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NON-LINEAR SIGMA MODEL

Consider the field J = (Jg, Jy, J-) defined on a plane and subject to constraint

JP=>"J=1 1)
a
Non-linear sigma model is defined by the following energy functional

E= %/(BkJa)Q dr . (2)

In order the energy to be finite the derivatives 0y J, must vanish when r — oo.
Thus the field J must approach a constant value as » — oo.
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O(3) SKYRMIONS

All point of the » = oo circle are mapped into single point J = (0,0,1). In such a
cases we say that the original R? is compactified into S2.

We have mapping S? — S2.
Such mappings are classified in accord with the homotopy group m2(S?) = Z,

where the integer counts the times the field space s? is wrapped when the
coordinate r spans the entire plane.

Such configurations are called O(3) skyrmions

Topological charge:
1

Q= 87 /Eabcsijja(aijb)(ajjc) dr (3)
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SKYRMIONS AND ANTISKYRMIONS

In order the energy to be minimal fields should satisfy equation:
0;Jq £+ €ij5achb Bng =0 (4)

Solutions of this equation are

e skyrmions:

N pn — 2N yn . ,r.2n _ n2n
Jz = Ty cos(ng) , Jo= TS sin(ng) , J, = TS
(5)
with the winding number Q = n;
e antiskyrmions:
M M ,r.2n _ ﬂ2n
Jz = Ty cos(ng) , Jo= Ty sin(ng) , J,= T
(6)
with the winding number Q = —n.
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GRASSMANNIAN FIELDS Gy,

To define G, let’s introduce v amount of colums

f t e
3 3 5
= AL =B =, (7
N fi I&
subject to
N
] o) =D 5] f5(r) =67 (8)

Using these fields we can rewrite expression for the winding number as

= 5okl Z Z/ O f)*(uf) 9)

p=1s=1
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NON-COMMUTATIVE GRASSMANNIAN FIELDS

Again, we introduce

1 2 v
1 1 1
1 3 5

=, =5 - =K, (10)
fn fi X

but in non-commutative case they are subject to

N

7N > £2 () = D15 () % f3(r) = 87 (11)

o=1

where x product is defined as

91(r) % g2(r) = g1 (r)e~ 39503 03T gy () (12)
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NON-COMMUTATIVE WINDING NUMBER

Now we introduce so-called Moyal braket:

[91,92]% =91 g2 — g2 x g1 - (13)

We can write
[F51(r), £ () = —i0ei; (D 51 ()95 £5(r)) + O(6?) (14)

This suggests natural non-commutative generalization of Topological charge
expression:

f3m), fi(r))ed (15)
Q- 5 3 [ s

We can rewrite this as

Q(r) == (pa(r) —vpL), (16)

where vpy, represents the ground state value of the particle density and
pe1(r) — vpr describes the excitation part of part of the charge density. Therefore,
we have

Q= -AN¢ (17)
where ANS! is the number of extra particles brought by ecitations.
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