT Semdegi matricis rangi: 

a) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−
−

−
−

143
1115
0314
1121

λ
λ

; b) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−−
−

310011
471
5421
1311

λλ
λ

λ

; g) 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

4121
311
411

β
β

λ
;  
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d) 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−+
+−

123
1321
12

βββλ
βλ

βλ
;  e) 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

+

400
001
020

2λ

λ
;  

v) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−
−

−

143
1115
1121
2136

λ
λ

; z) 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

26000
13000
0000
0010
0001

λ
λ

λ

. 

6.19. daamtkiceT, rom matricTa namravlis rangi ar aRemateba Tanamamravli 
matricebis rangebs 
6.20. daamtkiceT, rom matricTa jamis rangi ar aRemateba Sesakrebi matricebis 
rangebis jams. 
6.21. daamtkiceT, rom namdvilelementebiani da toli raodenoba striqonebis 
mqone A  da B  matricebisaTvis: 

( ) ( )BrAr
BA

ABA
r +=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− 52

, sadac ( )Xr -iT X -matricis rangia aRniSnuli. 

6.22. daamtkiceT, rom toli rangebis mqone, kvadratuli A  da B  
matricebisaTvis: 

( ) ( )BrAr
BBB

ABA
r +=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

+ 2
. 

6.23. daamtkiceT, rom matricisaTvis erTi axali striqonis (svetis) miwera 
matricis rangs an ar cvlis an mis mniSvnelobas erTiT zrdis. 
 
 
pasuxebi: 

6.1. a) 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

=+
320
397
515

BA , 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−=−

184
111
153

BA , 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−
−

=⋅
1119
727

163516
BA , 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−

−−
=⋅

23516
2296
12312

AB ; 

b) jami, sxvaoba da AB ⋅  namravli ar arsebobs, ( )813=⋅ BA ; 

g) jami da sxvaoba ar arsebobs, ( )19=⋅ BA , 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=⋅

1503
1002
2004

AB ;  

d) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

±

±
±

=±

nn ba

ba
ba

BA

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ

00

00
00

22

11

, 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

⋅

⋅
⋅

=⋅=⋅

nn ba

ba
ba

ABBA

Λ
ΛΛΛΛΛΛΛΛ

Λ
Λ

00

00
00

22

11

; 

 

e) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
±

±
=±

22

11

0
0

BA
BA

BA , ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅

⋅
=⋅

22

11

0
0

BA
BA

BA . 6.2. a) 0 ; b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
10
01

, Tu kn 2=  da 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

45
34

, Tu 12 += kn ; g) 

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−−

−

nnn
n

nn

n

nC
n

λλλ

λλ

λ

122

1 0
00

; d) 

( ) ⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

n

nn

n

n
500
033
003

1 . 
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6.3.  E± ; bca
ac
ba

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

1, 2 . 6.4. a) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
2221
71

; b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−−

1118
1811

; g) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛
−

−

6000
0600
0160
0016

; d) 

( )
( )⎟⎟⎠

⎞
⎜⎜
⎝

⎛

2

1

0
0
Af

Af
. 6.5. roca ABBA ⋅=⋅ ; 6.6. a) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
ac

a 0
; b) 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

abcd
abc

ab
a

0
00
000

; g) yvela 

diagonaluri matrica. 6.7. a) i -uri da j -uri striqonebi adgilebs gacvlian; b) 

BA ⋅  matricis i -uri striqoni Seikribeba j -uri striqonis elementebis λ -ze 

namravlebTan ( jkikik ccc ⋅+= λ
~

); g) ix. wina SemTxveva. 

6.8. bca
ac
ba

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

2, . 6.9. a) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−
32
11

; b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

45
23

; g) 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

1000

1100
1110
1111

Λ
ΛΛΛΛΛ

Λ
Λ
Λ

. 6.10. a) 1−A -Si 

adgilebs Seicvlian  i -uri da j -uri striqonebi; b) j -ur svets gamoakldeba  

i -uri sveti gamravlebuli λ -ze. 6.13. ⎟⎟
⎠

⎞
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⎝
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l

k

E
UE

A
0

1 . 6.17. a) 2=r ; b) 2=r ;  

g) 3=r ; d) 4=r ; e) 5=r . 6.18. a) 4=r , Tu 3±≠λ  da  3=r , Tu 3±=λ ;  

b) Rr ∈∀= λ,4 ; g) Tu 
2
1,1 == βλ , maSin 2=r ; Tu 1≠λ  da β  nebismieria, maSin 

3=r ; Tu 
2
1

≠β  da λ  nebismieria, maSin 3=r ; d) 3=r , roca 0≠λ  da 1≠β  an 

roca 0=λ , 1≠β  da 5≠β ;  2=r , roca 0≠λ  da 1=β  an roca 0=λ , 1=β  

an 0=λ , 5=β ; e)   1=r , roca 2−=λ  ; 2=r , roca 2=λ  da  3=r , roca 2±≠λ ;  

v) 4=r , roca 3±≠λ  da 3=r , roca 3±=λ ; z) 3=r , roca 0=λ   da 4=r , 
roca 0≠λ . 
 
 
 
 
 
 
 
 
 



Tavi 7. wrfiv gantolebaTa sistemebi 
 
$ 7.1. wrfiv gantolebaTa sistema. wrfiv gantolebaTa sistemis amoxsnis gausis meTodi 
 

nxxx ,,, 21 Λ  ucnobebis mimarT wrfiv gantolebaTa sistemas aqvs saxe: 
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sadac ),,2,1;,,2,1(, njmiba iji ΛΛ ==  sidideebi K  velis elementebia. amasTan, jia -

elementebs ucnobebis koeficientebi, xolo ib -s _Tavisufali wevrebi ewodebaT. 

n -ucnobian wrfiv gantolebaTa sistemis amonaxsni ewodeba K  velis elementTa 

),,,( 21 nccc Λ  dalagebul n -euls, romelsac is Tviseba aqvs, rom Tu sistemaSi 1x -is 

nacvlad CavsvamT 1c -s, 2x -is nacvlad CavsvamT 2c -s da a.S nx -is nacvlad CavsvamT nc -s, 

maSin sistemis TiToeuli gantoleba, K  velis elementebis mimarT, swor tolobad 
gadaiqceva.  

wrfiv gantoleba sistemebs ewodebaT tolfasi sistemebi, Tu maTi amonaxsnebis 
simravleebi tolia.  

Tu sistemas gaaCnia amonaxsni, mas Tavsebadi ewodeba. sxva SemTxvevaSi sistemas 
araTavsebadi qvia.  

wrfiv gantolebaTa sistemis elementaruli gardaqmna ewodeba TiToeuls Semdegi 
ori gardaqmnidan:  

(1) sistemis nebismieri gantolebis orive mxare gavamravloT K  velis raime 
aranulovan elementze 

(2) sitemis i -ur, mi ≤≤1 , gantolebas davumatoT amave sistemis j -uri, mj ≤≤1 ,  

gantoleba, winaswar gamravlebuli K  velis raime aranulovan elementze, 
sistemis elementaruli gardaqmnebi mis tolfasobas ar cvlis.  
arsebobs wrfiv gantolebata sistemis amoxsnis ramdenime xerxi. erT-erT aseT xerxs 

warmoadgens gausis meTodi, romelic mdgomareobs SemdegSi:  

zogadobis SeuzRudavad, vigulixsmoT, rom 011 ≠a  (amis miRweva SesaZlrebelia 

yovelTvis). sistemis i -ur, mi ≤<1  gantolebas, dawyebuli meore gantolebidan, 

gamovakloT sistemis pirveli gantoleba gamravlebuli 111 / aai -ze, maSin gantolebaTa 

mocemuli sistema miiRebs saxes: 
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zogadobis SeuzRudavad, vigulixsmoT, rom 0'22 ≠a . sistemis i -ur, mi ≤<2  
gantolebas, dawyebuli mesame gantolebidan, gamovakloT sistemis meore  gantoleba 

gamravlebuli 221 '/' aa i -ze. es procesi garkveuli sasruli nabijis Semdeg dasruldeba 

da Tavdapirveli gantolebaTa sistema miiRebs saxes: 
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cxadia, rom sazogadod nr ≤ . amgvarad, SeiZleba gvqondes Semdegi ori SemTxveva: 
(1)  Tu nr = , maSin sistema miiRebs e.w. “samkuTxovan” saxes da misi ukanaskneli 

gantoleba iqneba 

0, ≠= nnnnnn bcxb , 

romelsac erTaderTi amonaxsni aqvs.  
amgvarad, am SemTxvevaSi wrfiv gantolebaTa sistemas aqvs erTaderTi amonaxsni.  
(2) Tu nr < , maSin sistema miiRebs e.w. “trapeciis” saxes. aseT SemTxvevaSi, 

nrr xxx ,,, 21 Λ++  ucnobebis (damoukidebeli cvladebi) yoveli mniSvnelobebisaTvis miviRebT 

rxxx ,,, 21 Λ  ucnobebis Sesabamis mniSvnelobebs. 

amgvarad, am SemTxvevaSi wrfiv gantolebaTa sistemas uamravi (usasrulod bevri) 
amonaxsni aqvs.  

Tu elementaruli gardaqmnebis Sedegad miviRebT, rom sistemis romelime 
gantolebis yvela koeficienti nulovani elementia, xolo Tavisufali wevri 
aranulovani, maSin aseT SemTxvevaSi sistemas amonaxsni ara aqvs. 

 
7.1.1. amoxseniT gausis meTodiT wrfiv gantolebaTa sitemebi  
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7.1.2. amoxseniT gausis meTodiT wrfiv gantolebaTa sitemebi da ipoveT misi kerZo 
amonaxsni 
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7.1.3. amoxseniT gantolebaTa sistemebi gausis meTodis gamoyenebiT 
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$ 7.2. wrfiv gantolebaTa sistemis amoxsnis krameris xerxi 
 
 

ganvixiloT n  ucnobian n  wrfiv gantolebaTa sistema 
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ucnobebis koeficientebisagan SevadginoT determinanti:  
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Tu 0≠Δ , maSin sistemas aqvs erTaderTi amonaxsni da is Semdegi formulebiT 
miiReba: 
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 4
im SemTxvevaSi, roca TiToeuli Tavisufali wevri nulis tolia 

nibi ,,2,1,0 Λ== , maSin wrfiv gantolebaTa sistemas erTgvarovani ewodeba. roca 0≠Δ  

erTgvarovan sistemas gaaCnia mxolod nulovani amonaxsni. 
 
7.2.1. amoxseniT gantolebaTa sistema krameris xerxiT 
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7.2.2. krameris xerxis gamoyenebiT amoxseniT sistemebi 
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7.2.3. amoxseniT gantolebata sistema, Tu cnobilia, rom 321 ,, xxx dadebiTi ricxvebia 
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7.2.4. ipoveT k  parametris yvela is namdvili mniSvneloba, romlisTvisac sistemas 
gaaCnia aranulovani amonaxsni  
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7.2.5. ipoveT 4321 ,,, kkkk  parametrebis yvela is namdvili mniSvnelobebi, romelTaTvisac 

sistemas aranulovani amonaxsni gaaCnia 
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7.2.6. amoxseniT gantolebaTa sistema 5Ζ  velis mimarT 

;
12
22
12

.1
⎪
⎩

⎪
⎨

⎧

=+
=+
=+

zx
zy
zx

                           
⎪
⎩

⎪
⎨

⎧

=++
=++
=++

0
04

3432
.2

zyx
zyx

zyx
 

7.2.7. amoxseniT gantolebaTa sistema 7Ζ  velis mimarT 
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7.2.8. amoxseniT gantolebaTa sistema 
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$ 7.3. wrfiv gantolebaTa sistemis Tavsebadobis kriteriumi 
 

ganvixiloT wrfiv gantolebaTa sistema 
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SevadginoT Semdegi matricebi: 
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aaa
aaa

A

Λ
ΛΛΛΛΛ

Λ
Λ

21

22221

11211

     da     

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

mnmmm

n

n

baaa

baaa
baaa

B

Λ
ΛΛΛΛΛΛΛ

Λ
Λ

21

222221

111211

. 

A -s sistemis matrica ewodeba, xolo B -s _sistemis gafarToebuli matrica. 
imisaTvis, rom wrfiv gantolebaTa sistema iyos Tavsebadi aucilebelia da 

sakmarisi, rom sistemis matricisa da gafarToebuli matricis rangebi iyos erTmaneTis 
toli:  
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rBrankArank == . 

sistemis Tavsebadobis SemTxvevaSi, Tu A  matricis marcxena zeda kuTxeSi movaqcevT 
“sabaziso minors”, maSin Tavdapirveli sistema tolfasia Semdegi sistemis: 

⎪
⎪

⎩

⎪
⎪

⎨

⎧

++−=+++

++−=+++
++−=+++

++

++

++

)(

)(
)(

112211

211222222121

111111212111

nnrrrrrrrrrr

nnrrrr

nnrrrr

xaxabxaxaxa

xaxabxaxaxa
xaxabxaxaxa

ΛΛ
ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ

ΛΛ
ΛΛ

, 

romlis amoxsna SesaZlebelia rogorc gausis meTodis aseve krameris xerxis 
gamoyenebiT. 

sazogadod nr ≤ . im SemTxvevaSi, roca nr =  sistemas gaaCnia erTaderTi amonaxsni, 
xolo roca nr <  _sistemas gaaCnia uamravi amonaxsni. 
 
7.3.1. gamoikvlieT sistemis Tavsebadobis sakiTxi da Tavsebadobis SemTxvevaSi amoxseniT  

;

6133
34
053
332

.1

321

321

321

321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−=−+
=+−
=−+
=+−

xxx
xxx
xxx
xxx

;

432
125
23223

12

.2

4321

4321

4321

4321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−+−
−=+−+
=−+−

=+−+

xxxx
xxxx

xxxx
xxxx

;

337
133
3
4432

.3

432

421

432

4321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−=++−
=−+
−=+−
=−+−

xxx
xxx
xxx

xxxx

;

375554
243333

02
12

.4

54321

54321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+−−+
=+−−+

=−++−
=+−−+

xxxxx
xxxxx

xxxxx
xxxxx

;

385723
37523
25372

123

.5

54321

54321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+−+−
=−+−+
=+−+−

=−+−+

xxxxx
xxxxx
xxxxx

xxxxx

;

12
34
32

1223
1453

.6

54321

54321

54321

54321

4321

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−=+−++
=−++−
=−−+−

−=+−++
=−++

xxxxx
xxxxx
xxxxx

xxxxx
xxxx

;

1432
52

1032
32
22432

.7

54321

5432

4321

5321

54321

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=++−+
−=−+−

=−+−
−=−−+
−=+−+−

xxxxx
xxxx

xxxx
xxxx
xxxxx

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=++
=−++
=+++
=−++
=−++

2255
1222

132
123
132

.8

321

4321

4321

4321

4321

xxx
xxxx
xxxx

xxxx
xxxx

 

7.3.2. gamoikvlieT Tavsebadia Tu ara sistema da Tavsebadobis SemTxvevaSi amoxseniT is 

;
2749
42253

6372
.1

4321

4321

4321

⎪
⎩

⎪
⎨

⎧

=+++
=+++
=+++

xxxx
xxxx

xxxx
;

1151132
23264
17532

.2

4321

4321

4321

⎪
⎩

⎪
⎨

⎧

=−−−
=++−
=++−

xxxx
xxxx
xxxx

;
13103129

75286
3243

.3

4321

4321

4321

⎪
⎩

⎪
⎨

⎧

=+++
=+++
=+++

xxxx
xxxx

xxxx

;
36475

5347
24253

.4

4321

4321

4321

⎪
⎩

⎪
⎨

⎧

=−−+
=++−
=++−

xxxx
xxxx
xxxx

;

767
54322

1549
35232
22223

.5

4321

4321

4321

4321

4321

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=−++
=+++
=−++
=+++
=+++

xxxx
xxxx

xxxx
xxxx
xxxx

;

182547
1553

8324
10233

212568

.6

4321

4321

4321

4321

4321

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=+++
=+++
=+++
=+++
=+++

xxxx
xxxx

xxxx
xxxx
xxxx

;

727
152
223115

534
4232

.7

4321

4321

4321

4321

4321

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=+−−
=+++
=+++

=+++
=+++

xxxx
xxxx
xxxx

xxxx
xxxx

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+−+−
=−+−−
=−+−+

=+−+−

02252
0223
0322

02

.8

54321

54321

54321

54321

xxxxx
xxxxx
xxxxx

xxxxx
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7.3.3. gamoikvlieT sistemis Tavsebadobis sakiTxi, ipoveT sistemis zogadi amonaxsni 
da erTi kerZo amonaxsni 

;

22369
7223

32423
132546

.1

54321

4321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=++++
−=+−+

=++++
=++++

xxxxx
xxxx

xxxxx
xxxxx

;

0327
01613114

02332
07543

.2

4321

4321

4321

4321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=++−
=+−+

=−+−
=+−+

xxxx
xxxx

xxxx
xxxx

;

074242
043624

02
03

.3

54321

54321

4321

5421

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−+−+
=−++−

=−+−
=−−+

xxxxx
xxxxx

xxxx
xxxx

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−+−
=−+−
=−+−

=−+−

56
53833
13433

12

.4

4321

4321

4321

4321

xxxx
xxxx
xxxx

xxxx

 

7.3.4. qvemoT mocemul sistemas 
⎪
⎩

⎪
⎨

⎧

=+
=+
=+

acybz
bazcx
cbxay
 

aqvs erTaderTi amonaxsni. daamtkiceT, rom 0≠⋅⋅ cba . ipoveT sistemis amonaxsni 
7.3.5. ipoveT λ  parametris yvela is mniSvneloba, romlisTvisac  

⎪
⎩

⎪
⎨

⎧

=+−+
=+−+
=++−

λ4321

4321

4321

1147
242

12

xxxx
xxxx

xxxx
 

wrfiv gantolebaTa sistema Tavsebadia 
7.3.6. gamoarkvieT λ  parametris ra mniSvnelobebisaTvis aris sistema Tavsebadi, ipoveT 
sistemis amonaxsni 

;
32)4()12()34(

2)1(
)2(3

.1

321

321

321

⎪
⎩

⎪
⎨

⎧

+=++−++
=+−+
−=+−+

λλλλ
λλλ
λλ

xxx
xxx
xxx

;

1
1

422)2()1(
1

.2

4321

32

4321

4321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+++
−=−

=+++++
=+++

xxxx
xx

xxxx
xxxx

λλ
λλ

λ

;
0
0
0

.3

321

321

321

⎪
⎩

⎪
⎨

⎧

=++
=++
=++

xxx
xxx
xxx

λ
λ

λ

⎪
⎩

⎪
⎨

⎧

=++

=++
=++

2
321

321

321 1
.4

λλ

λλ
λ

xxx

xxx
xxx

 

7.3.7. gamoarkvieT aris Tu ara Tavsebadi wrfiv gantolebaTa sistema. Tu Tavsebadia, 
amoxseniT is   

;
42

3
4

.1
⎪
⎩

⎪
⎨

⎧

=++
=++
=++

zbyx
zbyx
zyax

 ;
1

1
.2
⎪
⎩

⎪
⎨

⎧

=++
=++
=++

azbyx
bzabyx

zbyax
 ;

5)3()1(3
2)1(

2)3(
.3
⎪
⎩

⎪
⎨

⎧

=+++−
=+−+
=+++

zyx
zyx
zyx

λλλ
λλλ

λλ
 ;

1)32()1(
)1(

)1(
.4
⎪
⎩

⎪
⎨

⎧

=++++
=−++

=+++

zyx
zyx

zyx

λλλ
λλλλ

λλλλ
 

⎪
⎩

⎪
⎨

⎧

−=+++
=+−+
=++

12)3(
13)12(
12

.5
bzbbyax

zybax
zbyax

 

7.3.8. daamtkiceT, rom Tu namdvilkoeficientebian wrfiv gantolebaTa sistemas aqvs 
kompleqsuri amonaxsni, maSin mas aqvs namdvili amonaxsnic 

7.3.9. amoxseniT wrfiv gantolebaTa sistema 3Ζ  da 5Ζ  velebis mimarT 
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⎪
⎩

⎪
⎨

⎧

=+
=+
=+

12
22
12

zx
zy
zx

 

7.3.10. amoxseniT wrfiv gantolebaTa sistema 5Ζ  da 7Ζ  velebis mimarT 

⎪
⎩

⎪
⎨

⎧

=++
=++
=++

1234
132
123

zyx
zyx
zyx

 

7.3.11. amoxseniT matriculi gantoleba 

  ;
11
11

12
12

.1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=Χ⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
   ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⋅Χ⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
11
11

11
11

11
11

.2  

 
 
$ 7.4. wrfiv erTgvarovan gantolebaTa sistema. amonaxsnTa fundamenturi sistema 
 

wrfiv erTgvarovan gantolebaTa sitemas aqvs saxe 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+++

=+++
=+++

0

0
0

2211

2222121

1212111

nnmmm

nn

nn

xaxaxa

xaxaxa
xaxaxa

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ

 

erTgvarovani sistema yovelTvis Tavsebadia, radgan mas nulovani amonaxsni 
yovelTvis aqvs. 

wrfiv erTgarovan gantolebaTa sistemis amonaxsnebi wrfiv sivrces qmnian. am 
sivrcis nebismier bazis amonaxsnTa fundamenturi sistema ewodeba. amonaxsnTa sivrcis 
ganzomilebaa rn − , sadac r  _sistemis matricis rangia. amgvarad, amonaxsnTa 
fundamenturi sistema Sedgeba rn −  amonaxsnisagan. 
 
7.4.1. ipoveT gantolebaTa sistemis zogadi amonaxsni da aageT amonaxsnTa fundamenturi 
sistema 
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;

019283
03254
04653
0342

.1

4321

4321

4321

4321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−++
=+−+
=−++
=−++

xxxx
xxxx
xxxx

xxxx

;
0111784

02463
03542

.2

4321

4321

4321

⎪
⎩

⎪
⎨

⎧

=++−
=++−
=++−

xxxx
xxxx
xxxx

;

08423
097569
075346

05323

.3

5421

54321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+++
=++++
=++++
=++++

xxxx
xxxxx
xxxxx

xxxxx

;

0692
04

0574
0253

.4

321

321

321

321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=++
=−+
=++
=++

xxx
xxx

xxx
xxx

;

0443
07626
098439
075226

.5

54321

54321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−++−
=+++−
=+++−
=+++−

xxxxx
xxxxx
xxxxx
xxxxx

;

0
0

0
0

0
0

.6

64

53

642

531

42

31

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=+−
=+−

=−+−
=−+−

=−
=−

xx
xx

xxx
xxx

xx
xx

;

0
0

0
0
0

.7

541

632

6521

642

531

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=+−
=+−

=−+−
=+−
=+−

xxx
xxx

xxxx
xxx
xxx

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=++−+
=++−+

=++−+
=++−+

06395
065397

02432
047265

.8

54321

54321

54321

54321

xxxxx
xxxxx

xxxxx
xxxxx

 

7.4.2. ipoveT wrfiv erTgvarovan gantolebaTa sistemis amonaxsnTa fundamenturi sistema 

;
02

0
.1

321

321

⎩
⎨
⎧

=−+
=+−

xxx
xxx

;

044
02252
04323

02

.2

521

54321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−−
=+−+−
=−+−+

=+−+−

xxx
xxxxx
xxxxx

xxxxx

;

03546
075346

0323
022223

.3

54321

54321

54321

54321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=++++
=++++

=−+++
=++++

xxxxx
xxxxx

xxxxx
xxxxx

;

0149
0117

02
0

.4

4321

4321

4321

4321

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=−−+
=−−+

=−−+
=+++

xxxx
xxxx

xxxx
xxxx

;
022

02
.5

4321

4321

⎩
⎨
⎧

=+−−
=+++

xxxx
xxxx

0.6 4321 =+++ xxxx  

7.4.3. daamtkiceT, rom Tu namdvilkoeficientian wrfiv erTgvarovan gantolebaTa 
sistemas gaaCnia aranulovani nompleqsuri amonaxsni, maSin mas aranulovani namdvili 
amonaxsnic aqvs 
7.4.4. SeadgineT namdvilkoeficientebiani wrfiv gantolebaTa sistema, romlis 
amonaxsnTa fundamentur sistemas aqvs saxe 

;
)1,0,2,3(
)0,1,5,4(

.1
⎩
⎨
⎧

    
⎪
⎩

⎪
⎨

⎧

−− )2,1,1,0,0(
)2,3,0,1,0(
)1,2,0,0,1(

.2  

 
pasuxebi: 
7.1.1. )2,0,1(.1 , )3/10,3/13,3/13(.2 −− , Rcccc ∈+−+ ),3/71,,3/41(.3 , )2,1,0,1(.4 − , ∅.5 , 

Rxxxxxxxxxx ∈−−+−+−+ 5454545454 ,),,,32/)3021(,4/)67(1,32/)3847(1(.6 , 

Rxxxxxxxx ∈++−−− 21212121 ,),11/)105(,11/)29(,,(.7 , 
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Rxxxxxxx ∈−+− 4244242 ,),,8/11,,3/124/3/2(.8 , ∅.9 , )2,2,3,1(.10 −− , )1,3,1,2(.11 − , 

)3,4,1,2(.12 − , )2/3,3/1,2,0(.13 − , Rxxxxxxxx ∈−+−+− 43434343 ,),,,571,17266(.14 , 

Rxxxxxx ∈+−− 424242 ,),5/)41(,,10/)156((.15 , ∅.16 , ∅.17  

7.1.2. Rxxxxxx ∈−− 212121 ,),1,341,,(.1 , Rxxxxxxxx ∈+−−−+ 21212121 ,),18127,15106,,(.2 , 

)11,5,0,3(.3 − , )1,2,3(.4 . 7.1.3. Rxxxxxx ∈−−− 212121 ,),34,2319,13,,(.1 , 

Rbbxbxbibxi ∈+++ 31232312 ,,),,,2/32/2/)1((.2 , ∅= maSinTu ,3.3 a ; 

))3/(1),3/(1),3/(1),3/(1(,31 ++++−≠≠ aaaaaa maSindaTu ; 

),,,1(,1 432432 xxxxxxa −−−= maSinTu , ),7/,7/11(.4 333 xxx −− , )1,2,,(.5 1221 xxxx − , ∅.6   

7.2.1. )1,1,3(.1 , )1,2,1(.2 − , )3,2,2(.3 − , )5,4,3(.4 , )1,0,1,1(.5 −− , )2,1,2,1(.6 −− , )3,3,2,2(.7 −− , 

)1,1,2,1(.8 − .  7.2.2. )1,2(,2.1 −−−≠aTu , )0,0,0,2(.2 , )0,0,0,0(.3 , )1,1,1,1,1(.4 −− , 

)1,2,2,0,2(.5 −− , )1,1,1,1(.6 −− , )1,1,0,2(.7 −− , )1,1,2,2(.8 −− , )1;4,3;2,1;4,0(.9 −−   

7.2.3. )2/1,4,1( .  7.2.4. 1;0;1.1 −=k , 0;2.2 −=k .  7.2.5. jikk ji ≠= , , romelime 4,3,2,1, =ji -

Tvis;  7.2.6. )2,3,2(.1 , )4,0,1(.2 ;  7.2.7. )5,6,2( ;  7.2.8. 12/ +−= inxi  

7.3.1. )1,2,1(.1 , ∅.2 , ),26,3,8(.3 444 xxx ++− , ),,,3/)5331(,3/)1((.4 5435435 xxxxxxx −+++ , ∅.5 , 

),2/1,0,2/1,2/)(.6 5555 xxxx −−−−− , ∅.7 , ),6/)51(,6/)71(,6/)51((.8 4444 xxxx +−+  

7.3.2. ),,11/)105(,11/)29((.1 434343 xxxxxx ++−−− , )82416,113322,,(.2 212121 ++−−− xxxxxx , 

)1,431,,(.3 2121 xxxx −− , ∅.4 , ),7/)615(,7/)131(,7/)86((.5 4444 xxxx −−+− , )11,5,0,3(.6 − , ∅.7 , 

),,8/)54(,8/)54(,8/)74((.8 54545454 xxxxxxxx −+−+− ;  7.3.3. )34,2319,13,,(.1 2121 −−− xxxx , 

),,17/)2019(,17/)133((.2 434343 xxxxxx −− , ),3/,,6/5,6/7(.3 5533535 xxxxxxx +− , 

),1,1,(.4 4411 xxxx −+ ;  7.3.4. 
ab

cbaz
ac

bcay
bc

acbx
2

,
2

,
2

222222222 −+
=

−+
=

−+
= ;  7.3.5. 5=λ  

7.3.6. ;maSin1,anTu ∅== λλ 0.1 ,/)9153((0)1( 232 Δ+−+≠−=Δ λλλλλ maSin,Tu  

)4/)91234(,/)912( 233 −++−Δ−+ λλλλλ  ; ;maSin,Tu ∅= 0.2 λ  

)/)5(,/3,/2,0(0)1(,3,24,1 44 λλλλλλλ −≠−−−= maSin,Tu);,(maSinTu xx  

;maSin,Tu ),,(1.3 3232 xxxx −−=λ )0,0,0(0)1)(2(,2 111 maSin,Tu);,,(maSinTu ≠−+−= λλλ xxx   

;maSin,Tu ),,1(1.4 3232 xxxx −−=λ ,Tu;maSinTu 0)1)(2(,2 ≠−+∅−= λλλ  
))2/()1(),2/(1),2/()1(( 2 ++++−− λλλλλmaSin ;  

7.3.7. ;maSin1/2,daTu 2,21.1 =−=== yzxba  

∅−+−==−−=≠−  iSemTxvevaS sxvamaSin,Tu );/()142(,/1),/()12(0)1( babbabzbybabbxab  

;1112122.2 zyxbayzxba −−===−==−=−= maSin,daTu;maSin,daTu

∅+−−+=+−−==≠+− iSemTxvevaS sxvamaSinTu );2)(/()2(),2)(1/()(,0)2)(1( ababbabyaabazxaab
;027,21.3 ∅=+−=−== maSin,Tu;maSin,Tu λλ zyzx

222222 /)154(,/)15(,/)154(,10 λλλλλλλλλλλ ++−=++=−+=≠≠ zyxmaSindaTu  

0,,100,10.4 ==−=≠==== zyxzyx λλλλ maSin,Tu;maSin,Tu  
;,3/4,3/1501,01.5 Rxzybaaxyzb ∈=−===−=== maSin,daTu;maSin,Tu

∅+−=+−=+−=±≠≠  iSemTxvevaS sxvamaSindaTu );1/()22(),1/(2),/()5(,10 bbzbyaabbxba  
7.3.8. misi namdvili amonaxsnia kompleqsuri amonaxsnis namdvili nawilebi 

7.3.9. 3Ζ -is mimarT ∅ , xolo 5Ζ -is mimarT )2,3,2( ;  7.3.10. 5Ζ -is mimarT ∅ , xolo 7Ζ -is 

mimarT )5,6,2( ;  7.3.11. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

=Χ
21

21

2121
.1

xx
xx

, 1,.2 =+++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=Χ tzyx

tz
yx

sadac  

7.4.1. 1. zogadi amonaxsni: ),,56,78( 434343 xxxxxx +−− ; fund. sistema: )1,0,5,7(),0,1,6,8( −− , 
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2. zogadi amonaxsni: )72/7,52/5,,( 212121 xxxxxx −+− ; fund. 

sistema: )7,5,1,0(),2/7,2/5,0,1( − , 

3. zogadi amonaxsni: )4/)423(,4/)869(,,,( 321321321 xxxxxxxxx ++−−− ;  

fund. sistema: )1,2,1,0,0(),2/1,2/3,0,1,0(),4/3,4/9,0,0,1( −−−  
4. sistemas mxolod nulovani amonaxsni aqvs 

5. zogadi amonaxsni: )11/)43(,11/)1039(,,,( 321321321 xxxxxxxxx ++−−+− ; 

fund. sistema: )11/4,11/10,1,0,0(),11/1,11/3,0,1,0(),11/3,11/9,0,0,1( −−− , 
6. sistemas mxolod nulovani amonaxsni aqvs 

7. zogadi amonaxsni: ),,,,,( 65446454 xxxxxxxx −− ;  

fund. sistema: )1,0,0,0,1,0(),0,1,0,0,0,1(),0,0,1,1,1,1( −−  

8. zogadi amonaxsni: ),0,,3/)2(,0( 5353 xxxx − ;  

fund. sistema: )1,0,0,3/2,0(),0,0,1,3/1,0( −  

7.4.2. )1,1,0(.1 , )4,7,1,1,0(,)4,5,0,0,1(.2 −−− , )1,0,3,4,0(),0,1,1,2,0(,)0,0,0,3,2(.3 −−− , 

)2,3,1,0(,)2,3,0,1(.4 −− , )1,0,1,1(,)0,3,4,1(.5 −−− , )1,0,0,1(),0,1,0,1(,)0,0,1,1(.6 −−−  

7.4.4. 
⎩
⎨
⎧

=+−
=−−

025
034

.1
432

431

xxx
xxx

magaliTad, , 
⎩
⎨
⎧

=−−+
=−−+

022
032

.2
5321

4321

xxxx
xxxx

magaliTad,  

 
  
 
 
 
 
 
 
 



Tavi 8. polinomTa algebra 
 
$ 8.1. moqmedebebi polinomebze. polinomTa udidesi saerTo gamyofi 
 

K  velis mimarT n -uri xarisxis polinomi (mravalwevri) ewodeba 
gamosaxulebas: 

in
n

i
inn

nnn xaaxaxaxaxaxf −

=
−

−− ∑=+++++=
0

1
2

2
1

10)( Λ , 

sadac ,,,2,0, niKai Λ=∈  sidideebs polinomis koeficientebi ewodebaT. 00 ≠a -

s polinomis ufrosi koeficienti da nxa0 -s polinomis ufrosi wevri qvia. 

)(deg xfn =  naturalur ricxvs _polinomis xarisxs uwodeben.  
mocemuli ori 

in
n

i
i xaxf −

=
∑=

0
)(    da  is

s
xbxg

i
i

−∑
=

=
0

)(  

polinomisaTvis ganimarteba: 
polinomTa jami           

ik

i
i xcxgxf

snk
−

=
∑

=

=+
),max(

0

)()( , sadac, ),min(, snibac iii ≤+=  da 

),min(, snibcac iiii >==  an ; 
polinomTa namravli   

jsn
sn

xdxgxf
j

j
−+

+

∑
=

=⋅
0

)()( , sadac lij bad
sn

jli
∑
+

=+
= .  

aseTnairad ganmartebuli Sekrebisa da gamravlebis operaciebis mimarT ][xK  
polinomTa simravle komutaciuri rgolia.  

adgili aqvs Teoremas gayofadobis Sesaxeb: Tu ][)(),( xKxgxf ∈  da 0)( ≠xg , 

maSin arsebobs erTaderTi wyvili ][)(),( xKxrxq ∈  polinomebisa, rom  

)()()()( xrxqxgxf += ,    

sadac 0)( =xr  an )(deg)(deg xgxr < . 

)(xq -s ewodeba ganayofi, xolo )(xr -s naSTi. Tu 0)( =xr , maSin amboben, rom 

)(xg  polinomi yofs )(xf  polinoms da Caweren )(|)( xfxg . am SemTxvevaSi, )(xg -s 

)(xf -is gamyofi, xolo )(xf -s )(xg -s jeradi ewodeba.  

)(xg -s ewodeba )(,),(),( 21 xfxfxf kΛ  polinomebis saerTo gamyofi, Tu 

)(|)(,),(|)(),(|)( 21 xfxgxfxgxfxg kΛ . 

)(,),(),( 21 xfxfxf kΛ  polinomebis )(xd saerTo gamyofs, romelic maT nebismier 

saerTo gamyofze iyofa, udidesi saerTo gamyofi ewodeba. is, rom )(xd  aris 

)(xf  da )(xg  polinomebis udidesi saerTo gamyofi, ase Caiwereba 

)())(),(( xdxgxf = . or polinoms ewodeba Tanamartivi, Tu maTi udidesi saerTo 

gamyofi nulovani xarisxis aranulovani polinomia 1))(),(( =xgxf .    

Tu )(xg  polinomi )(xf  polinoms ar yofs, maSin maTi udidesi saerTo 

gamyofi )(xf  da )(xg  polinomebisaTvis evklides algoriTmis ukanaskneli 
aranulovani naSTis tolia, ufrosi koeficientiT erTiani. 
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8.1.1. ][xR  rgolSi, Semdegi polinomebisaTvis, ipoveT ganayofi da 

naSTi 13)(65432)(.1 2234 +−=+−+−= xxxgxxxxxf  da , 

123)(13)(.2 223 +−=−−−= xxxgxxxxf  da , 

32)(154)(.3 2234 −−=−++−= xxxgxxxxxf  da ,  

23)(65)(.4 224 ++=+−= xxxgxxxf  da ,  

4)(132)(.5 32 +=+−= xxgxxxf  da               

8.1.2. qpa  da,  sidideebis ra mniSvnelobebisaTvis yofs 1)( 2 ++= axxxg  

mravalwevri )(xf  mravalwevrs 

qxxf += 4)(.1 , qxxxf +−= 21)(.2 4 , qpxxxf ++= 4)(.3 , qxxxf +−= 24 7)(.4   

8.1.3. qp  da  sidideebis ra mniSvnelobebisaTvis iyofa )(xf  mravalwevri  )(xg  

mravalwevrze? 

1)()(.1 23 −+=++= mxxxgqpxxxf  , , 1)(,)(.2 224 ++=++= mxxxgqpxxxf   

8.1.4. ][3 xΖ , ][5 xΖ  da ][xQ  rgolebSi, Semdegi polinomebisaTvis, ipoveT ganayofi 

da naSTi  

12)(1)(.1 325 +−=−−+= xxxgxxxxf  da , 2)(22)(.2 224 −=++= xxgxxxxf  da  

8.1.5. Semdegi polinomebisaTvis ipoveT udidesi saerTo gamyofi   

1)(143)(.1 23234 −−+=−−−+= xxxxgxxxxxf  da ,  

2223)(12)(.2 234345 −+++=−−−+= xxxxxgxxxxxf  da , 

223)(623)(.3 252456 +−+=−+−++= xxxxgxxxxxxf  da , 

7373)(7787)(.4 235346 −+−=+−+−= xxxxgxxxxxf  da , 

22563)(101272)(.5 2342345 −++−=+−++−= xxxxxgxxxxxxf  da , 

1)(58342)(.6 252346 +−+=−+−−+= xxxxgxxxxxxf  da , 

122)(133)(.7 2342345 +−−−=−−−−+= xxxxxgxxxxxxf  da , 

13)(14)(.8 2334 +−=+−= xxxgxxxf  da , 

23)(222)(.9 334 ++=+++= xxxgxxxxf  da  

8.1.6. evklides algoriTmis gamoyenebiT, ipoveT )(xu  da )(xv  polinomebi, rom 

Sesruldes toloba )()()()()( xdxvxgxuxf =+ , sadac ))(),(()( xgxfxd =  

22)(242)(.1 234234 −−−+=−−−+= xxxxxgxxxxxf  da ,  

22)(133)(.2 342345 +++=+++++= xxxxgxxxxxxf  da , 

452)(951624)(.3 23234 +−−=++−−= xxxxgxxxxxf  da , 

26733)(446144363)(.4 346234567 +−+−=+−−++−+= xxxxxgxxxxxxxxf  da , 

25102073)(35353727114)(.5 234523456 −+−+−=+−+−+−= xxxxxxgxxxxxxxf  da , 

243)(6561653)(.6 2342345 −−−−=−−−−+= xxxxxgxxxxxxf  da  

8.1.7. evklides algoriTmis gamoyenebiT, ipoveT )(xu  da )(xv  polinomebi, rom 

Sesruldes toloba 1)()()()( =+ xvxgxuxf  

1)(223)(.1 223 +−=++−= xxxgxxxxf  da ,  

1)(144)(.2 2234 −−=++−−= xxxgxxxxxf  da , 

1735)(1221225)(.3 232345 +−−=+−+−−= xxxxgxxxxxxf  da , 

12)(25332)(.4 23234 −−+=+−−+= xxxxgxxxxxf  da , 
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123)(12453)(.5 23234 −+−=+−+−= xxxxgxxxxxf  da  

8.1.8. ipoveT )(xu  da )(xv  polinomebis udidesi saerTo gamyofi, Tu cnobilia, 

rom  )()()()()( xdxvxgxuxf =+ , sadac ))(),(()( xgxfxd =  

8.1.9. ipoveT )(xf  da )(xg  polinomebis udidesi saerTo gamyofi ][2 xΖ  rgolSi 

1)(1)(.1 2445 ++=++= xxxgxxxf  da ,  

1)(1)(.2 435 +=+++= xxgxxxxf  da , 

1)(1)(.3 345 ++=++= xxxgxxxf  da , 

1)()(.4 435 ++=++= xxxgxxxxf  da  

 
 
$ 8.2. polinomis fesvi. martivi da jeradi fesvi 
 
 

ganvixiloT polinomi 

][)(
0

xKxaxf kn
n

k
k ∈= −

=
∑ . 

bezus Teoremis ZaliT, )(xf  polinomis )( 0xx −  orwevrze gayofis Sedegad 

miRebuli naSTi )( 0xfr = -is tolia. maSasadame, adgili aqvs tolobas 

)()()()( 00 xfxqxxxf +−= . 

ganayofis anu )(xq  polinomis koeficientebisa da )( 0xf  mniSvnelobis povna 

SesaZlebelia horneris sqemis gamoyenebiT: 
 

 
0a    1a   2a   . . .  1−na   

na  

0x 0b   1b   2b   . . .  1−nb   

nb  

sadac, 00 ab = , 1001 abxb += , . . . , kkk abxb += −10 ,  . . .  1201 −−− += nnn abxb  sidideebi 

)(xq  polinomis koeficientebia, xolo )( 010 xfabxb nnn =+= − . 

)(xf  polinomis fesvi ewodeba K  velis (an misi gafarToebis) iseT c  
elements, romlisTvisac 0)( =cf . cxadia, rom 0x  aris )(xf  polinomis fesvi 

maSin, da mxolod maSin, roca )(|)( 0 xfxx − .  

0x -s ewodeba )(xf  polinomis k -jeradi fesvi Tu k  aris udidesi 
naturaluri ricxvi, romlisTvisac )(|)( 0 xfxx k− . aseT SemTxvevaSi )( 0xx − -s )(xf  

polinomis k -jeradi dauyvanadi mamravli ewodeba. Tu 1=k , maSin 0x  fesvs 

martivi fesvi ewodeba. 
)(xf  polinomis warmoebuli )(' xf -iT aRiniSneba da is tolia: 

12
3

2
2

1
1

0 2)2()1()(' −−
−−− +++−+−+= nn

nnn axaxanxanxanxf Λ . 

Tu 0x  aris )(xf  polinomis k -jeradi fesvi, maSin is )(' xf  polinomisaTvis 

1−k -jeradi fesvi iqneba. 
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vTqvaT, Kxxx n ∈,,, 10 Λ  velis gansxvavebuli elementebia da 

Kyyy n ∈,,, 10 Λ  velis nebismieri elementebia. arsebobs ][xK  rgolis erTaderTi 

n -uri xarisxis )(xf  polinomi, rom niyxf ii ,,1,0,)( Λ== . mas lagranJis 

sainterpolacio polinomi ewodeba da aqvs Semdegi saxe: 

)())(())((
)())(())((

)(
1110

1110

0 niiiiiii

nii
n

i
i xxxxxxxxxx

xxxxxxxxxx
yxf

−−−−−
−−−−−

=
+−

+−

=
∑ ΛΛ

ΛΛ
 

 
8.2.1. horneris sqemis gamoyenebiT, ipoveT )(xq  ganayofi da r  naSTi 

1)(,8642)(.1 234 −=+−+−= xxgxxxxxf  ,  

3)(,852)(.2 35 +=−−= xxgxxxxf  , 

ixxgxxxf ++=+= 1)(,4)(.3 23  , 

ixxgxxxxf 21)(,)(.4 23 +−=−−=   

8.2.2. horneris sqemis gamoyenebiT, ipoveT )( 0xf , Tu 

4,161063)(.1 0
234 =+−+−= xxxxxxf  ,  

3,73875)(.2 0
234 =+−+−= xxxxxxf  , 

5,0,564322)(.3 0
2345 −=+−+−+= xxxxxxxf  , 

ixxixixxf −−=++−++= 2,7)31()21()(.4 0
245  , 

ixxixixxf 21,7)3()21()(.5 0
245 +−=+−−−+=   

8.2.3. horneris sqemis gamoyenebiT, )(xf  polinomi warmoadgineT )( 0xx −  sxvaobis 

xarisxebis saxiT 

1,1432)(.1 0
234 −=+−−+= xxxxxxf  ,  

1,)(.2 0
5 == xxxf  , 

2,9050248)(.3 0
234 =+−+−= xxxxxxf  , 

ixixxixixxf −=++−+−+= 0
234 ,73)1(2)(.4  , 

ixixixixixxf 21,187)2033()1821()83()(.5 0
234 +−=++−−+−−+=   

8.2.4. horneris sqemis gamoyenebiT, )3( +xf  polinomi warmoadgineT x -is 
xarisxebad, Tu 1)( 34 +−= xxxf  

8.2.5. ipoveT )(xf -isa da misi warmoebulis mniSvnelobebi 0x  wertilSi, Tu 

2,10864)(.1 0
235 =+−+−= xxxxxxf  ,  

ixxixxixxf 21,1543)(.2 0
234 +=−−−−=   

8.2.6. horneris sqemis gamoyenebiT, )(xf  polinomisaTvis daadgineT 0x  fesvis 

jeradoba  

2,84275)(.1 0
2345 =−+−+−= xxxxxxxf  ,  

2,16168167)(.2 0
2345 −=−−+++= xxxxxxxf  , 

3,96106)(.3 0
234 =+−+−= xxxxxxf   

8.2.7. ipoveT a  parametris mniSvneloba, Tu cnobilia, rom 1−=x  aris 

1)( 25 +−−= axaxxxf  polinomis fesvi, jeradobiT aranakleb ori 

8.2.8. daadgineT A  da B  parametrebis mniSvnelobebi, Tu cnobilia, rom 

134 ++ BxAx  mravalwevri 2)1( −x -ze iyofa 
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8.2.9. ipoveT )(xf  polinomis jeradi fesvebi 

412946)(.1 2346 +++−−= xxxxxxf ,  

4152010)(.2 235 −−−−= xxxxxf , 

277251815)(.3 2346 +−++−= xxxxxxf , 

82024166)(.4 2345 −+−+−= xxxxxxf , 

44522)(.5 23456 +++−−−= xxxxxxxf , 

1357753)(.6 234567 −+−+−+−= xxxxxxxxf  

8.2.10. a  paramertis ra mniSvnelobebisaTvis iqneba 1=x  jeradi fesvi )(xf  
polinomisaTvis da rogoria misi jeradoba? 

13)(.1 23 −++= xaxxxf ,  

32)(.2 23 ++−= axxxxf , 

1263)(.3 234 +−+−= xaxxxxf  

8.2.11. ipoveT )(xϕ  mravalwevri, romelsac aqvs igive fesvebi, rac )(xf  polinoms, 

magram ara aqvT jeradi fesvebi. daSaleT )(xf  mravalwevri dauyvanadi 

mamravlebis namravlad, C  kompleqsuri velis mimarT 

93031492)(.1 23456 ++++−−= xxxxxxxf ,  

1242)(.2 23456 +−−+−−= xxxxxxxf , 

147874)(.3 23456 +−+−+−= xxxxxxxf , 

82838258)(.4 2345 −+−+−= xxxxxxf  
8.2.12. aCveneT, rom  

!!2!1
1)(

2

n
xxxxf

n

++++= Λ  

polinoms jeradi fesvebi ara aqvs 
8.2.13. lagranJis sainterpolacio formulis gamoyenebiT, SeadgineT umciresi 
xarisxis polinomi Semdegi cxrilis gamoyenebiT 
1.  

x  1    2   3  4   
)(xf 2    1  4   3 

2.  
x  1   i   1−   i−  

)(xf 1   2    3   4
3.  

x  1     2    3  4
)(xf 1   1−   3−   1

4.  
x  2−    1−   0  1  2  

)(xf  13      1  1 1  13 
 

8.2.14. ipoveT a  parametris yvela is mniSvneloba, romlisTvisac axx +− 213  
polinomis erTi fesvi orjer metia meoreze 

8.2.15. ipoveT a  parametris yvela is mniSvneloba, romlisTvisac axx ++ 23 12  
polinomis ori fesvis jami mesame fesvis tolia 
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$ 8.3. polinomis daSla dauyvanad mamravlebad. polinomis racionaluri 
fesvi 
 

mudmivisagan gansxvavebuli ][)( xKxf ∈  polinoms ewodeba dayvanadi K  velis 

mimarT, Tu ][xK  rgolSi arsebobs mudmivisagan gansxvavebuli iseTi )(1 xf  da 

)(2 xf  polinomebi, rom )()()( 21 xfxfxf ⋅= . winaaRmdeg SemTxvevaSi )(xf  polinoms 

ewodeba K  velis mimarT dauyvanadi polinomi. 
nebismieri ][)( xKxf ∈  polinomi SeiZleba warmovadginoT K  velis mimarT 

dauyvanad polinomTa namralis saxiT.    
n -uri xarisxis yoveli ][)( xKxf ∈  polinomisaTvis arsebobs K  velis iseTi 

gafarToeba, romelic Seicavs )(xf  polinomis nxxxx ,,,, 321 Λ  _yvela fesvs. K  

velis am gafarToebis mimarT )(xf  polinomi SeiZleba davSaloT wrfiv 
mamravlebad: 

)())(()( 210 nxxxxxxaxf −−−= Λ , 

sadac 00 ≠a  aris )(xf  polinomis ufrosi koeficienti. 

kompleqsur ricxvTa velis mimarT mxolod pirveli xarisxis polinomia 
dauyvanadi. namdvil ricxvTa velis mimarT dauyvanadia pirveli xarisxis 
polinomebi da meore xarisxis is polinomebi, romelTa diskriminanti 
uaryofiTia da mxolod isini. 
 
8.3.1. daSaleT )(xf  polinomi dauyvanad mamravlebad, namdvili da kompleqsuri 
velebis mimarT 

8)(.1 3 −= xxf , 8)(.2 3 += xxf , 16)(.3 4 −= xxf , 16)(.4 4 += xxf , 27)(.5 6 −= xxf , 

27)(.6 6 += xxf , 6116)(.7 23 −+−= xxxxf , 4)(.8 4 += xxf , 110)(.9 24 +−= xxxf , 

144)(.10 234 +++= xxxxf , 96)(.11 48 +−= xxxf , 22)(.12 2 +−= nn xxxf , 

1)(.13 2 ++= nn xxxf , 1)(.14 2 −= nxxf , 1)(.15 12 −= +nxxf , 22,1)(.4 24 <<−+−= aaxxxf  
8.3.2. mocemuli fesvebis mixedviT, SeadgineT namdvil da kompleqsur 
koeficientebiani, umciresi xarisxis polinomebi 

fesvebi martividafesvi, orjeradi −−− 11.1 i , fesvi samjeradi−− i21.2 , 

fesvi martivifesvi, orjeradi −−−− ii 1.3 , 

fesvebi orjeradida −+−−− ii 21.4 , fesvebi martivida, −−11.5 i , 

8.3.3. ipoveT )(xf  da )(xg  polinomebis udidesi saerTo gamyofi 

)5)(2()1()(),4)(3()2()1()(.1 223 ++−=−−+−= xxxxgxxxxxf ,  

)1)(1)(1)(1()(),1)(1)(1)(1()(.2 432432 ++++=−−−−= xxxxxgxxxxxf , 
3223 )1()(),12)(1()(.3 −=+−−= xxgxxxxf  

8.3.4. ipoveT )(xf  da )(' xf  polinomebis udidesi saerTo gamyofi 

)3()1()1()(.1 23 −+−= xxxxf , )1)(1)(1)(1()(.2 432 −−−−= xxxxxf  

8.3.5. daamtkiceT, rom Tu ukveci racionaluri qp /  ricxvi 

n
nn axaxaxf +++= − Λ1

10)(  mTel koeficientebiani polinomis fesvia, maSin: 

1. q  yofs 0a -s;   2. p  yofs na -s;   3. nebismieri Ζ∈m   mTeli ricxvisaTvis, mqp −  
yofs )(mf -s. kerZod, qp −  yofs )1(f -s da qp +  yofs )1(−f -s 
8.3.6. ipoveT Semdegi polinomis racionaluri fesvebi 
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14156)(.1 23 −+−= xxxxf , 241382)(.2 234 −+−−= xxxxxf , 

366127)(.3 235 ++−−= xxxxxf , 65442)(.4 2345 +−+−−= xxxxxxf , 

2438132)(.5 234 −−−+= xxxxxf , 4632)(.6 23 −++= xxxxf , 1574)(.7 24 −−−= xxxxf , 

91224)(.8 234 +−−+= xxxxxf , 311146)(.9 2345 −−−−+= xxxxxxf , 

82018116)(.10 23456 −+−−+−= xxxxxxxf , 14243)(.11 234 −−−+= xxxxxf , 

1143102)(.12 234 −−++= xxxxxf  

8.3.7. ipoveT )(xf  polinomis mTeli fesvebi 

253)(.1 234 −+++= xxxxxf , 121611372)(.2 2345 −−−++= xxxxxxf , 

281053)(.3 2346 −+−−−= xxxxxxf , 1426)(.4 234 +−++= xxxxxf  

8.3.8. daamtkiceT, rom mTel koeficientebian )(xf  polinoms mTeli fesvebi ar 
gaaCnia, Tu: 
1. )0(f  da )1(f  kenti ricxvebia 

2. )(mf  da )1( +mf  kenti ricxvebia, raime mTeli m  ricxvisaTvis 

8.3.9. daamtkiceT, rom )(xf  polinomi dauyvanadia racionalur ricxvTa velis 
mimarT 

26128)(.1 234 +−+−= xxxxxf , 123612)(.2 35 −+−= xxxxf , 12)(.3 34 ++−= xxxxf  

8.3.10. daamtkiceT, rom 
1
1

−
−

=Χ
x

x p

p  wriuli polinomi, sadac p  martivi ricxvia, 

racionalur ricxvTa velis mimarT dauyvanadia 

8.3.11. SeadgineT dauyvanad polinomTa cxrili 2Ζ  velis mimarT, meore xarisxis 
CaTvliT 

8.3.12. SeadgineT dauyvanad polinomTa cxrili 3Ζ  velis mimarT, meore xarisxis 

CaTvliT 
 
 
$ 8.4. simetriuli polinomebi 
 

K  velis mimarT n -ucnobian ),,,( 21 nxxxf Λ  polinoms ewodeba simetriuli Tu 

is ucnobTa nebismieri gadanacvlebis dros ar icvleba.  
n -ucnobian simetriul polinomebs 

nnn

nnn

nnn

n

xxxxx

xxxxxx
xxxxxx

xxx

1321

123213

11212

211

−

−−

−

=

++=
++++=

+++=

Λ
ΛΛΛΛΛΛΛΛΛΛΛΛ

Λ
ΛΛ

Λ

σ

σ
σ
σ

 

elementaruli simetriuli polinomebi ewodeba. 

simetriuli polinomebis Sesaxeb, adgili aqvs ZiriTad Teoremas: nxxx ,,, 21 Λ  

ucnobebis nebismieri ),,,( 21 nxxxf Λ simetriuli polinomi yovelTvis SeiZleba 

warmovadginoT rogorc, K  velis mimarT, nσσσσ ,,,, 321 Λ  elementaruli 

simetriuli polinomebis mravalwevri, amasTan es warmodgena erTaderTia:  

),,,,(),,,( 32121 nnxxxf σσσσ ΛΛ Φ=  

 
8.4.1. warmoadgineT elementaruli simetriuli polinomebis polinomad 



 8
321

3
3

3
2

3
1 3.1 xxxxxx −++ , 2

323
2
2

2
313

2
1

2
212

2
1.2 xxxxxxxxxxxx +++++ , 

2
3

2
1

2
3

2
2

2
2

2
1

4
3

4
2

4
1 222.3 xxxxxxxxx −−−++ , 5

3
2
2

2
3

5
2

5
3

2
1

2
3

5
1

5
2

2
1

2
2

5
1.4 xxxxxxxxxxxx +++++ ,    

)()()(.5 323121 xxxxxx +++ , )()()(.6 2
3

2
2

2
3

2
1

2
2

2
1 xxxxxx +++ , 

)2)(2()2(.7 213312321 xxxxxxxxx −−−−−− , 2
32

2
31

2
21 )()()(.8 xxxxxx −−−  

8.4.2. warmoadgineT elementaruli simetriuli polinomebis polinomad Semdegi 
monogenuri polinomebi 

Λ+2
1.1 x , Λ+3

1.2 x , Λ32
2
1.3 xxx , Λ+2

2
2
1.4 xx , Λ+2

3
1.5 xx , Λ+4

1.6 x , Λ+3
2
2

2
1.7 xxx , 

Λ+32
3
1.8 xxx , Λ+2

2
3
1.9 xx , Λ+2

4
1.10 xx , Λ+5

1.11 x , Λ+43
2
2

2
1.12 xxxx , Λ+2

3
2
2

2
1.13 xxx , 

Λ+432
3
1.14 xxxx  

8.4.3. gamosaxeT elementarul simetriul polinomTa saSualebiT 

3

1

2

3

1

2

1

3

3

2

2

1.1
x
x

x
x

x
x

x
x

x
x

x
x

+++++ ,  
31

2
31

32

2
32

21

2
21 )()()(.2

xx
xx

xx
xx

xx
xx

+
−

+
+
−

+
+
−

 

8.4.4. gamoTvaleT 0323 =−+ xx  gantolebis fesvebis kvadratebis jami 

8.4.5. ipoveT 3
131

3
3

3
323

3
2

3
212

3
1 xxxxxxxxxxxx +++++  simetriuli polinomis mniSvneloba, 

Tu 321 ,, xxx  ricxvebi 01423 =+−− xxx  gantolebis fesvebia 

8.4.6. ipoveT 0132 234 =+−−+ xxxx  gantolebis 4321 ,,, xxxx  fesvebisagan Sedgenili 

Λ+32
3
1 xxx  monogenuri simetriuli polinomis mniSvneloba 

8.4.7. ipoveT 0153 23 =+− xx  gantolebis 321 ,, xxx  fesvebisagan Sedgenili Λ+2
4
1 xx  

monogenuri simetriuli polinomis mniSvneloba 

8.4.8. ipoveT 01223 234 =−++− xxxx  gantolebis 4321 ,,, xxxx  fesvebisagan Sedgenili 

Λ+3
2

3
1 xx  monogenuri simetriuli polinomis mniSvneloba 

8.4.9. ipoveT 08765 23 =−+− xxx  gantolebis fesvebis: 1. kubebis jami; 2. meoTxe 
xarisxebis jami  

8.4.10. gamosaxeT 2
32

2
31

2
21

4
0 )()()( xxxxxxa −−−  simetriuli polinomi 

032
2

1
3

0 =+++ axaxaxa  gantolebis koeficientebis saSualebiT, Tu 321 ,, xxx  

gantolebis  fesvebia 
 
 
pasuxebi: 
 

8.1.1. 525)(,1132)(.1 2 −=++= xxrxxxq , 9/)226()(,9/)73()(.2 −−=−= xxrxxq , 
113)(,42)(.3 2 +=+−= xxrxxxq , 6272)(,34155)(.4 2 −−=+−= xxrxxxq , 

132)(,0)(.5 2 +−== xxxrxq ;  8.1.2. 1,0.1 −== qa , 8,3.2 =−= qa , 1,2.3 22 −=−= aqaap , 
8,0;1,3.4 −===±= qaqa ; 8.1.3. 1,.1 2 −−== mpmq , 

1,2,0;1,0.2 2 =−=≠−== qmpmpqm maSinTumaSinTu ;  
8.1.4. 2)(,33)(][;2)(,0)(.1 2

5
2

3 +=−=−−Ζ+==−Ζ xxqxxrxQxxqxr Si da SiSi , 
;2)(,2)(;22)(,12)(.2 2

5
2

3 xxqxxrxxqxxr ==−Ζ+=+=−Ζ  SiSi

52)(,102)(][ 2 +=+=− xxqxxrxQ Si ; 8.1.5. 1.1 +x , 1.2 2 +x , 2.3 23 ++ xx , 1.4 3 +x , 
22.5 2 +− xx , 1.6 3 +− xx , 1.7 2 ++ xx , 1.8 , 1.9 ; 8.1.6. 2)()2()()1(.1 2 −=++−− xxgxxfx , 
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1)()1()(.2 3 +=++− xxgxxf , 1)(
3

322)(
3

1.3
2

−=
−−

+
+− xxgxxxfx , 

2)()12()()1(.4 3232 +=−−+++− xxgxxxxfx , 
5)()44()()3(.5 22 +=+−++− xxgxxxfx 23)()452()()1(.6 232 +=−−++++− xxgxxxxfxx  

8.1.7. 13)(,)(.1 2 +−−== xxxvxxu , 23)(,1)(.2 23 −−+=−−= xxxxvxxu , 
2/)22()(,2/)3()(.3 242 −−=+−= xxxvxxu , 6/)652()(,6/)32()(.4 232 −+=−−= xxxvxxxu , 
223)(,13)(.5 232 −++−=−+= xxxxvxxxu ; 8.1.8. 1.1 ; 8.1.9. 1.1 2 ++ xx , 1.2 +x , 1.3 , 1.4  

8.2.1. 5,33)(.1 23 =−+−= rxxxxq , 327,109391362)(.2 234 −=+−+−= rxxxxxq , 
irixixxq 68),71()43(4)(.3 2 −=+−++−= , irixixxq 89,252)(.4 2 +−=−−−=  

8.2.2.  136.1 , 286.2 , 16/151.3 , i441.4 −− , i225.5 +  
8.2.3. 1)1(4)1(3)1(2)1(.1 234 ++++−+−+ xxxx ,  

1)1(5)1(10)1(10)1(5)1(.2 2345 +−+−+−+−+− xxxxx ,  38)2(18)2(.3 4 +−−− xx , 
iixixiixiix 57)(5))(1()(2)(.4 234 +++−++−+−+ ,  

1)21(2)21()21(.5 34 +−++−+−−+ ixixix ; 8.2.4. davSaloT )(xf  mravalwevri )3( −x -is 

xarisxebad 54)3(81)3(45)3(11)3()( 234 +−+−+−+−= xxxxxf , maSin 

54814511)3( 234 ++++=+ xxxxxf ;  

8.2.5. 120)2(,240)2(,216)2(''',124)2('',48)2(',18)2(.1 )()( ====== VIV ffffff ,  
iifiifiif 308)21('',816)21(',212)21(.2 +−=++−=+−−=+ , 

24)21(,3024)21(''' )( =++=+ ifiif IV ;  8.2.6. 3.1 =k ,     4.2 =k ,    2.3 =k ;  8.2.7.  5−=a  
8.2.8.  4,3 −== BA ;  8.2.9. 24 )2()1(.1 −+ xx , )4()1(.2 4 −+ xx ,  )3()3()1(.3 23 −+− xxx , 

)22)(2(.4 2 +−− xxx , 223 )2(.5 −−− xxx , 322 )1()1(.6 −+ xx ; 8.2.10.  3,3.1 =−= ka ,     
2,4.2 =−= ka ,    2,4.3 == ka ;  8.2.11. 24 )3()1()(),3)(1()(.1 −+=−+= xxxfxxxϕ , 

242 )1()1()(,1)(.2 +−=−= xxxfxxϕ , ))(()1()(),1)(1()(.2 42 ixixxxfxxx −+−=+−=ϕ , 

32 )2()1()(),2)(1()(.4 −−=−−= xxxfxxxϕ ;  8.2.12. 
!

)(
!)1(!1

1)('
1

n
xxf

n
xxxf

nn

−=
−

+++=
−

Λ . 

maSasadame, Tu 0)(')( 00 == xfxf , maSin 00 =x , magram 00 =x  ar warmoadgens )(xf  

polinomis fesvs;  8.2.13. visargebloT lagranJis sainterpolacio formuliT 

8.2.14. 318± ;  8.2.15. 216− ; 8.3.1. )31)(31)(2(),42)(2(.1 2 ixixxxxx −+++−++− , 
)31)(31)(2(),42)(2(.2 2 ixixxxxx −−+−++−+ ,  
)2)(2)(2)(2(),4)(2()2(.3 2 ixixxxxxx +−+−++− , 

)22)(22)(22)(22(),422)(422(.4 22 ixixixixxxxx ++−++−−−+++− , 
),33)(33)(3)(3(.5 22 +++−+− xxxxxx

)2/32/3)(2/32/3)(2/32/3)(2/32/3)(3)(3( ixixixixxx +++−−+−−+− , 
),33)(33)(3(.6 222 +++−+ xxxxx

)2/32/3)(2/32/3)(2/32/3)(2/32/3)(3)(3( ixixixixixix +−+−−+−−+− , 
)3)(2()1(.7 −−− xxx , )1)(1)(1)(1(),22)(22(.8 22 ixixixixxxxx ++−++−−−+−++  

)23)(23)(23)(23(.9 ++−++−−− xxxx , 
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)
2

12

2

12
1)(

2

12

2

12
1)(

2

12

2

12
1)(

2

12

2

12
1(.10 −

−
+

++
−

+
+

++
−

+
+

−+
−

−
+

−+ ixixixix

222424222424 )3()3()3()3(,)3()3()3(.11 ixixxxxxx +−+−++− ,  

))sin(cos(,)2cos22(.12
1

0

1

0

2
4

18

4

18

4

182 ∏∏
−

=

−

=

+++
±−+−

n

k

n

k

nn
n

k

n

k

n

k ixxx πππ , 

))sin(cos(,)1cos2(.13
1

0

1

0
2

3

13
2

3

13
2

3

132 ∏∏
−

=

−

=

+++
±−+−

n

k

n

k n

k

n

k

n

k ixxx πππ  

))sin(cos(,)1cos2()1(.14
12

0

1

0

22 ∏∏
−

=

−

=
+−+−−

n

k

n

k n

k

n

k

n

k ixxxx πππ , 

))sin(cos(,)1cos2()1(.15
2

01 12

2

12

2

12

22 ∏∏
== +

+
++

−++−
n

k

n

k n

k

n

k

n

k ixxxx πππ , 

)12)(12(.16 22 +++++− axxaxx ;  8.3.3. )2()1(.1 2 +− xx , )1()1(.2 22 ++ xx , 3)1(.3 −x   
8.3.4. )1()1(.1 2 +− xx , )1()1(.2 3 +− xx ;  8.3.5. movaxdinoT Casma qpx /=  da gavamravloT 

nq -ze;  8.3.6. 2.1 1 =x , 3.2 1 −=x ,  3,2.3 21 =−= xx , 3,2,1.4 321 =−== xxx , 
4,3,2,1.5 4321 =−=−=−= xxxx ,  2/1.6 1 =x , 2/1.7 21 −== xx ,  3,1.8 4321 −==== xxxx , 

1,3.9 54321 −===== xxxxx , 2.10 321 === xxx , 1.11 1 =x , 1.12 1 =x ;  8.3.7. 2.1 − , 
2,2.2 −− ,  2.3 , fesvebi mTeli aqvs ara.4 ; 8.3.8. Tu )0(f  da )1(f  kenti ricxvebia, 

maSin na  kentia e.i. 110 −+++ naaa Λ  luwia. amgvarad, )(xf  polinoms ar SeiZleba 

hqondes arc luwi fesvi da arc kenti fesvi;  

8.3.11. 1,1,1,1,1,1,1, 2343442332 +++++++++++++++ xxxxxxxxxxxxxxxx  

8.3.12. ,1,1,1,1,1,1,1,1,1, 2323232222 ++−+−+−++−−−−++−+ xxxxxxxxxxxxxxxxxx  
1,1,1,1 2323233 −++−+−−−−− xxxxxxxxxx ; 8.4.1. 21

3
1 3.1 σσσ − , 321 3.2 σσσ − , 

312
2
1

4
1 84.3 σσσσσ +− , 2

313
2
232

2
1

3
213

4
1

2
2

3
1 73632.4 σσσσσσσσσσσσσ −++−− , 321.5 σσσ − , 

321
3
1 2792.7 σσσσ +− , 2

3321
3
23

3
1

2
2

2
1 271844.8 σσσσσσσσσ −+−− ;  8.4.2. 2

2
1 2.1 σσ − , 

321
3
1 33.2 σσσσ +− , 431 4.3 σσσ − , 431

2
2 22.4 σσσσ +− , 4

2
2312

2
1 42.5 σσσσσσ +−− , 

431
2
22

2
1

4
1 4424.6 σσσσσσσ −++− , 54132 53.7 σσσσσ +− , 541323

2
1 52.8 σσσσσσσ +−− , 

541323
2
1

2
21 552.9 σσσσσσσσσ −+−− , 541323

2
1

2
212

3
1 553.10 σσσσσσσσσσσ −++−− , 

541323
2
1

2
212

3
1

5
1 555555.11 σσσσσσσσσσσσ +−−++− , 65142 94.12 σσσσσ +− , 

65142
2
3 222.13 σσσσσσ −+− , 651424

2
1 62.14 σσσσσσσ +−− ;  8.4.3. 

3

321 3
.1

σ
σσσ −

, 

321

2
2312

2
1 )23(2

.2
σσσ

σσσσσ
−

−−
;  8.4.4. 4− ;  8.4.5. 35− ;  8.4.6. 16 

 
 



Tavi 9. wrfivi sivrceebi 
 
$. 1. wrfivi sivrcis ganmarteba 
 

vTqvaT −K  raime velia, xolo −V aracarieli simravle. vityviT, rom V  
simravle, romlis elementebsac veqtorebi ewodeba, warmoadgens veqtorul 
sivrces, Tu masze ganmartebulia veqtorTa Sekrebisa da  K  velis elementze 
(skalarze) maTi gamravlebis operaciebi, romlebisTvisac sruldeba Semdegi 
pirobebi: 

1. V  abeluri jgufia Sekrebis operaciis mimarT; 
2. ;,1 Vaaa ∈∀=  

3. ( ) ;;,, VaKaaa ∈∀∈∀+=+ μλμλμλ  

4. ( ) ;,;, VbaKbaba ∈∀∈∀+=+ λλλλ  

5. ( ) ( ) ;;,, VaKaa ∈∀∈∀= μλμλλμ  
 
9.1.1. namdvil ricxvTa velze Sekrebisa da gamravlebis operaciebis mimarT, 
aris Tu ara wrfivi sivrce Semdegi simravle: 

−N.1  naturalur ricxvTa simravle; 

−Z.2  mTel ricxvTa simravle 

−Q.3  racionalur ricxvTa simravle; 

−R.4  namdvil ricxvTa simravle; 

−C.5  kompleqsur ricxvTa simravle; 

−+R.6  dadebiT namdvil ricxvTa simravle; 
9.1.2. aris Tu ara wrfivi sivrce namdvil ricxvTa velze, Sekrebisa da 
gamravlebis operaciebis mimarT Tavisufal veqtorTa Semdegi simravle: 

−1.1 L  mocemul wrfis paralelur veqtorTa simravle; 

−M.2  mocemul sibrtyis paralelur veqtorTa simravle; 

−3.3 V  sivrcis yvela veqtorTa simravle; 

−P.4  mocemul wrfis araparalelur veqtorTa simravle; 
9.1.3. SeamowmeT, aris Tu ara wrfivi sivrce Semdegi simravle:  

( ){ }RyxyxA ∈= ,:,  
Tu operaciebi Semdegnairadaa ganmartebuli: 

1. ( ) ( ) ( );,,, 21212211 yyxxyxyx ++=+  

2. ( ) ( ).,, yxyx λλλ =  
9.1.4. qvemoT CamoTvlili simravleebidan, namdvil ricxvTa velis mimarT, 
romeli warmoadgens wrfiv sivrces (matricTa Sekrebisa da maTi skalarze 
gamravlebis operaciebis mimarT): 

.1 yvela matricTa simravle; 

−×mnR.2  yvela marTkuTxa matricTa simravle; 

−×22.3 R  yvela meore rigis kvadratul matricTa simravle 

−×1.4 nR yvela 1×n  rigis matricTa simravle; 

−×22.5 C  yvela meore rigis kvadratul matricTa simravle, −C velis mimarT; 

−
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Rcba

cb
a

,,:
0

.6 simravle; 

−
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Rcba

cb
a

,,:
1

.7  simravle; 

−
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

Rba
ab
ba

,:.8  simravle; 
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9.1.5. namdvil ricxvTa simravleze gansazRvrul funqciaTa simravleze 
ganmartebulia operaciebi: 

( )( ) ( ) ( )xgxfxgf +=+  da ( )( ) ( ) ., Rxfxf ∈= λλλ  

gaarkvieT, Semdegi simravleebidan romeli warmoadgens, −R velis mimarT, 
wrfiv sivrces: 

−nC.1  simravle namdvilkoeficientebiani ( )xf  polinomebisa, romlebisTvisac 

( ) 0deg ≥xf  

( )−nR.2  simravle −n uri xarisxis mqone namdvilkoeficientebiani 

polinomebisa 

−.3  yvela im ( )xp  mravalwevrTa simravle, romelTaTvisac: 

).a ( ) ;10 =p  ).b ( ) ;00 =p  ).c ( ) ( ) ;01302 =− pp  ).d ( ) ( ) ( ) 021 =+++ kppp Λ  

[ ] −baC ,.4 [ ]ba, -ze yvela uwyvet funqciaTa simravle  

[ ] −baC ,.5 [ ]ba, -ze yvela wyvetil funqciaTa simravle 

[ ]
( ) −k

baC ,.6 [ ]ba, -ze yvela k -jer uwyvetad diferencirebad funqciaTa simravle 

[ ] −baJ ,.7 [ ]ba, -ze yvela integrebad funqciaTa simravle 

−++++ bxaxaxa nnΛ2211.8 saxis −n cvladiani funqciebisa, koeficientebiT 

namdvili ricxvebi 
9.1.6. vTqvaT −A sasruli simravlea da am simravlis yvela qvesimravleTa 

( )−AT simravleze ganmartebulia Sekrebisa da −2Z velis elementze 

gamravlebis operaciebi: 

( )( ) ( )ATYXYXYXYX ∈∀∩∪=+ ,,  da ;0,1 ∅== XXX  

aCveneT, rom am operaciebis mimarT ( )−AT simravle warmoadgens wrfiv sivrces 

−2Z velis mimarT 

9.1.7. vTqvaT −C velis mimarT V  veqtorul sivrceSi ganmartebulia veqtoris 
kompleqsur ricxvze gamravlebis operacia: 

.xx αα =∗  aCveneT, rom V -Si ganmartebuli Sekrebisa da ∗ operaciebis mimarT 

V -veqtoruli sivrcea 
 
 
$2. veqtorTa wrfivad damokidebuleba. veqtoruli sivrcis ganzomileba da 
bazisi 
 

vTqvaT, V  aris K  velis mimarT wrfivi sivrce. veqtorTa Vaaa k ∈,,, 21 Κ  

sistemis wrfivi kombinacia ewodeba −∑
=

k

i
iia

1
λ saxis jams, sadac −∈Kkλλλ ,,, 21 Κ  

nebismierad aRebuli skalarebia. 

veqtorTa kaaa ,,, 21 Κ  sistemas ewodeba wrfivad damokidebuli, Tu moiZebneba 

kλλλ ,,, 21 Κ  skalarebis mniSvnelobebis iseTi erToblioba, romelTagan erTi 

mainc araa nulis toli da adgili aqvs tolobas: .0
1

=∑
=

k

i
iiaλ  winaaRmdeg 

SemTxvevaSi, veqtorTa sistemas wrfivad damoukidebeli ewodeba. 
vityviT, rom V  wrfivi sivrcis ganzomileba −n is tolia, Tu V  sivrceSi 

moiZebneba erTi mainc wrfivad damoukidebel veqtorTa sistema, romlis 
veqtorTa raodenobac −n is tolia, da yvela −+1n veqtoriani veqtorTa 
sistema wrfivad damokidebulia. 

V  sivrcis ganzomilebas −Vdim Ti aRniSnaven, xolo  −n ganzomilebian 

sivrces −nV iT. 
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−nV wrfivi sivrcis yovel −n  veqtorian wrfivad damoukidebel 

veqtorTa sistemas am sivrcis bazisi ewodeba. 

Tu −∈ nVa  raime veqtoria da ( ) −= niei ,1, am sivrcis raime bazisi, maSin 

arsebobs skalarebis erTaderTi Kk ∈ααα ,,, 21 Κ  erToblioba, rom  .
1
∑
=

=
n

i
iiea α  

−a veqtoris warmodgenas bazisis veqtorebis wrfivi kombinaciis saxiT 

ewodeba a  veqtoris gaSla aRebul bazisSi, xolo kααα ,,, 21 Κ  

 koeficientebs −a veqtoris koordinatebs aRebul bazisSi. 
 
9.2.1. aCveneT, rom veqtorTa Semdegi sistema wrfivad damokidebulia. moZebneT 
−θ s toli misi aratrivialuri wrfivi kombinacia: 

( ) ( ) ( );21,2,15,1,3,5,5,2,1.1 321 −−=== aaa ;296,1,52.2 321 iaiaia +=−=+=

;
1158
563

,
402
512

,
110
321

.3 321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−
−−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= AAA ;1316,34,5.4 2

3
2

2
2

1 ++=+−=+= ttttt ϕϕϕ  

;,cos,sin.5 3
2

2
2

1 ttt === ϕϕϕ  .,5,,cos,sin.6 543
2

2
2

1
tettt ===== ϕϕϕϕϕ  

9.2.2. aCveneT, rom veqtorTa Semdegi sistemebi wrfivad damoukidebelia: 

( ) ( ) ( );2,4,1,1,1,1,1,3,5.1 321 === aaa ( ) ( ) ;
2
9,6,1,,2,3,,.2 21 ≠≠−== babaabaa

;1,45,34.3 2
32

2
1 ++=−=+−= ttttt ϕϕϕ

;
10
00

,
01
00

,
00
10

,
00
01

.4 22211211 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= AAAA ;34,73.5 21 iaia −=+=  

;cos,sin.6 21 tt == ϕϕ ;cos,sin,1.7 321 tt === ϕϕϕ ;sin,,sin,sin,1.8 22
321 ttt n ==== ϕϕϕϕ Κ

;cos,,cos,cos,1.9 22
321 ttt n ==== ϕϕϕϕ Κ ;sin,,2sin,sin.10 21 nttt n === ϕϕϕ Κ

.cos,,2cos,cos,1.11 321 nttt n ==== ϕϕϕϕ Κ  

9.2.3. aCveneT, rom a  da b veqtorebisa da α  da β  skalarebisaTvis: 

0.1 =aα  maSin, da mxolod maSin, roca 0=α  an ;θ=a  

baba αββα +=+.2  maSin, da mxolod maSin, roca βα =  an .ba =  

9.2.4. −λ s ra mniSvnelobebisaTvis: 

.1 veqtorTa −21,aa  sistemis wrfivad damoukideblobidan gamomdinareobs 

2121 , aaaa λλ ++  veqtorTa sistemis wrfivad damoukidebloba; 

.2  veqtorTa naaa ,,, 21 Κ   sistemis wrfivad damoukideblobidan 

gamomdinareobs nn aaaaaa +++ −13221 ,,, Κ  sistemis wrfivad damoukidebloba. 

9.2.5. gaarkvieT veqtorTa (funqciaTa) Semdegi sistemebis wrfivad 
damoukideblobis sakiTxi, ipoveT maTi trivialuri wrfivi kombinaciebi (Tu 
ki aseTi kombinacia arsebobs): 

;72,7.1 21 −=+= tt ϕϕ ;97,73.2 21 −=+= tt ϕϕ ;54,13,3.3 3
2

2
2

1 −=+=+−= tttt ϕϕϕ

;6,3,2.4 321
ttt === ϕϕϕ ;,,.5 3

3
2

21
ttt eee === ϕϕϕ ;,.6 3

2
2

1 tt == ϕϕ

( ) ( );5sin,2sin,sin.7 321 −=+== ttt ϕϕϕ .,,1.8 321 arcctgtarctgt === ϕϕϕ  

9.2.6. kompleqsur ricxvTa C  simravlis, rogorc, namdvil ricxvTa velis 

mimarT, wrfivi sivrcis ieie −=+−= 2,21 21  bazisSi ipoveT ix 45 +−= veqtoris 

koordinatebi. 

9.2.7. 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

= Rcba
cb
ba

V ,,:  wrfivi sivrcis ,
10
01

1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=e ,

01
10

2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=e ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

10
00

3e  bazisSi, 

ipoveT Semdegi veqtorebis koordinatebi:  
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;
14
43

.1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=a .
24
52

.2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=b  

9.2.8. ipoveT { }RttV ∈++= γβαγβα ,,:2cossin2  wrfivi sivrcis tee 2cos,1 21 ==  
bazisSi Semdegi veqtorebis koordinatebi: 

.2sin5.2,2cos
2
3sin3

2
5.1 2

2
1 ttt +=++= ϕϕ  

9.2.9. aCveneT, rom −ie veqtorebi qmnian Sesabamisi ganzomilebis sivrcis baziss 

da ipoveT masSi a  veqtoris koordinatebi: 
( ) ( ) ( ) ( );14,9,6,3,2,1,2,1,1,1,1,1.1 321 ==== aeee
( ) ( ) ( ) ( );7,2,6,1,1,1,5,2,3,3,1,2.2 321 −=−=−=−= aeee
( ) ( ) ( ) ( ),0,1,3,1,4,1,2,1,1,0,3,2,2,1,2,1.3 4321 −==−=−−= eeee ( ).2,1,14,7 −=a  

9.2.10. ipoveT n
ntatataa ++++= Λ2

210ϕ  mravalwevris koordinatebi Semdeg 

bazisSi:  ;,,,,1.1 2 nttt Κ    ( ) ( ) .,,,,1.2 2 nttt ααα −−− Κ  

9.2.11. aCveneT, rom ie  da jf  veqtorTa sistemebi warmoadgenen Sesabamisi 

ganzomilebis wrfivi sivrceebis bazisebs. warmoadgineT erTi sistemis 
veqtorebi meore sistemis veqtorebis saSualebiT: 

( ) ( ) ( ),2,8,3,3,3,2,1,2,1.1 321 === eee ( ) ( ) ( );2,9,1,18,14,5,8,5,3 321 === fff  

( ) ( ) ( ),1,7,3,3,3,2,1,2,1.2 321 === eee ( ) ( ) ( );6,1,1,1,2,5,4,1,3 321 −=== fff  

( ) ( ) ( ) ( ),3,2,3,1,1,2,1,1,1,1,2,1,1,1,1,1.3 4321 ==== eeee  

( ) ( ) ( ) ( ).4,4,3,2,4,5,2,2,4,5,3,2,3,3,0,1 4321 −−−−==−−−−== ffff  

9.2.12. SeamowmeT, warmoqmnian Tu ara −ie veqtorebi 3R  sivrcis baziss da 

ipoveT masSi ( )13,7,3=a  veqtoris koordinatebi: 

( ) ( ) ( );1,0,0,0,1,0,0,0,1.1 321 === eee ( ) ( ) ( );1,1,1,0,1,1,0,0,1.2 321 === eee
( ) ( ) ( ).9,4,1,3,2,1,1,1,1.3 321 === eee  

9.2.13. SeamowmeT warmoqmnian Tu ara baziss mravalwevrTa Semdegi sistemebi, 
4deg ≤f  xarisxis mqone namdvilkoeficientebian mravalwevrTa sivrceSi da 

ipoveT 12345 234 +−+−= xxxxϕ  polinomis koordinatebi am bazisSi 

;,,,,1.1 432 xxxx ;,,,,1.2 432 xxxxxxx −−− ;,,,,1.3 4434244 xxxxxxxx −−−−

( ) ( ) ( ) .1,1,1,1,1.4 432 −−−− xxxx  

9.2.14. ipoveT R∈λ  yvela is mniSvneloba, romlisTvisac a  veqtori gamoisaxeba 
Semdegi veqtorebis wrfivi kombinaciis saxiT: 

( ) ( ) ( ) ( );,2,7,1,6,1,8,7,3,5,3,2.1 321 λ−=−=== aaaa
( ) ( ) ( ) ( );,9,5,6,1,4,1,2,7,3,4,4.2 321 λ==== aaaa
( ) ( ) ( ) ( );5,3,1,,6,5,7,4,2,5,2,3.3 321 ==== aaaa λ
( ) ( ) ( ) ( ).5,2,,3,1,5,9,3,7,6,2,3.4 321 λ==== aaaa  

9.2.15. ipoveT V  wrfivi sivrcis ganzomileba da bazisi, Tu is Semdeg 
veqtorebzea moWimuli: 

( ) ( ) ( ) ( ).1,1,1,1,3,0,3,0,1,2,1,2,2,1,2,1.1 4321 ==== aaaa  

9.2.16. veqtorTa Semdegi sistemebi SeavseT Sesabamisi ganzomilebebis sivrceTa 
bazisebamde: 

( ) ( );3,4,2,1,2,1.1 21 == aa ( ) ( );0,1,4,2,1,1,3,2.2 21 == aa ( ) ( );0,3,2,1,0,0,2,1.3 21 == aa
( ) ( );6,0,2,4,3,0,1,2.4 21 == aa ;,.5 42

2
2

1 ttt −== ϕϕ ;12,1.6 3
2

2
1 −=+−= ttt ϕϕ

;
544
844

,
322
422

,
012
101

,
210
321

.7 4321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= aaaa .

10
11

,
11
21

.8 21 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= aa  
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9.2.17. ipoveT 4R  sivrcis ori sxvadasxva sabaziso veqtorTa sistema, 

romelTac gaaCniaT saerTo  veqtorebi ( )0,0,1,11 =a  da ( )1,1,0,02 =a . 

 
 
$. 3. wrfivi sivrcis qvesivrce. wrfivi garsi. 
 

K  velis mimarT V  wrfivi sivrcis raime VW ⊂  qvesimravles ewodeba misi 
qvesivrce, Tu W  TviTonaa wrfivi sivrce −V Si ganmartebuli operaciebis 
mimarT. 

vTqvaT,  n
k Vaaa ∈,,, 21 Κ  wrfivad damoukidebel veqtorTa sistemaa, K  velis 

mimarT aRebuli wrfivi sivrcisa, amasTan nk ≤ . mocemuli sistemis veqtorTa 
yvela SesaZlo wrfivi kombinaciebis 

⎭
⎬
⎫

⎩
⎨
⎧

=∈== ∑
=

k

i
iii

k
kiKaaaV

1

,1,,: λλ  

simravle warmoadgens wrfiv sivrces −nV Si ganmartebuli operaciebis 

mimarT. −
k

V  s ewodeba kaaa ,,, 21 Κ  veqtorebis wrfivi garsi. is nV  sivrcis 

qvesivrcea da .dim kV
k
=  amasTan −

k
V umciresi ganzomilebis iseTi qvesivrcea 

−nV Si, romelic kaaa ,,, 21 Κ -veqtorebs Seicavs. 

 
9.3.1. gamoarkvieT, aris Tu ara veqtorTa Semdegi erToblioba Sesabamisi 
veqtoruli sivrcis qvesivrce: 

.1  sibrtyis yvela im veqtorTa erToblioba, romlebic saTaveSi arian 
modebulebi da romelTa boloebi mocemul wrfeze Zevs; 

.2  sibrtyis yvela im veqtorTa erToblioba, romelTa boloebic pirvel 
sakoordinato meoTxedSia; 

−nR.3 is veqtorebi, romelTa koordinatebic mTeli ricxvebia; 

−nR.4 is veqtorebi, romelTa koordinatebic akmayofileben pirobas: 

;021 =+++ nxxx Λ  

−nR.4  is veqtorebi, romlebic warmoadgenen aRebuli kaaa ,,, 21 Κ  veqtorebis 

wrfiv kombinacias; 

−nR.5  is veqtorebi, romelTa koordinatebic mocemuli wrfiv erTgvarovan 
gantolebeTa sistemis amonaxsnebia. 
9.3.2. daadgineT, qvemoT CamoTvlili simravleebidan, romeli warmoadgens 
−R velis mimarT Sesabamisi wrfivi sivrcis qvesivrces, ipoveT misi, rogorc 

qvesivrcis, ganzomileba da romelime bazisi: 
.1  mocemuli sibrtyis orTogonalur Tavisufal veqtorTa simravle; 
.2  mocemuli sibrtyis paralelur Tavisufal veqtorTa simravle; 
.3  mocemuli wrfis orTogonalur Tavisufal veqtorTa simravle; 
.4  mocemuli sibrtyis paralelur Tavisufal veqtorTa simravle; 

⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

Rba
ab
ba

,:.5 -simravle; 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Rcba

cb
a

,,:
1

.6 -simravle; 

⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ccba

cb
a

,,:
0

.7 -simravle; 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
R

i
γβα

γ
γβα

,,:
0

.8 -simravle; 

{ }Rcbatctba ∈++ ,,:cossin.9 22 -simravle; { }Rcbatctba ∈++ ,,:sinsin.10 2 -simravle. 

9.3.3. aCveneT, rom veqtorTa Semdegi erToblioba qmnis −nR is qvesivrces. 
ipoveT maTi ganzomileba da raime bazisi: 

.1  veqtorebi, romelTa pirveli da bolo koordinatebi tolia; 
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.2  veqtorebi, romelTa luw adgilebze mdgomi koordinatebi 

nulis tolia; 
.3 veqtorebi, romelTa luw adgilebze mdgomi koordinatebi tolia; 

.4  ( )Κ,,,, βαβα  saxis veqtorebi; 

.5 mocemuli erTgvarovani wrfiv gantolebaTa sistemis amonaxsnebi-veqtorebi. 
9.3.4. gamoarkvieT, −n uri rigis matricTa Semdegi simravleebidan, romeli 
warmoadgens  K  velis mimarT Sesabamisi wrfivi sivrcis qvesivrces. ipoveT 
misi ganzomileba da raime bazisi: 

.1  simetriul matricTa simravle; 
.2  iribsimetriul matricTa simravle; 
.3  gadaugvarebel matricTa simravle; 
.4 gadagvarebul matricTa simravle. 

9.3.5. ipoveT Semdegi veqtorebis wrfivi garsis, rogorc Sesabamisi wrfivi 
sivrcis, ganzomileba da raime bazisi: 

( ) ( ) ( );1,1,0,2,1,0,1,1,0,1,1,1.1 321 ==−= aaa
( ) ( ) ( ) ( ).2,1,1,2,0,7,1,1,1,3,3,0,0,1,1,1,1,1,1,1.2 4321 −=−==−−= aaaa  

9.3.6. gamoarkvieT, qvemoT CamoTvlili simravleebidan, romeli warmoadgens, 
kompleqsur ricxvTa velis mimarT, Sesabamisi wrfivi sivrcis qvesivrces. 
ipoveT misi ganzomileba da raime bazisi:  

.1  −R namdvil ricxvTa veli; .2  ( ){ }Ri ∈− αα :2 -simravle; 

⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Rcba

cb
a

,,:
0

.3 -simravle; 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Rcba

cb
a

,,:
1

.4 -simravle; 

⎭
⎬
⎫

⎩
⎨
⎧

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
R

ii
i

δγβα
αδ

γβα
,,,:.5 -simravle; ( ){ }Rii ∈++ δγβαδγβα ,,,:,0,.6 -simravle; 

( ){ }Rii ∈++ δγβαδγβα ,,,:,1,.7 -simravle. 
9.3.7. gaarkvieT, Semdegi simravleebidan romeli warmoadgens −n uri xarisxis, 
koeficientebiT namdvili ricxvebi, mravalwevrTa sivrcis qvesivrces:  

.1  mravalwevrebi, romelTac gaaCniaT mocemuli  −∈Rα namdvili fesvi;  
.2  mravalwevrebi, romelTac gaaCniaT mocemuli  −∈Cα kompleqsuri fesvi; 

.3  mravalwevrebi, romelTac gaaCniaT mocemuli  −∈Rkααα ,,, 21 Κ namdvili 

fesvebi; 
.4  mravalwevrebi, romelTac gaaCniaT mocemuli  −∈Rα namdvili martivi 

fesvi. 
9.3.8. ipoveT Semdeg veqtorebis wrfivi garsis ganzomileba da raime bazisi: 

( ) ( ) ( ) ( ) ( );3,2,1,0,4,3,2,1,1,1,1,1,0,1,1,2,1,0,0,1.1 54321 ====−= aaaaa
( ) ( ) ( ),1,0,0,2,2,1,1,1,1,1,0,1,1,1,1.2 321 −=−−−== aaa ( ) ( );0,0,1,1,1,2,5,5,1,1 54 −−== aa  

;24,2,3,.3 46
4

46
3

46
2

46
1 ttttttttttt +−=+−=−+=+= ϕϕϕϕ  

;
110
651

,
334
633

,
112

011
,

111
321

.4 4321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= aaaa  

( ) ( ) ( ) ( ).3,1,2,0,5,3,2,4,1,1,0,2,2,1,1,1.5 4321 ==== aaaa  

9.3.9. ipoveT ia  da jb  veqtorebis ( )paaaJ ,,, 21 Κ  da ( )−qbbbJ ,,, 21 Κ  wrfivi garsebis 

jamisa da TanakveTis, rogorc Sesabamisi wrfivi sivrcis qvesivrcis, 
ganzomileba da raime bazisi: 

( ) ( ) ( ) ( );1,0,3,1,0,1,0,1,0,1,1,1,1,0,2,1.1 2121 ==== bbaa  

( ) ( ) ( ),3,1,3,1,1,1,1,1,1,1,1,1.2 321 =−−== aaa  ( ) ( ) ( );1,3,1,32,1,2,1,2,0,2,1 321 === bbb  

( ) ( ) ( ),1,1,1,1,0,1,2,3,2,0,1,2.3 321 −−=−=−−= aaa  ( ) ( ) ( );0,1,2,5,3,2,1,0,0,1,1,3 321 −−=−=−−= bbb  

( ) ( ) ( ),1,1,0,0,0,1,1,0,0,0,1,1.4 321 === aaa  ( ) ( ) ( );2,1,2,11,1,2,0,0,1,0,1 321 === bbb  
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( ) ( ) ( ),1,1,1,1,1,1,1,1,1,1,1,1.5 321 −−=−−== aaa  ( ) ( ) ( );1,1,1,30,0,2,2,1,1,1,1 321 −=−=−−= bbb  

9.3.10. ipoveT ia  da jb  veqtorebis wrfivi garsebis jamisa da TanakveTis 

ganzomileba da raime bazisi: 

( ) ( ) ( ),3,3,1,1,1,1,1,2,1.1 321 =−== aaa ( ) ( ) ( );3,1,12,2,1,1,3,2 321 −==−= bbb  

( ) ( ) ( ),3,2,2,1,0,1,3,2,2,1,2,1.2 321 −==−= aaa ( ) ( ) ( ).4,0,3,11,1,0,1,1,1,1,1 321 −=−== bbb  

9.3.11. vTqvaT, 1L  da 2L  sasrulganzomilebiani −V wrfivi sivrceebis 
qvesivrceebia, aCveneT, rom: 

.1  Tu ,21 LL ⊆  maSin ,dimdim 21 LL ≤ amasTan toloba miiRweva mxolod maSin, 

roca ;21 LL =  

.2  Tu ( ) ( ) ,dim1dim 2121 LLLL ∩+=+  maSin jami: 

{ }2121 ,: LbLabaLL ∈∈+=+  daemTxveva erT-erT  qvesivrces, xolo TanakveTa 

{ }2121 &: LaLaaLL ∈∈=∩ - meore qvesivrces; 

.3  Tu ,dimdimdim 21 VLL >+  maSin .21 ∅≠∩ LL  
9.3.12. SesaZlebelia Tu ara, rom, namdvil ricxvTa velis mimarT, wrfivi 
sivrcis qvesivrce mxolod sasruli raodenoba veqtorebisagan Sedgebodes. 

9.3.13. vTqvaT ( )paaaJL ,,, 211 Κ=  da ( )−= qbbbJL ,,, 212 Κ  wrfivi garsebia, aCveneT, rom  

( ) ( )qp bbbJaaaJLL ,,,,,, 212121 ΚΚ +=+  aseve wrfivi garsia. 

9.3.14. gamoarkvieT aris Tu ara, elementebiT −K velidan, kvadratul matricTa 

−×nnM wrfivi sivrcis ori  1L  da 2L  qvesivrcis jami da TanakveTa −×nnM is 

qvesivrce, Tu: 

−1.1 L  simetriul matricTa qvesivrcea, xolo −2L  zemo samkuTxa matricTa 

qvesivrce; 

−1.2 L simetriul, xolo −2L iribsimetriul matricTa qvesivrceebia da 

.0≠Kchar  

9.3.15. ( ) ( ) ( ){ }RL ∈++−= 321321 ,,:3,1,2,22,1,5,31,0,3,1 λλλλλλ  qvesivrcisaTvis ipoveT ori 

sxvadasxva damatebiTi qvesivrce. 
 
 
$. 4. wrfivi operatori. wrfivi operatoris matrica, birTvi da anasaxi. 
 

Tu niei ,1, =  ( ),1  da njf j ,1, =  ( )2  warmoadgenen, −K velis mimarT, nV  wrfivi 

sivrcis raime or baziss, maSin cxadia, rom adgili aqvs tolobebs: 

nief k

n

k
kii ,1,

1

== ∑
=

α  da nife
n

i
iikk ,1,

1

== ∑
=

β  ,sadac ., Kijij ∈βα  

matricas ( )ijA α=  ewodeba ( )−1 bazisidan ( )−2 bazisze gadasvlis matricas, 

xolo ( )−= ijB β  piriqiT ( )−2 dan ( )−1 ze gadasvlis matricas. 

K  velis mimarT mocemuli V  da W  wrfivi sivrceebisaTvis, WVA →:  
ewodeba wrfivi operatori −V  dan −W Si, Tu Sesrulebulia Semdegi 
pirobebi: 

( ) ( ) ( ) ;.1 bAaAbaA +=+  ( ) ( ) .,,,.2 KVbaaAaA ∈∀∈∀= λλλ  

im SemTxvevaSi, roca WV =  wrfiv operators sivrcis gardaqmnas uwodeben. 

mocemuli WVA →:  wrfivi operatorisaTvis cxadia, rom ( ) .,1,
1

nieeA k

n

k
kii ==∑

=

λ  

matricas ( )ijλ=Λ  ewodeba A  wrfivi operatoris matricas, niei ,1, =  bazisSi. Tu 

( )ijλ′=Λ′  aris imave A  operatoris matrica )2(  bazisSi, maSin adgili aqvs 
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tolobas ,1 CC Λ=Λ′ −  sadac C  warmoadgens  )1( -dan )2( -e bazisze 
gadasvlis matricas. 

WVA →:  operatori gansazRvravs qvesivrceebs: 

( ){ }0: =∈= aAVaKerA   da ( ){ }.: VaVaAJmA ∈∈=  pirvel maTgans ewodeba A  

operatoris birTvi, xolo meores_ A  operatoris anasaxi. maT ganzomilebebs, 
Sesabamisad, rangi da defeqti ewodebaT. sasrulganzomilebiani wrfivi 
sivrcis rangisa da defeqtis jami am sivrcis ganzomilebis tolia. 
 
9.4.1. gamoarkvieT, qvemoT moyvanili asaxvebidan romeli warmoadgens 
Tavisufal veqtorTa sivrceze wrfiv operators, ipoveT maTi matricebi 
standartul kji ,,  bazisSi: 

( ) ;0.1 =xA ( ) ;2.2 xxA = ( ) ;.3 ixxA += ( ) ( ) ,,.4 xaxxA = sadac a  mocemuli veqtoria; 

( ) ( ) ,,.5 xbaxA =  sadac a  da b  mocemuli veqtorebia; ( ) [ ],,.6 axxA =  sadac 

;32 kjia ++= ( ) ( ) ;2.7 211 kjxxixxA −+−=  ( ) ;.8 321
2 kxjxixxA ++= ( ) ;.9 1ixxA =  

( ) ;.10 21 jxixxA += ( ) ,.11 axA =  sadac a  mocemuli veqtoria; ( ) ,.12 xaxA +=  sadac a  
mocemuli veqtoria. 
9.4.2. SeamowmeT, qvemoT moyvanili asaxvebidan romeli warmoadgens wrfiv 
operators, SeadgineT misi matrica raime bazisSi: 

( ) ( );3,2,.1 3213132 xxxxxxxxA +−++=  ( ) ( );2,1,.2 321 ++= xxxxA  

( ) ( );,,2.3 2
33121 xxxxxxA ++= ( ) ( ),,,.4 23321 xxxxxxA +−=  sadac −321 ,, xxx warmoadgenen x  

veqtoris koordinatebs raime bazisSi. 
9.4.3. SeadgineT A  wrfivi operatoris matrica: 

( ) ( ),3,2,.1 31211 xxxxxxA ++=  sadac kji ,,  bazisSi 3Rx∈   veqtoris koordinatebia 

321 ,, xxx ; 

A.2  aris α kuTxeze mobruneba, nebismierad aRebul orTonormirebul bazisSi; 

A.3  aris 3R  sivrcis 
3

2π
 kuTxeze mobruneba im wrfis garSemo, romlis 

gantolebasac kji ,,  bazisSi aqvs saxe 321 xxx == ; 

A.4  warmoadgens 3R  sivrcis proeqcias 2e  veqtoris Sesabamis sakoordinato 

RerZze, 31,ee  veqtorebiT gansazRvruli sibrtyis paralelurad, sivrcis 311 ,, eee  

bazisSi; 

( ) tXxA =.5 - sadac X  icvleba, namdvil ricxvTa velis mimarT, 
organzomilebian matricTa simravleze; 

( ) AXBxA =.6 - sadac X  icvleba, namdvil ricxvTa velis mimarT, 

organzomilebian matricTa simravleze, xolo A  da B  mocemuli matricebia; 

( ) XBAXxA +=.7 - sadac X  icvleba, namdvil ricxvTa velis mimarT, 

organzomilebian matricTa simravleze, xolo A  da B  mocemuli matricebia; 
9.4.4. gamoarkvieT, arsebobs Tu ara wrfivi operatori, romelsac, Sesabamisad, 

erTmaneTSi gadahyavs erTi da imave 21,ee  bazisSi mocemuli 21,aa  da 21,bb  
veqtorebi: 

;811,96,3,2.1 212211212211 eebeebeeaeea −=+=−=+=
;,2,42,2.2 212211212211 eebeebeeaeea +=−=+=+=

.24,2,42,2.3 212211212211 eebeebeeaeea −=−=+=+=  

9.4.5. aCveneT, rom arsebobs 3R sivrcis erTaderTi wrfivi gardaqmna, romelsac, 

Sesabamisad, erTmaneTSi gadahyavs erTi da imave bazisSi mocemuli 321 ,, aaa  da 

321 ,, bbb  veqtorebi: 
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( ) ( ) ( ),0,0,1,2,1,0,5,3,2.1 321 === aaa ( ) ( ) ( );2,1,2,1,1,1,1,1,1 321 =−== bbb  

( ) ( ) ( ),2,1,3,5,1,4,3,0,2.2 321 === aaa  

( ) ( ) ( ).1,1,1,2,5,4,1,2,1 321 −=−=−= bbb  

9.4.6. arsebobs Tu ara 3R  sivrcis wrfivi gardaqmna, romelsac, Sesabamisad, 

erTmaneTSi gadahyavs erTi da imave bazisSi mocemuli 321 ,, aaa  da 321 ,, bbb  

veqtorebi, SeadgineT am garadaqmnis matrica imave bazisSi: 

( ) ( ) ( ),1,3,2,1,1,1,0,2,1 321 === aaa  

( ) ( ) ( ).0,0,1,0,1,1,1,1,1 321 === bbb  

9.4.7. SeadgineT −A wrfivi operatoris matrica bazisSi  

,2,2 212211 eeaeea +=−=  

Tu 21,ee  bazisSi mis matricas aqvs saxe:  .
43
12
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
 

9.4.8. SeadgineT −A wrfivi operatoris matrica bazisSi 

,43,32 32123211 eeeaeeea ++=++= 3213 22 eeea ++= , 

Tu 321 ,, eee  bazisSi mis matricas aqvs saxe:   .
678
81520
51115

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

 

9.4.9. SeadgineT −A wrfivi operatoris matrica ( ) ( )1,0,3,2 21 == bb  bazisSi, Tu 

( ) ( )1,1,2,1 21 == aa bazisSi mis matricas aqvs saxe:     .
21
10
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 

9.4.10. SeadgineT −A wrfivi operatoris matrica bazisSi 

( ) ( ) ( ),2,1,2,2,1,3,1,2,1 321 =−=−= bbb  

Tu ( ) ( ) ( )7,3,9,13,7,16,7,6,8 321 −=−−=−= aaa  bazisSi mis matricas aqvs saxe: 

.
22251
15221
15181

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−
−

 

9.4.11. −A wrfivi operatoris matricas 321 ,, eee  bazisSi aqvs saxe:  

,

7116
3023
1045
3210

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

−
 

ra saxe eqneba imave operatoris matricas bazisSi:  

;,,,.1 4312 eeee  .,,,.2 4321321211 eeeeeeeeee ++++++  

9.4.12. −≤ 2n  xarisxis, namdvilkoeficientebian polinomTa sivrceze 

gansazRvruli wrfivi operatoris matricas aqvs saxe: ,
001
010
100

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
 SeadgineT am 

operatoris matrica bazisSi: 

;31,21,.1 2
3

2
2

2
1 tttttt ++=++=−= ϕϕϕ ;357,135,23.2 2

3
2

2
2

1 ++=++=+= tttttt ϕϕϕ
.32,23,123.3 2

3
2

2
2

1 ++=++=++= tttttt ϕϕϕ  
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9.4.13. SeadgineT BA +  wrfivi operatoris matrica bazisSi ,, 21 bb  Tu 

( ) ( )3,2,2,1 21 == aa  bazisSi −A operatoris matricaa: ,
34
53
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 xolo 

( ) ( )2,4,1,3 21 == bb  bazisSi −B operatoris matricaa: .
96
64
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 

9.4.14. SeadgineT ( )( ) ( )( )aBAaAB =  wrfivi operatoris matrica 

( ) ( )1,0,0,1 21 == ee bazisSi, Tu ( ) ( )2,1,7,3 21 −=−= aa  bazisSi −A operatoris 

matricaa: ,
35
12
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
 xolo ( ) ( )6,5,7,6 21 −=−= bb  bazisSi −B operatorisa:  .

72
31
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 

9.4.15. aCveneT, rom nebismier wrfiv operators veqtorTa yoveli wrfivad 
damoukidebeli sistema wrfivad damoukidebel sistemaSi gadahyavs. 

9.4.16. aCveneT, rom nV  sivrcis yovel −naaa ,,, 21 Κ  wrfivad damoukidebel da 

−nbbb ,,, 21 Κ  nebismierad aRebul veqtorTa sistemebisaTvis, arsebobs erTaderTi 

wrfivi operatori A , rom ( ) .,1, nibaA ii ==   

9.4.17. SeamowmeT, rom V  wrfivi sivrcis 1L  daDA 2L  qvesivrceebisaTvis adgili 
aqvs tolobebs: 

( ) ( ) ( );.1 2121 LALALLA +=+  

( ) ( ) ( )..2 2121 LALALLA ∩=∩  
9.4.18. ipoveT Semdegi wrfivi operatorebisaTvis birTvi da anasaxi: 

( ) ,.1 axA =  sadac a mocemuli veqtoria; 

( ) ,.2 axxA +=  sadac a  mocemuli veqtoria; 

( ) ,.3 xxA α=  sadac α  mocemuli skalaria;  

( ) ( ) ,,.4 baxxA =  sadac a  da b  mocemuli veqtorebia;  

( ) ( ) ,,.5 xxaxA =  sadac a  mocemuli veqtoria;  

( ) ( ),,5,2.6 321 xxxxA ++=  sadac ( );,, 321 xxxx =  

( ) ( ),,,3.7 31
3
231 xxxxxxA ++=  sadac ( );,, 321 xxxx =  

( ) ( ).,,.8 32121 xxxxxxA ++=   

9.4.19. ipoveT rangi da defeqti, aageT birTvisa da anasaxis bazisebi 3R  
sivrcis Semdegi wrfivi operatorebisaTvis: 

( ) ( ),,,.1 321321321 xxxxxxxxxxA ++++++=  sadac ( );,, 321 xxxx =  

( ) ( ),2,2,2.2 321321321 xxxxxxxxxxA −++−−−=  sadac ( );,, 321 xxxx =  

( ) ( ),,,.3 321321321 xxxxxxxxxxA −++−++−=  sadac ( ).,, 321 xxxx =  

9.4.20. aageT, V  sivrceze gansazRvruli wrfivi operatorisaTvis, birTvisa da 
anasaxis bazisebi, Tu cnobilia, rom garkveul bazisSi mis matrics aqvs saxe: 

;
21
11

.1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
  ;

63
21

.2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 ;

541
111
110

.3
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
 ;

1001
1002
0000
0001

.4

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

 .

1221
1111
0110
1001

.5

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

 

9.4.21. aCveneT, rom wrfivi sivrcis yoveli qvesivrce warmoadgens: 
.1 garkveuli wrfivi operatoris birTvs; 
.2  garkveuli wrfivi operatoris anasaxs. 

9.4.22. aCveneT, rom Tu A  wrfivi operatoria V  sivrcis raime ( ),, VLL ≠  

qvesivrceze, maSin arsebobs V -ze gansazRvruli usasrulod bevri wrfivi 
operatori, romlis SezRudvac −L ze daemTxveva A  operators. 
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$. 5. sakuTrivi veqtorebi da sakuTrivi mniSvnelobebi. 
 

vTqvaT, A  aris, K  velis mimarT, V  wrfivi sivrcis gardaqmna. K∈λ  
skalars ewodeba A  operatoris sakuTrivi mniSvneloba, Tu arsebobs iseTi 

aranulovani x  veqtori, romlisTvisac ( ) ,xxA λ=  aseT SemTxvevaSi x  veqtors 
A  operatoris sakuTrivi veqtori ewodeba. 

vTqvaT V  sivrcis raime neee ,,, 21 Κ  bazisSi  A  operatoris matricaa ( )ijaA = . 

( )EA λ−det  

mravalwevrs A  operatoris maxasiaTebeli polinomi ewodeba. 
A  operatoris maxasiaTebeli polinomis fesvebi, da mxolod isini, 

warmoadgenen am operatoris sakuTrivi mniSvnelobebs. Tu 0λλ =  aris A  

operatoris raime sakuTrivi mniSvneloba, maSin am mniSvnelobis Sesabamisi 

sakuTrivi x  veqtoris koordinatebi warmoadgens ( ) 00 =− XAEλ  wrfiv 

gantolebaTa sistemis amonaxsns. 
 
9.5.1. ipoveT im wrfivi operatoris sakuTrivi mniSvnelobebi da sakuTrivi 
veqtorebi, romelsac: CRQ .3;.2;.1  velis mimarT wrfivi sivrcis garkveul 
bazisSi aqvs Semdegi matrica: 

;
32
21

.1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

;
14
23

.2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

;
01
10

.3 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ;
012
111
111

.4
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−
;

101
111
121

.5
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−

−−
 

;
112
201
212

.6
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−

−
 ;

321
131
012

.7
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−  .

042
343
123

.8
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−
−−

 

9.5.2. ipoveT im wrfivi operatoris sakuTrivi mniSvnelobebi da sakuTrivi 

veqtorebi, romelsac ,pZ ( p  martivi ricxvia) velis mimarT mocemuli wrfivi 

sivrcis garkveul bazisSi aqvs Semdegi matrica: 

;3,2,
11
11

.1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
p ;5,3,

12
21

.2 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

p ;3,2,
111
111
111

.3 =
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
p .3,2,

1110
0101
1011
0101

.4 =

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

p  

9.5.3. aCveneT,rom wrfivi gardaqmnis sakuTriv veqtorTa sistema, romelic 
gansxvavebul sakuTriv mniSvnelobebs Seesabameba, wrfivad damoukidebelia. 
9.5.4. aCveneT, rom: 

.1  daamtkiceT, rom wrfivi operatoris birTvs miekuTvnebian am operatoris 
nulovani sakuTrivi mniSvnelobis Sesabamisi sakuTrivi veqtorebi, da mxolod 
isini; 

.2  daamtkiceT, rom wrfivi operatoris aranulovani sakuTrivi mniSvnelobis 
Sesabamisi sakuTrivi veqtorebi am operatoris anasaxs miekuTvnebian. 
9.5.5. daamtkiceT, rom wrfivi operatoris raime aranulovan skalarze 
gamravlebis Sedegad am operatoris sakuTrivi veqtorTa simravle ar icvleba 
da TiToeuli sakuTrivi mniSvneloba gamravldeba am skalarze. 

9.5.6. daamtkiceT, rom gadaugvarebel A  wrfiv operatorsa da 1−A  operators 
erTi da igive sakuTriv veqtorTa simravle aqvT. moZebneT kavSiri maT 
sakuTrivi mniSvnelobebs Soris. 
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9.5.7. daamtkiceT, rom Tu 2A ( ),, 2 AAA =  operatoris sakuTrivi mniSvnelobaa 

,2λ  maSin A  wrfivi operatoris sakuTrivi mniSvneloba iqneba λ -sa da ( )λ− -s 
Soris erT-erTi. 
9.5.8. vTqvaT aranulovani λ  da μ  skalarebi A  wrfivi operatoris a  da b  

sakuTrivi veqtorebis Sesabamisi sakuTrivi mniSvnelobebia. daadgineT, iqneba 
Tu ara ba μλ +  veqtori sakuTrivi A -sTvis. 
9.5.9. daamtkiceT, rom nebismieri −n  uri rigis mravalwevri, romlis ufrosi 

wevris koeficientia ( )n1− , warmoadgens garkveuli matricis maxasiaTebel 
polinoms. 
9.5.10. daamtkiceT, rom erTinairi rigis A  da B  kvadratuli matricebisaTvis, 
AB  da BA  matricebs  erTi da igive maxasiaTebeli polinomi aqvT. 

9.5.11. vTqvaT, nλλλ ,,, 21 Κ  aris −R velis mimarT gansazRvruli nV  wrfivi 

sivrcis A  wrfivi operatoris sakuTrivi mniSvnelobebi. ipoveT A -s 
sakuTrivi mniSvnelobebi, Tu mas ganvixilavT rogorc −R velis mimarT 

Sesabamisi nV 2  sivrcis wrfiv operators. 
9.5.12. daamtkiceT, rom A  wrfivi operatoris λ  sakuTrivi mniSvnelobis 
Sesabamis wrfivad damoukidebel sakuTriv veqtorTa raodenoba ar aRemateba  
−λ s, rogorc maxasiaTebeli polinomis fesvis, jeradobas. 

9.5.13. ipoveT AAT  matricis sakuTrivi fesvebi, Tu ( ).,,, 11211 naaaA Κ=  

 
 
$. 6. damatebiTi amocanebi. 
 
9.6.1. ra raodenobis elementisagan Sedgeba q  elementiani sasruli velis 
mimarT agebuli n  sigrZis mqone striqonebis mier Sedgenili wrfivi sivrce. 
9.6.2. daamtkiceT, rom wertilovani Sekrebisa da skalarze gamravlebis 

operaciebis mimarT, { }nX ,,3,2,1 Κ=  simravlidan −K velSi yvela asaxvaTa 

simravle aris −n ganzomilebiani wrfivi sivrce −K velis mimarT. 

9.6.3. daamtkiceT, rom ( ){ }kFxxxF n =≤ deg0:,,, 21 Κ - polinomTa simravle, Sekrebisa 

da −K velidan skalarze gamravlebis operaciebis mimarT, aris wrfivi sivrce 
−K velis mimarT. ipoveT misi ganzomileba. 

9.6.4. daamtkiceT, rom ( ){ }kFxxxF n ≤≤ deg0:,,, 21 Κ - polinomTa simravle, Sekrebisa 

da −K velidan skalarze gamravlebis operaciebis mimarT, aris wrfivi sivrce 
−K velis mimarT. ipoveT misi ganzomileba. 

9.6.5. aCveneT, rom C  -kompleqsur ricxvTa velis mimarT yoveli CV  wrfivi 

sivrce warmoadgens RV  wrfiv sivrces R -velis mimarT, imave operaciebiT. 
daadgineT kavSiri maT ganzomilebebs Soris. 
9.6.6. daadgineT, q  elementiani sasruli velis mimarT agebuli n  
ganzomilebian wrfivi sivrceSi, gansxvavebuli bazisebis raodenoba. 
9.6.7. SeamowmeT, aris Tu ara wrfivi sivrce Semdegi simravle: 

( ){ }kiVvvvvW n
ik ,1,:,,, 21 =∈= Κ  

operaciebiT: 

( ) ( ) ( )kkkk uvuvuvuuuvvv +++=+ ,,,,,,,,, 22112121 ΚΚΚ  da ( ) ( ),,,,,,, 22121 kk vvvvvv αααα ΚΚ =   

sadac nV aris K velis mimarT  wrfivi sivrce. ipoveT −W s ganzomileba. 

9.6.8. aCveneT, rom jiR jii ≠≠∈ ,; λλλ  ricxvebisaTvis funqciaTa Semdegi 

sistemebi wrfivad damoukidebelia: 

;,,,.1 21 ttt neee λλλ Κ    .,,,.2 21 nttt λλλ Κ  
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9.6.9. aCveneT, rom Tu veqtorTa naaa ,,, 21 Κ  sistema wrfivad 

damoukidebelia, xolo aaaa n ,,,, 21 Κ  sistema_wrfivad damokidebuli, maSin a  
veqtori wrfivad gamoisaxeba naaa ,,, 21 Κ  sistemis veqtorebiT. 

9.6.10. vTqvaT, −nM wrfivi sivrcea erTi cvladis yvela im polinomisa, 

koeficientebiT R   velidan, romelTa xarisxi ar aRemateba −> 1n s. aCveneT, 

rom Tu nML ⊂  im polinomTa simravlea, romelTa fesvicaa R∈α  ricxvi, maSin 

L  aris −nM is qvesivrce, ipoveT .dim L  

9.6.11. romeli Tavisi qvesivrceebis pirdapir jams warmoadgens Tavisufal 
veqtorTa wrfivi sivrce. 

9.6.12. aCveneT, rom −nM sivrceSi (ix. 9.6.10.): 

.1  luwi xarisxis mravalwevrebis 1L  da kenti xarisxis mravalwevrebis 2L  
qvesimravleebi misi qvesivrceebia; 

.2  adgili aqvs tolobas: .21 nMLL =⊕  

9.6.13. daamtkiceT, rom yoveli nRL ⊂1  qvesivrcisaTvis arsebobs iseTi ,2
nRL ⊂  

rom .21
nRLL =⊕  

9.6.14. vTqvaT, ,L 1L  da 2L  warmoadgenen −nR is qvesivrceebs. daamtkiceT, rom L  

maSin, da mxolod maSin, warmoidgineba 1L -sa da 2L -is pirdapiri jamis saxiT, 
roca sruldeba Semdegi pirobebi: 

;.1 21 LL ⊆  

.2 nebismieri Lx∈  veqtorisaTvis ,,, 221121 LxLxxxx ∈∈+=  amasTan es gamosaxva 
erTaderTia. 
9.6.15. daamtkiceT, rom   

( )
⎭
⎬
⎫

⎩
⎨
⎧

== ∑
=

0:,,,
1

211

n

i
inL λλλλ Κ  da ( ){ },:,,, 21212 nnL λλλλλλ ==== ΛΚ  

qvesivrceebisaTvis ,21
nRLL =⊕  ipoveT 

( )
n

i

i Re ∈⎟
⎠
⎞

⎜
⎝
⎛= 0,,0,1,0,0,0 ΚΚ   veqtoris 

proeqcia:  

−1.1 L ze  −2L is paralelurad;  

−2.2 L ze −1L is paralelurad. 
9.6.16. rogor Seicvleba erTi bazisidan meore bazisze gadasvlis martica, Tu: 

.1  pirveli bazisis nebismier or veqtors adgilebs SevucvliT; 
.2  meore bazisis nebismier or veqtors adgilebs SevucvliT; 
.3 orive bazisSi veqtorebs Sebrunebuli TanmimdevrobiT CavwerT. 

9.6.17. daamtkiceT, rom nR  sivrcis nebismieri ori A  da B  wrfivi 
gardaqmnisaTvis: 

( ) ;.1 rangBrangABArang +≤+   

( ) ..2 defBdefABAdef +≤⋅  

9.6.18. vTqvaT, ,21 LLV ⊕=  sadac −V wrfivi sivrcea. daamtkiceT, rom 

( ) ,1axA = sadac −∈∈+= 221121 ,; LaLaaax wrfivi operatoria ( A  operators 

uwodeben V  sivrcis proeqtirebas 1L  qvesivrceze, 2L  qvesivrcis 

paralelurad). ipoveT A  operatoris matrica bazisSi, romelic 1L  da 2L  

qvesivrceebis bazisebis gaerTianebiT miiReba. daamtkiceT, rom .2 AA =  
9.6.19. daamtkiceT, rom erTganzomilebiani wrfivi sivrcis nebismier wrfiv 

operators aqvs saxe: ( ) ,xxA α=  sadac −∈Kα  raime skalaria. 

9.6.20. aageT A  wrfivi operatoris matricis zogadi saxe bazisSi, romlis 
pirveli −k  cali veqtori qmnis: 
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−Aker.1 qvesivrcis baziss; 

−AIm.2  qvesivrcis baziss. 

9.6.21. ipoveT n  ganzomilebiani V wrfivi sivrcis yvela wrfivi operatorebis 

( )AL  wrfivi sivrcis ganzomileba, aageT misi raime bazisi. 

9.6.22. gamoarkvieT, arsebobs Tu ara −R  velis mimarT kentganzomilebiani 
wrfivi sivrcis wrfivi operatori, romelsa sakuTrivi veqtorebi ar gaaCnia. 

9.6.23. vTqvaT nλλλ ,,, 21 Κ  aris A  matricis maxasiaTebeli polinomis fesvebi. 

ipoveT matricTa ( )RM n - sivrcis Semdegi wrfivi operatorebis sakuTrivi 

mniSvnelobebi: 

( ) ;.1 AAXxA t=   

( ) ..2 1−= AXAxA  
9.6.24. daamtkiceT, rom raime bazisSi wrfivi operatoris matricas 
diagonaluri saxe rom hqondes aucilebeli, da sakmarisia, rom es bazisi am 
operatoris sakuTrivi veqtorebisagan Sedgebodes.  
 
 
pasuxebi: 
 
9.1.1. −.6.,3.,2.,1 ar aris; −.5.,4 aris; 9.1.2. −.3.,2.,1 aris; −.4 ar aris; 9.1.3. ar aris; 

9.1.4. −.7.,1 ar aris; −.8.,6.,5.,4.,3.,2 aris; 9.1.5. ( ) .8.,7.,6.,4,..,.,.3 dcb _aris; ( )−..3.,2 a ar 

aris; 9.2.1.  ;45.1 321 θ=−− aaa  ;43.2 321 θ=−− aaa  ;045.3 321 =−− AAA  ;045.4 321 =−− ϕϕϕ  

;0.5 321 =−+ ϕϕϕ .00033.6 54321 =+−++ ϕϕϕϕϕ 9.2.4. λλ .2;1.1 ±=    nebismieri kenti 

ricxvia; 9.2.5.  ;034.2 21 =− ϕϕ  ( ) ( ) ;05cos2sin2sin5cossin7cos.7 =−++− ttt  9.2.6. ( );2,1−  

9.2.7. ( ) ;.2,2,4,3.1 Vba ∉−=  9.2.8. ( ) ;,0,4 21 V∉= ϕϕ  9.2.9. ( ),3,2,1.1 ( ),1,1,1.2 ( );2,1,2,0.3   

9.2.10. ( ),,,,.1 21 naaa Κ   ( ) ( ) ( ) ( )( ) ;
!

1,,
!2

1,,.2 ⎟
⎠
⎞

⎜
⎝
⎛ ′′′ αϕαϕαϕαϕ n

n
Κ   

9.2.11. ;8124,9209,437227.1 321332123211 xxxxxxxxxxxx ′+′+′=′+′+′=′−′−′−=  

;8124,9209,417127.2 321332123211 xxxxxxxxxxxx ′+′+′=′+′+′=′−′−′−=
;22,23,2.3 43213432124311 xxxxxxxxxxxxxx ′−′+′−′=′+′−′+′−=′−′+′= ;43214 xxxxx ′−′+′−′=  

9.2.12. ( ),13,7,3.1 ( ),13,6,4.2 −− ( );1,1,1.3 9.2.13. ( );5,4,3,2,1.1 −− ( );5,4,3,7,1.2 −  ( );3,4,3,2,1.3 −−  

( );5,16,21,12,3.4  9.2.14. ;15.1 =λ  −λ.2 nebismieria; ;12.3 ≠λ  .4  ar arsebobs;  

9.2.15. ;,,;3dim 421 aaaV =  9.2.16. ( );0,0,1,,.1 321 =aaa  ( ) ( );0,0,1,0,0,0,0,1,,.2 4321 == aaaa  

( ) ( );1,0,0,0,0,0,0,1,,.3 4321 == aaaa .4 SeuZlebelia; ;,,1,,.5 3
54321 tt === ϕϕϕϕϕ  

;,1,,.6 4321 t== ϕϕϕϕ  .7 SeuZlebelia; ;
00
10

,
00
01

,,.8 4321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= aaaa   

9.2.17. ( ) ( )0,1,0,0,0,0,0,1,, 4321 == aaaa  da ( ) ( );1,0,0,0,0,0,1,0,, 4321 == aaaa  9.3.1. .1 Tu wrfe 

gadis koordinatTa sistemis saTaveze; −.6.,5.,4 Tu Sesabamisi gantolebaTa 

sistema erTgvarovania; 9.3.2. −≠= θeV ,1dim.1 am sibrtyis orTogonaluri 

veqtoria; −= 21,,2dim.2 eeV  mocemuli sibrtyis paraleluri da 

arakolinearuli veqtorebia; −= 21,,2dim.3 eeV  mocemuli wrfis marTobuli 

da arakolinearuli veqtorebia; θ≠= eV ,1dim.4  -mocemuli wrfis 

paraleluri veqtoria; ;
01
10

,
10
01

,2dim.5 21 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== eeV  

,
10
00

,
00
10

,
01
00

,6dim.7 321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
== eeeV  ,

0
00

,
00

0
54 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

i
e

i
e ;

0
00

6 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

i
e  
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;
01
10

,
00
0

,
00
01

,3dim.8 321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
== e

i
eeV  ;sin,1,2dim.9 2

21 teeV ===  

;sin,sin,1,3dim.10 2
321 teteeV ====   

9.3.3.  
( )

;1,1,0,,0,1,0,0,0,1dim.1 −=⎟
⎠
⎞

⎜
⎝
⎛=−= nienV

i

i ΚΚ  

( ) ( ) ( ) ;0,,1,0,0,0,0,0,,1,0,0,0,,0,0,
2

1dim.2 321 ΛΚΚΚ ===⎥⎦
⎤

⎢⎣
⎡ +

= eeenV

,1,
2

11dim.3 >⎥⎦
⎤

⎢⎣
⎡ +

+= nnV ( ) ( ) ( ) ( ) ;0,,1,0,0,0,0,0,,1,0,0,0,,0,0,1,,1,1 321 ΛΚΚΚΚ ==== eeee

( ) ( );0,,,1,10,0,0,,1,0,1,1,2dim.4 21 ΚΚ ==>= eenV .5 baziss warmoadgens amonaxsnTa 

fundamenturi sistema. 9.3.4. 
( ) ;1,,

2
1dim.1 njieennV jiij ≤≤≤+

+
=  

( ) ;2,1,).,
2

1dim.2 ≠≤<≤−
−

= charKnjieeannV jiij ;2,1,). =≤≤≤+ charKnjieeb jiij   

9.3.5. ( ) ( );1,1,1,0,1,1,0,1,2dim.1 21 −=−−== eeV  

( ) ( ) ( ).1,0,0,1,2,0,2,0,1,1,0,0,2,1,1,3dim.2 321 −=−=−−== eeeV ;  

9.3.6. ;
10
00

,
01
00

,
00
10

,3dim.3 321 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
== eeeV ( ) ( ).1,0,0,0,0,1,2dim.6 21 === eeV   

9.3.7. −.3.,2.,1 aris, −.4 ar aris. 9.3.8. ;,,,3dim.1 421 aaaV =  ;,,,3dim.2 521 aaaV =  

;,,,3dim.3 321 ϕϕϕ=V ;,,2dim.4 21 aaV = .,,2dim.5 43 aaV = 9.3.9. ( ) ,3dim.1 21 =+ LL  

121 ,, baa ; ( ) ,1dim 21 =∩ LL ;1a  ( ) ,3dim.2 21 =+ LL ;,, 121 baa  ( ) ,2dim 21 =∩ LL ;, 21 aa  

( ) ,4dim.3 21 =+ LL ;,,, 1321 baaa ( ) ,2dim 21 =∩ LL ;, 21 aa  ( ) ,4dim.4 21 =+ LL  ;,,, 1321 baaa  

( ) ,2dim 21 =∩ LL  ;, 21 aa  ( ) ,4dim.5 21 =+ LL ;,,, 1321 baaa   ( ) ,2dim 21 =∩ LL   ;, 21 aa   

9.3.10. .1 121 ,, baa  jamis bazisia, xolo 1a  TanakveTis;  .2 1321 ,,, baaa  jamis bazisia, 

xolo 31,bb  TanakveTis; 9.3.11. −.3.,2  isargebleT formuliT =+ 21 dimdim LL  

( ) ++ 21dim LL ( ).dim 21 LL ∩   9.3.12. ara, Tu is aranulovania.  

9.3.14.  2121 ,.1 LLMLL nn ∩=+ ×  diagonalur matricTa qvesivrcea; 

{ }.0,.2 2121 =∩=+ × LLMLL nn   9.3.15. ,2dim =L  damatebiT qvesivrceebad SeiZleba 

ganvixiloT ( ) ( ){ }RL ∈+= 21211 ,:0,0,1,00,0,0,1 αααα  da 

( ) ( ){ }.,:1,0,0,00,1,0,6 21212 RL ∈+= ββββ  9.4.1. ;
000
000
000

.1
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
 ;

200
020
002

.2
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
 

( )
( )

( )
;

,00
0,0
00,

.5
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ba
ba

ba
 

;
021
203
130

.6
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
− −

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

000
010
001

.9 proeqcia OX  RerZze, YOZ  sibrtyis paralelurad; 

−
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

000
010
001

.10  proeqcia OZ  RerZze, XOY sibrtyis paralelurad; ,0.11 =a  ix. .;1  
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,0.12 =a  ix. .;1  −.8.,7.,4.,3 SemTxvevebSi _pasuxi uaryofiTia; 9.4.2. ;
113
102
110

.1
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
 

;
010
100
111

.4
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
 .2 , −.3  SemTxvevebSi pasuxi uaryofiTia;   

.9.4.3. ;
310
021
001

.1
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
;

cossin
sincos

.2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
αα
αα

;
010
001
100

.3
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
;

000
010
000

.4
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
;

1000
0010
0100
0001

.5

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

  

( ) ( );,;.6

44244323

34143313

42224121

32123111

ijij bBaA

babababa
babababa
babababa
babababa

==

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

    ;

0
0

0
0

.7

4423

3143

2412

2311

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

+
+

+
+

baba
bbaa
abab

abba

  

9.4.4.  ;
51
14

.1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

  −.2  ar arsebobs; ;,,

2
1

2
2

.3 R∈∀

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

+
−

−

βα
ββ

αα
 9.4.5. ;

012
471
6112

.1
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

 

.

3
5

3
52

3
10

3
134

3
5

3
112

.2

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−

−

−

 9.4.6. .
012
471
6112

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

 9.4.7. .

5
22

5
9

5
11

5
8

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛ −
  9.4.8. .

300
020
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
 9.4.9. .

01
12
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
  

9.4.10. .
112
213
221

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−  9.4.11. ;

7161
3032
3201
1054

.1

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

 .

13676
5123
0442
2685

.2

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−−−−

−−−−

 9.4.12. ;
004
015
001

.1
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−
−

  

;

2
93

4
9

2
134

4
15

101

.2

⎟⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−   .

3
2

3
1

3
2

3
1

3
2

3
2

3
2

3
2

3
1

.3

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−

−

−

 9.4.13. .
25

2
59

4444

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−−
 9.4.14. .

2934
93109

.1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
  

9.4.17. .1 WeSmaritia; .2 mcdaria. 9.4.18. { } ;,0.1 V { };0,.2 V  { }−0,.3 V  roca ;0≠α { } −V,0  

roca ;0=α  −tab,.4 roca ;, θθ ≠≠ ba  { } −V,0   roca θ=a  an ;θ=b    { };0,.5 V   

{ }.0,.8 V  9.4.19. ( );1,1,1,1Imdim.1 1 == eA ( ) ( );1,0,1,0,1,1,2kerdim 21 −=−== eeA  

( ) ( );1,2,1,1,1,2,2Imdim.2 21 −−=== eeA  ( );1,1,1,1kerdim 1 == eA   

;3Imdim.3 =A ;0kerdim =A 9.4.20. { } ;Im,0ker.1 VAA ==  −Aker.2 s bazisia ( )1,21 −=e  da 

−AIm s bazisia ( );3,11 =e  { } ;Im,0ker.3 VAA ==  −Aker.4 s bazisia 

( ) ( )0,1,0,0,0,0,1,0 21 == ee  da −AIm s bazisia ( ) ( );1,1,0,0,1,2,0,1 21 == ee  −Aker.5 s bazisia 

( ) ( )0,1,1,0,1,0,0,1 21 −=−= ee  da −AIm s bazisia ( ) ( ).2,1,1,0,1,1,0,1 21 == ee   
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9.4.21. SeniSvna: qvesivrcis keee ,,, 21 Κ  bazisi SeavseT sivrcis neee ,,, 21 Κ  

bazisamde da ganixileT proeqciebi ( )keeeJ ,,, 21 Κ  da ( )neeeJ ,,, 21 Κ  wrfiv 

garsebze.  
9.4.22. SeniSvna: qvesivrcis bazisi SeavseT sivrcis bazisamde.  

9.5.1. ( ) ;0,,,1:.1 21 QaQ ∈≠=−== αααλλ  ( ) ;0,,,1: 21 RaR ∈≠=−== αααλλ  

( ) ;0,,,1: 21 CaC ∈≠=−== αααλλ    −Q.2 ze da −R ze ar aqvs; 

( ){ }CiiC ∈≠−+= ααααλ 0,,,21: 1  da ( ){ };0,,,212 Cii ∈≠+−= ααααλ              

( ) ( ) ;0,,,1;,,1:.3 21 QaaQ ∈≠−=−=== αααλααλ ( ) ( ) ;0,,,1;,,1: 21 RaaR ∈≠−=−=== αααλααλ  

( ) ( ) .0,,,1;,,1: 21 CaaC ∈≠−=−=== αααλααλ  

( ) ( ) ( ) ;0,5,3,,1;,0,,2;,,,1:.4 321 QaaaQ ∈≠−−=−===== ααααλααλαααλ
( ) ( ) ( ) ;0,5,3,,1;,0,,2;,,,1: 321 RaaaR ∈≠−−=−===== ααααλααλαααλ
( ) ( ) ( ) ;0,5,3,,1;,0,,2;,,,1: 321 CaaaC ∈≠−−=−===== ααααλααλαααλ
( ) ( ) ( ) ;0,2,,0,1;,2,3,2;,0,,0:.5 321 QaaaQ ∈≠=−=−==== αααλαααλααλ

( ) ( ) ( ) ;0,2,,0,1;,2,3,2;,0,,0: 321 RaaaR ∈≠=−=−==== αααλαααλααλ
( ) ( ) ( ) ;0,2,,0,1;,2,3,2;,0,,0: 321 CaaaC ∈≠=−=−==== αααλαααλααλ
( ) ;0,,2,0,1:.6 1 QaQ ∈≠== αααλ ( ) ;0,,2,0,1: 1 RaR ∈≠== αααλ  

( ) ( ) ( ) ;0,,,,;,,,;,2,0,1: 321 CiiaiiiaiaC ∈≠−−−=−=−++==== ααααααλαααααλααλ
( ) ;0,,0,,2:.7 1 QaQ ∈≠== αααλ  ( ) ;0,,0,,2: 1 RaR ∈≠== αααλ  

( ) ( ) ( ) ;0,2,,,3;2,,,3;,0,,2: 321 CiiaiiiaiaC ∈≠+−=−=−+=+=== ααααααλαααααλααλ
( ) ( ) ;,,2,3,,5;0,,,2,2:.8 3

22
21 QaaQ ∈=−=++=== βααααλβαβαβαλλ φ

( ) ( ) ;,,2,3,,5;0,,,2,2: 3
22

21 RaaR ∈=−=++=== βααααλβαβαβαλλ φ

( ) ( ) .,,2,3,,5;0,,,2,2: 3
22

21 CaaC ∈=−=++=== βααααλβαβαβαλλ φ  

9.5.2. ( );1,1,0:.1 212 === aZ λλ ( ) ( ) ( ) ( );2,2,1,1,2;1,2,2,1,0: 2122113 ====== aaaaZ λλ  

:.2 3Z ( ) ( ) ;,,2,2;,3,0: 5215 ZaaZ ∈==== αααλααλ
( ) ( ) ( ) ( );1,1,1,1;1,1,0,0,1,1,1,0,1,0:.3 3321212 ======= aaaaZ λλλ

( ) ( ) ( ) ( ),2,0,2,1,1,2,0,1,1,1,0,1,0: 43213213 ======= aaaaZ λλλ
( ) ( ) ( ) ( );1,2,0,2,1,0,2,2,1,0,2,2 8765 ==== aaaa

( ) ( ) ( );1,1,0,1,0,1,1,1,1,0,1,0,0:.4 32143212 ======= aaaZ λλλλ
( ) ( ),2,0,1,0,1,0,2,0,0: 21213 ==== aaZ λλ ( ) ( ).2,0,2,0,1,0,1,0,2 2143 ==== aaλλ 9.5.6. Tu λ  aris 

A  operatoris sakuTrivi mniSvneloba, maSin 1−λ  iqneba 1−A  operatoris 

sakuTrivi mniSvneloba. 9.5.7. SeniSvna: ganixileT ;222 EA λ−  9.5.8. ar iqneba;  

9.5.9. SeniSvna: ganvixiloT matrica .

0100

0010
0001

0121

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛ −−−− −−

Λ
ΛΛΛΛΛΛΛΛΛΛΛ

Λ
Λ
Λ aaaa nn

 

9.5.11. .,,,,,,, 2121 nn λλλλλλ ΚΚ 9.5.12. ganixileT A  operatoris matrica im bazisSi, 

romlis veqtorebadac aRebulia −λ s Sesabamisi wrfivad damoukidebeli 

sakuTrivi veqtorebi. 9.5.13. .0, 2
22

2
2
11 ===+++= nnaaa λλλ ΛΛ  9.6.1. .nq   
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9.6.3. .1
1

−
−+

n
knC  9.6.4. ,n

knC +  SeniSvna: SemoviRoT cvladebi ,
1+

=
n

i
i y

yx  (ix. 

9.6.3.). 9.6.5. .2n  9.6.6. ( )( )( ) ( ).1 12 −−−−− nnnnn qqqqqqq Λ  9.6.7. ( ),0,,0,0,;dim 11 ΚefnkW ==  

( ),0,,0,0,22 Κef =  ( ),0,,0,0,, 2 ΚΚ efn =  

( ),0,,0,,0 11 Κefn =+ ( ),0,,0,,0, 2 ΚΚ nn ef = ( ).,,0,0,0, nnk ef ΚΚ =   

9.6.8. gaixseneT vandermondis determinanti. 9.6.10. .dim nL =  9.6.11. Tavisufal 

veqtorTa 3V  wrfivi sivrce SeiZleba warmovadginoT mocemuli sami 
arakomplanaruli veqtoris paralelur erTganzomilebian qvesivrceTa 

pirdapiri jami. 9.6.15. −ie.1  veqtoris proeqciis −i uri koordinatia 
n

n 1−
, 

xolo yvela danarCeni koordinati ⎟
⎠
⎞

⎜
⎝
⎛−

n
1

; −ie.2  veqtoris proeqciis TiToeuli 

koordinatia ⎟
⎠
⎞

⎜
⎝
⎛−

n
1

; 9.6.16. .1 matricis Sesabamisi striqonebisTvis adgilebis 

gacvla; 
.2  matricis Sesabamisi svetebisTvis adgilebis gacvla; 

.3  matricis simetriuli arekvla sakuTari centris mimarT. 9.6.18. ,
00
0
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ kE
 

sadac 1dimLk =  da 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

100

010
001

Λ
ΛΛΛΛ

Λ
Λ

kE  aris −k uri rigis. 9.6.21. .1 matricis pirveli 

k  sveti nulovania, xolo danarCeni svetebi _wrfivad damoukidebeli 
veqtorebi; .2  matricis bolo kn −  striqoni nulovania, xolo wina 

striqonebi_wrfivad damoukidebeli. 9.6.23. ar arsebobs. 9.6.24. ;,1,,,.1 njiji =λλ  

.,1,,.2 nji
j

i =
λ
λ

 

 



Tavi 10. kvadratuli formebi 
 
$ 10.1. kvadratuli formis miyvana kanonikur saxeze. rangi da indeqsi 
 

erTgvarovan, n  ucnobian, kvadratul f  polinoms, koeficientebiT K  velidan, 

ewodeba kvadratuli forma K  velis mimarT: 

jiji xxaf
n

i

n

j
∑∑
= =

=
1 1

, sadac ijji aa = . 

yovel kvadratul formas Seesabameba KaaA jiji nn ∈= × ,)( , matrici, romelsac 

kvadratuli formis matrici ewodeba. A  matricis rangs kvadratuli formis rangi 
ewodeba da r -iT aRiniSneba. f  kvadratuli forma SeiZleba Caiweros 
matriculadac: 

Χ⋅⋅Χ= Af t , sadac 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=Χ

nx

x
Μ

1

 erT svetiani matricia. 

kvadratul formas ewodeba gadaugvarebeli, Tu misi matricaa gadaugvarebeli. 
or kvadratul formas ewodeba eqvivalenturi, Tu arsebobs ucnobTa namdvili, 

wrfivi, gadaugvarebeli gardaqmna, romelic erT maTgans meoreSi gadaiyvans. 

Tu f  kvadratuli formis koeficientebi jia ji ≠= ,0 , maSin is miiRebs saxes: 
22

222
2
111 nnn xaxaxaf +++= Λ  

kvadratuli formis aseT saxes kanonikuri saxe ewodeba. 
nebismieri kvadratuli forma, ucnobTa garkveuli wrfivi gardaqmnis 

gamoyenebiT, miiyvaneba kanonikur saxeze. 
namdvil koeficientebiani kvadratuli formis kanonikur saxeSi dadebiT 

koeficientTa raodenobas kvadratuli formis indeqsi ewodeba da i -Ti aRiniSneba. 
cxadia, rom nebismieri namdvili kvadratuli formisaTvis 0≥≥≥ irn . namdvili 
kvadratuli formis indeqsi invariantulia ucnobTa namdvili, wrfivi, 
gadaugvarebeli gardaqmnebis mimarT.  

Tu kvadratuli formis kanonikur saxeSi 1±=iia  anu kanonikuri saxe mocemulia 

rogorc: 
22

1
22

2
2
1 rii xxxxxf −−−+++= + ΛΛ , 

maSin amboben, rom mas aqvs normaluri saxe namdvil ricxvTa velis mimarT. 
kompleqsur ricxvTa velis mimarT normaluri saxe iqneba: 

22
2

2
1 rxxxf +++= Λ . 

imisaTvis, rom R  velis mimarT, ori namdvili kvadratuli forma iyos 
eqvivalenturi, aucilebelia da sakmarisi, rom maT hqondeT erTi da igive rangebi 
da indeqsebi.  

aucilebeli da sakmarisi piroba, rom namdvil koeficientebiani f  kvadratuli 
forma iyos: 

(a) dadebiTad gansazRvruli _ aris                     0>== irn , 
(b) naxevrad dadebiTad gansazRvruli _aris            0>=> irn , 
(g) ganusazRvreli _aris                                 0>>≥ irn , 
(d) uaryofiTad gansazRvruli _aris                    0=>= irn , 
(e) naxevrad uaryofiTad gansazRvruli _aris           0=>> irn . 



 2
samarTliania silvestris Teorema: imisaTvis, rom namdvili kvadratuli 

forma iyos dadebiTad gansazRvruli, aucilebelia da sakmarisi, rom misi yvela 
mTavari minori iyos dadebiTi. 

nebismieri kvadratuli formisaTvis moiZebneba ucnobTa namdvili 
orTogonaluri gardaqmna, romliTac is kanonikur saxeze miiyvaneba.  
 
10.1.1. ucnobTa wrfivi gadaugvarebeli gardaqmnebis gamoyenebiT, miiyvaneT 
kvadratuli forma kanonikur saxeze 

2
332

2
221

2
1 5422.1 xxxxxxx ++++ , 3121

2
3

2
2

2
1 244.2 xxxxxxx +−++ , 313221.3 xxxxxx ++ , 

3221
2
2

2
1 442.4 xxxxxx −−+ , 3221

2
3

2
2

2
1 4432.5 xxxxxxx −−++ , 3221

2
3

2
2

2
1 44543.6 xxxxxxx −+++ , 

323121
2
3

2
2

2
1 844552.7 xxxxxxxxx −−+++ , 323121

2
3

2
2

2
1 84422.8 xxxxxxxxx ++−−− , 

3121
2
3

2
2

2
1 44465.9 xxxxxxx −−++ , 323121

2
3

2
2

2
1 484363.10 xxxxxxxxx −−−++ , 

3221
2
3

2
2

2
1 88357.11 xxxxxxx +−++ , 4321

2
1.12 xxxxx ++ , 4321 22.13 xxxx +            

10.1.2. miiyvaneT kvadratuli forma normalur saxeze R  da C  velebis mimarT 

323121
2
3

2
2

2
1 1262852.1 xxxxxxxxx +++++ , 323121

2
3

2
2

2
1 444.2 xxxxxxxxx +++++ , 

3221
2
3

2
2

2
1 465.3 xxxxxxx ++−+ , 323121

2
2

2
1 6223.4 xxxxxxxx −+−− , 323121.5 xxxxxx ++ , 

41433221.6 xxxxxxxx +++   

10.1.3. f  da g  kvadratuli formebisaTvis, aageT ucnobTa wrfivi gardaqmna, 
romelic erT maTgans meoreze miiyvans 

2
2

2
1

2
221

2
1 422.1 zzgxxxxf +=+−= ,  

2
221

2
1

2
221

2
1 21022.2 yyyygxxxxf +−=+−=   

10.1.4. gamoarkvieT, CamoTvlilTagan romeli kvadratuli formebi arian 
eqvivalenturebi: 1. R -is mimarT; 2. C -s mimarT 

2
3213

2
321232

2
11 ,,.1 zzzfyyyfxxxf +=−=−= ,  

323121
2
3

2
2

2
13

323121
2
3

2
2

2
12

3121
2
3

2
2

2
11

18444

,4242

,244.2

zzzzzzzzzf

yyyyyyyyyf

xxxxxxxf

++−−−−=

−−−−+=

−+++=

 

10.1.5. aCveneT, rom n -ucnobian kvadratul formaTa simravle SeiZleba daiyos 
eqvivalentobis klasebad. daadgineT am klasebis raodenoba R  da C  velis mimarT 
10.1.6. ipoveT λ  parametris yvela is mniSvneloba, romlisTvisac kvadratuli forma 
dadebiTadaa gansazRvruli 

323121
2
3

2
2

2
1 2245.1 xxxxxxxxx −−+++ λ , 3121

2
3

2
2

2
1 2232.2 xxxxxxx ++++ λ , 

323121
2
3

2
2

2
1 4225.3 xxxxxxxxx +−+++ λ , 32

2
21

2
3

2
2

2
1 )12(42.4 xxxxxxx λλ +−++− , 

31
2

21
2
3

2
2 4.5 xxxxxx λλ +++ , 323121

2
3

2
2

2
1 222.6 xxxxxxxxx λλλ +++++ , 

323121
2
3

2
2

2
1 224.7 xxxxxxxxx λλ +++++ , 323121

2
3

22
2

2
1 424)1(5.8 xxxxxxxxx ++++++ λ  

10.1.7. daamtkiceT, rom Tu A  simetriuli matricis Sesabamisi kvadratuli forma 

dadebiTadaa gansazRvruli, maSin 1−A  matricis Sesabamisi kvadratuli formac 
dadebiTadaa gansazRvruli 
10.1.8. daamtkiceT, rom f  kvadratuli forma uaryofiTaa gansazRvruli maSin, da 

mxolod maSin, roca )( f−  kvadratuli forma dadebiTadaa gansazRvruli 

10.1.9. ipoveT λ  parametris yvela is mniSvneloba, romlisTvisac kvadratuli forma 
uaryofiTadaa gansazRvruli 



 3
32

2
3121

2
2

2
1 44.1 xxxxxxxx λ−−−−− , 323121

2
3

2
2

2
1 4223.2 xxxxxxxxx +++++λ , 

323121
2
3

2
2

2
1 222)3(.3 xxxxxxxxx +++−++ λλλλ , 323121

2
3

2
2

2
1 242382.4 xxxxxxxxx λλ −++−−−  

10.1.10. miiyvaneT f  kvadratuli forma kanonikur saxeze 

323121
2
3

2
2 24433.1 xxxxxxxxf −+++= , 323121

2
3

2
2

2
1 222777.2 xxxxxxxxxf +++++= , 

323121
2
1 222.3 xxxxxxxf −−−= , 3231

2
3

2
2

2
1 4633.4 xxxxxxxf +−−+=  

10.1.11. aageT orTogonaluri gardaqmna, romliTac mocemuli kvadratuli forma 
kanonikur saxeze miiyvaneba 

323121
2
3

2
2

2
1 204162511.1 xxxxxxxxx −++++ , 323121

2
3

2
2

2
1 2265.2 xxxxxxxxx +−−++ , 

323121
2
3

2
2

2
1 444.3 xxxxxxxxx +++++ , 323121

2
3

2
2

2
1 824141417.4 xxxxxxxxx −++++ , 

323121
2
3

2
2

2
1 4245.5 xxxxxxxxx ++++− , 323121

2
3

2
2

2
1 828878.6 xxxxxxxxx +−++− , 

43423121 2662.7 xxxxxxxx +−− , 4321
2
4

2
3

2
2

2
1 48433.8 xxxxxxxx −+++− , 

4321
2
4

2
3

2
2

2
1 4222.9 xxxxxxxx −+−−+  

10.1.12. daamtkiceT, rom yoveli namdvili, simetriuli A  matricisaTvis arsebobs Q  

orTogonaluri matrica da B  namdvili, diagonaluri matrica, rom  

QBQA ⋅⋅= −1  

10.1.13. mocemuli A  matricisaTvis, ipoveT orTogonaluri Q  matrica da 

diagonaluri B  matrica, rom Sesruldes toloba QBQA ⋅⋅= −1  Tu: 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−=

520
242
023

.1 A ,       
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−
−
−

=
542
452
222

.2 A  

10.1.14. kvadratul formaTa Semdegi wyvilisaTvis ipoveT ucnobTa wrfivi, 
gadaugvarebeli gardaqmna, romelic erT maTgans normalur saxeze, xolo meores 
kanonikur saxeze miiyvans. am formaTagan erTi dadebiTadaa gansazRvruli 

21
2
2

2
121 24,4.1 xxxxgxxf −+=−= , 21

2
2

2
121

2
2

2
1 1656,1026.2 xxxxgxxxxf ++=++= , 

31
2
3

2
2

2
1323121

2
3

2
2

2
1 224,32141614288.3 xxxxxgxxxxxxxxxf +++=++++−= , 

42
2
4

2
3

2
2

2
142323121

2
4 2225,0,222.4 xxxxxxgxxxxxxxxxf ++++=+−++=  

10.1.15. miiyvaneT kanonikur saxeze meore rigis zedapirTa gantolebebi 

0524442.1 213221
2
3

2
2 =−−−+++ xxxxxxxx , 0)1)(1)(1(.2 321321 =−+++ xxxxxx , 

0135422233.3 21323121
2
3

2
2

2
1 =++−−++++ xxxxxxxxxxx , 

02222.4 1323121
2
3

2
2

2
1 =−−−+++ xxxxxxxxxx , 04.5 21

2
2 =+− xxx , 

0.6 43213241 =++++− xxxxxxxx  

10.1.16. ipoveT f  kvadratuli formis rangi da signatura, Tu is )( f−  kvadratuli 
formis eqvivalenturia 
10.1.17. daamtkiceT, rom f  kvadratuli forma uaryofiTadaa gansazRvruli maSin, da 

mxolod maSin, roca misi matricis nDDD ,,, 21 Λ  mTavari minorebis mimdevroba niSan 

monacvle mimdevrobaa da 01 <D   

 
 
 
 
 
 




