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INTRODUCTION

Main hero:
SuU(2)

One example of soliton solutions of gauge-field
equations — localized in time as well as in space,
which ‘t Hooft has christened ‘instantons’,

i i teist}-called it

‘pseudo particles’.

Let’s consider ‘Euclideanised’ space-time E* with boundary 3-sphere S3.
Group space of SU(2) is also S3.
Hence topologically non-trivial solutions to the SU(2) gauge field equations are

possible if there exist non-homotopic mappings of S3 — 3, so
77.-3(53) - Z

Instantons are therefore possible in pure gauge theory, SSB is unnecessary.
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Using very left definitions under gauge transforn /df/;:\
A, =SA,S71 i d,5)S71 e
pu— 2 _E( 7 )

Ej, = SFWS‘l.
Defining the current:

N

N

1 g
Ky = 7 Euvpo (Af,‘ 0p A8 + 3 EapchS A;;Ag)
1 g
= CuvpaTr (5 Ay OpAg =24, Ay Ay

Calculate 6“1(#.

1 )
aﬂKﬂ = Eypg I T (E (6HAV )(6PAG) — ig (GMAV )Ap AG>
On the other hand,

Tt FuFpy = 38,00 Tr {8, A4 — 1g[Au AJHOKA — i8[Ax, Av]}
VK, Tr (a,uA v)(aKA ;ﬁ.) - 2ig £ UVKA TrA ,uA 1-'(aKA )»)
— 2186, Tr (B, A ) AxAj — 28° € TT ALALVA A

= 2¢g,




For a 4D volume V* in E*#, with boundary

oVi~§3
Pure vacuum —» 4, = 0, F,,= 0, §> §> §>
then K, =0.
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: 1
If we integrate ZTrFqum, on 4D volume:

j TrEyEy,d*x =4 | 0,K,d*x
v4 vt

2
=4¢,K,d(area) = gi; 21273 = 137:

R/ N

. T € K

Now perform a gauge transformation again but at the
boundary S3

L
A, - —E(aus)s—l (on S3)
boundary = ‘pure gauge’ ( F,,= 0). Then taking

g X4 +ix-o
V2
where
2 =x+x%
We find: ) .
i )
A= ——[x; — 0/(0-x +ix4),
gl’z i 4
Ay= —__..].‘........g X,
8T J
and <
K,= _2x‘u . A I
gt

Hence £, cannot be zero over the whole volume,
although it vanishes on the boundary.
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The instanton. Field strength is non-vanishing inside the V4, but vamsheQ space

* 0

on the boundary
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,/The very last integral defines a topological index,

aka Pontragin index:
g2
_ %y
1= Ton? Trj v Fuvd®x

Considering we have:

g2

) 0,K,d*x =1

q=

Put4, - —é(GMS)S‘l (on S$3) in the definition of K, we get
for q:

— 1 de
1= 24m2) 9

where d3 g is invariant group space volume element.
Hence g gives the degree of mapping S3 — S3.
Let’s interpret our solution as an evolution in time, rather than




E* has one time and three space dimensions. As one of these co-
ordinates passes from —oo to + oo, the field configuration
changes.

If we interpret the present solution as an evolution in time, rather

than space, we can redraw the S3 boundary as given on the
figure.

For g we are choosing a gauge in which the integral over the
‘cylinder’ 111 vanishes.

And after all the suffering in the end g reduces to the difference
between two integrals, on the surfaces x, —» o0 and x, - —o.

\/\/ X, time

(

111

En #0
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\j"['he instanton boundary. I is x; — %, [l is x4 — —c=.



The instanton describes a solution of the gauge-field equations in which, as x, evolves
from —oo to + o0, a vacuum evolves into another vacuum (homotopy class changes
from (n — 1) to n) and the Pontryagin index is:

g=n—(n-1)=1
In the between region of these vacua field tensor F,,, is non-vanishing, therefore there

is positive field energy. Hence Yang-Mills vacua is infinitely degenerate and consists of
an infinite number of homotopically non-equivalent vacua.

Special thanks to quantum tunneling for making the transition possible!

Tunneling amplitude for a single particle in 1D well in WKB approximation is:
1 b 1
e—%Seuclidean — e{_ﬁ fa [2m(V—E)]2dx }

For E > I/, number of wave function oscillations is given by

1 (P 1 1 (P
—f [2m(E —V)]2dx = —J pdx
h a h a
On the other hand, [ pdx = [ pxdt = [(H + L) dt =/if total energy is normalized to zero/= [ Ldt = S

Difference between the last and the upper equations is the sign of E — V. Sign of Vin eom mx = —Z—Z is reversed by
changing t —» —t.



recaH|ng
£ 1y f FuFEpdix.
1611'

So for the action of instanton: S fx/ Sinceq =1
1 8m? 8m?

S = _EJTTF“V Fpd*x = ——q = ——

Hence the tunneling amplitude between the G) we have an infinite & — vacua belonging to different homo@
pure vacuum and the gauge rotated vacuum classes. True ground state of Hillbert space may be written:

is of the order o0
2 .
= vackg = Y € v,
n=-—oo
where n is an integer labelling the homotopy class

If 9 # 0 the vacuum states is complex, time reversal invariance is

violated. From the CPT theorem, CP invariance is violated.
Further, under P-transformation P is also violated.

‘t Hooft showed the axial current has an anomaly and the probability of baryon & lepton number violating decays is
1672
e 9° =107262
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