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1.1 ra dros gatenda?

𝐴-¨unk˚idan 𝐵-˜en da 𝐵-¨unk˚idan 𝐴-˜en ertsa da imave gzaze gamteniisas
ertdroulad gamovida ori mgzavri. isini ˝uadˆes ˝exvden, magram ar
˝eu`qve˚iat mojraoba da titoeulma ganagrjo `insvla igive si´karit. imave
dˆes ¨irveli mivida dani˝nulebis adgilze (𝐵-¨unk˚˝i) dˆis 4 saatze, xolo
meore { 𝐴-¨unk˚˝i saˆamos 9 saatze. ra dros gatenda im dˆes?

1.2 sami mi˜roponi

samma mi˜roponma, ganlagebulma ertsa da imave `rpiv xazze 𝐴, 𝐵 da 𝐶

`er˚ileb˝i, daaregis˚rira 𝑡𝐴 > 𝑡𝐵 > 𝑡𝐶 drois momen˚eb˝i apetkebis xma,
romelic moxda 𝐴𝐶 mona˜vetze mdebare 𝑂 `er˚il˝i. i¨ovet 𝐴𝑂 mona˜vetis
sidide, tu˜i 𝐴𝐵 = 𝐵𝐶 = 𝐿. ra dros moxda apetkeba?

1.3 ˜onusuri ˛urvi

petkebadi nivtierebisagan damzadebulia txel˜edliani ˜onusuri ˛urvi.
de˚onaciis si´kare (romlitac apetkeba vrceldeba ˛urvis zeda¨iris gas`vriv)
aris 𝑉 , xolo apetkebis ¨roduk˚ebis mojraobis si´karea 𝑢 < 𝑉 . ra ˜utxes
unda ˝eadgendes ˜onusis ˆerji mis msaxveltan, rom apetkebis ¨roduk˚ebi
ertdroulad moxvden im pirpi˚as, razec ˜onusi devs? apetkebis de˚onacia
i`qeba ˜onusis `verodan.
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1.4 ramdenad ˝ors `aiˆebs `qali navs?

agires1 navi ˜vets 𝐿 siganis mdinares ise, rom misi si´kare 𝑢 mdinaris mi-
mart mudmivia da mimartulia qoveltvis sa`qisi 𝐴 `er˚ilis sa¨iris¨iro 𝐵

`er˚ilisa˜en sa¨iris¨iro na¨irze. tu˜i mdinares si´karec 𝑢 aris, ramdenad
˝ors `aiˆebs `qali navs mdinaris gas`vriv?

1.5 o¨˚imaluri curvis ˜utxe

mocuravis si´kare mdinaris mimart 𝑛-˘er (𝑛 > 1) na˜lebia mdinaris dinebis
si´kareze. dinebis mimart ra ˜utxit unda icuros mocuravem, rom is mdinaris
gada˜vetis dros minimalurad `aiˆos `qalma dinebis gas`vriv?

1.6 mox˚unave burtula daxril sib˚qeze

burtula 𝐻 simaˆlidan tavisuplad vardeba daxril sibr˚qeze, romelic
horizon˚tan 𝛼 ˜utxes adgens (ixilet naxazi). i¨ovet im `er˚ilta ˝oris
manjilta tanapardoba, sadac mox˚unave burtula exeba daxril sibr˚qes.
daxril sibr˚qestan burtulas ˝e˘axebebi absolu˚urad dre˜adia.

1pilmidan agire, ˆvtis risxva, reˇisori verner hercogi.
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1.7 poladis burtula da daxrili sibr˚qe

ujrav daxril sibr˚qes, daxris 𝛼 ˜utxit, e˘axeba poladis burtula
sib˚qisadmi 𝛽 ˜utxit (ixilet naxazi). rogori unda iqos 𝛽 ˜utxe, rom ram-
denime ax˚omis ˝emdeg burtula daubrundes sibr˚qestan ¨irveli ˝e˘axebis
`er˚ils?

1.8 ra simaˆleze moxda burtulata ˝e˘axeba?

𝐻 simaˆlis magididan ´amoagdes dre˜adi burtula misdami raˆac hori-
zon˚aluri si´karis mini˛ebit. im momen˚˝i, roca burtula dae˘axa ia˚a˜s,
meore burtulasac agdeben magididan da mas ani˛eben iset horizon˚alur
si´kares, rom is ¨irvel burtulas e˘axeba. ra simaˆleze moxda burtulata
˝e˘axeba?

1.9 burtis sa˝ualo si´kare

burti aagdes ver˚i˜alurad zevit da man miaˆ`ia ℎ simaˆles. ˝emdeg is ecema
jirs da ga´erebamde mraval˘er aire˜leba dedami`is zeda¨iridan. qoveli
are˜vlis ˝emdeg burti aˆ`evs im simaˆlis 𝑓 na`ils, romelzedac is `ina
are˜vlis dros adioda. i¨ovet burtis sa˝ualo si´kare.

1.10 srolis maksimaluri manjili

burti gadmoagdes 𝑉 simaˆlis ˜ldidan 𝑉 sa`qisi si´karit. horizon˚isadmi
ra ˜utxit unda isrolon burti, rom is ˜ldis pujisagan maksimalurad
˝ors daeces? ras udris es maksimaluri manjili? igulisxmet, rom ˜lde dgas
horizon˚alur velze.
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1.11 ˜utxe sa`qis da saboloo si´kareebs ˝oris

daam˚˜icet, rom maksimalur manjils 1.10 amocana˝i ˝eesabameba si˚uacia, roca
burtis sa`qisi da saboloo si´kareebi urtiert ¨er¨endi˜ularuli arian.

1.12 ra simaˆleze i˘da ˜a˚a?

tagunam xeze m˘dom ˜a˚as ˝urdulit ˜en˛i esrola ise rom ˜en˛is sa`qisi
si´kare ¨irda¨ir ˜a˚is˜en iqo mimartuli. erti `amis ˝emdeg ˜en˛i mi`aze daeca
˜a˚isadmi ver˚i˜alurad kvemo `er˚il˝i. ra simaˆleze i˘da ˜a˚a? haeris
`inaaˆmdegobas mxedveloba˝i nu miiˆebt.

1.13 ˜a˚a da celki tagunebi

˜a˚a leo¨oldi beˆelis saxuravis na¨irze i˘da. orma celkma tagunam
gada`qvi˚a mistvis ˜en˛i esrola ˝urdulit, magram ˜a˚am isini ˝eam´nia da
srolaze srolit u¨asuxa. ˜en˛ebi tagvebis da ˜a˚is ˝urdulebidan ert-
droulad gamoprindnen da ertmanets ˝ee˘axen 𝐴𝐵 mona˜vetis ˝uagul˝i (ix-
ilet naxazi). i¨ovet beˆelis simaˆle 𝐻 da ˜en˛ebis mier da˘axebamde gavlili
gzebis tanapardoba, tu˜i 𝜑 = 30◦, tagvebis ˝urdulidan gamovardnili ˜en˛is
sa`qisi si´karea 𝑉0 = 7 m/`m, xolo ˜a˚am horizon˚alurad gaisrola.
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1.14 ra manjilze iqo ˜a˚a tagvebisagan?

˜a˚a leo¨oldi beˆelis saxuravis na¨irze idga. orma celkma tagunam mas
˝urdulit ˜en˛i esrola. magram ˜en˛i 𝑡1 = 1.2 `amis ˝emdeg dre˜adad aire˜la
beˆelis daxril saxuravidan ¨irda¨ir ˜a˚is tatebis `in da 𝑡2 = 1 `amis ˝emdeg
moxvda tatze tavad msrolel tagvs (ixilet naxazi). ra 𝑠 manjilze iqo ˜a˚a
tagvebisagan?

1.15 ra maksimalur simaˆleze aˆmo´ndeba xo˛o?

ver˚i˜alur ˜edeltan dgas 𝐿 sigrjis ˆero (ixilet naxazi). ˆeros kveda 𝐵

bolo˝i zis xo˛o. drois im momen˚˝i, roca dai`qes 𝐵 bolos gadaadgileba
ia˚a˜is gas`vriv mudmivi 𝑉 si´karit, xo˛om dai`qo ˆeros gas`vriv cocva mis
mimart mudmivi 𝑢 si´karit. ia˚a˜idan ra maksimalur simaˆleze aˆmo´ndeba
xo˛o mojraobisas, tu˜i ˆeros zeda 𝐴 bolo mojraobisas ar scildeba
ver˚i˜alur ˜edels?
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1.16 zebgeriti tvitmprinavis si´kare

zebgeriti tvitmprinavi horizon˚alurad miprinavs. orma mi˜roponma, rom-
lebic ertsa da imave ver˚i˜alur bojze iqvnen damagrebuli ertmanetisagan
𝑙 manjilze, daapiksira bgeris mosvla tvitmprinavidan Δ𝑡 drois ˝ualedit.
ra si´karit miprinavda tvitmprinavi, tu˜i bgeris si´karea 𝑐?

1.17 ra midamodan ˝ejlebs mgzavri av˚obusis da`evas?

¨irda¨ir gza˚˜ecilze midis av˚obusi mudmivi 𝑉 si´karit. sibilam2 ˝eam´nia
av˚obusi, roca is imqopeboda raˆac 𝐴 `er˚il˝i da gaikca mis dasa`evad
mudmivi 𝑢 si´karit. gza˚˜ecilis maxlobeli ra midamodan ˝ejlebs sibila
av˚obusis da`evas, tu˜i 𝑢 < 𝑉 ?

1.18 ra droit ´amor´eba tkveni saati?

elek˚roma˚arebeli gadis ganrigis mixedvit 1200 saatze da mojraobs tan-
abara´karebulad. roca tkveni saati a´venebs 1200 dros, u˜anas˜nelis `ina
vagoni u˜ve i`qebs tkvens gverdit ´avlas da amas andomebs 𝑡1 dros, ma˝in roca
u˜anas˜neli vagoni tkvens gverdit ´aiars 𝑡2 dro˝i. ra droit ´amor´eba
tkveni saati?

1.19 gluvi ˆaris o¨˚imaluri ˜utxe

ver˚i˜alisadmi ra ˜utxit unda iqos mimartuli gluvi ˆari, rom burtulam
ˆaris sa`qisi 𝐴 `er˚ilidan daxril sibr˚qes miaˆ`ios minimalur dro˝i?

2pilmidan zapxuli, anu 27 da˜arguli ˜ocna, reˇisori nana ˘or˘aje.
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1.20 ra masis `qali imqopeba haer˝i?

mi`aze mdebare ˝langidan scems `qlis na˜adi 10 m/`m sa`qisi si´karit da
horizon˚isadmi 45◦ ˜utxit. ˝langis xvrelis gani˜vetis partobia 5 sm2. ra
masis `qali imqopeba haer˝i?

1.21 kvis umciresi si´kare

mi`aze mdgari speruli pormis rezervuaris radiusia 𝑅. rogori um-
ciresi si´karit unda isrolos nasredinma3 mi`idan kva, rom man gadauprinos
rezervuars ise, rom titkmis ˝eexos mis `veros?

1.22 tbilisidan kutais˝i prenis xangrjlivoba

rogori ikneba prenis xangrjlivoba tbilisidan kutais˝i da u˜an tu˜i pre-
nis mteli drois ganmavloba˝i kris 𝑢 si´karis kari prenis ˚rasisadmi 𝛼

˜utxis mimartulebit? prenis ˚rasa emtxveva tbilisis da kutaisis ˝emaer-
tebeli `rpis mona˜vets, romlis sigrjecaa 𝐿. tvitmprinavis si´kare haeris
mimart aris 𝑉 . karis rogori mimartulebisatvis ikneba prenis xangjlivoba
maksimaluri?

1.23 maksimaluri ˝esajlo ˜utxe

𝑉 si´karit mojravi birtvi or ertnair namsxvrevad i˝leba. ujravi birtvis
da˝lisas namsxvrevebis si´karea 𝑢 < 𝑉 . i¨ovet maksimaluri ˝esajlo ˜utxe
ert-erti namsxvrevis si´karesa da ®𝑉 vek˚ors ˝oris.

1.24 i¨ovet namsxvrevebis si´kare

𝑉 si´karit mojravi ertnairi birtvebis na˜ad˝i titeouli birtvi ˝eijleba
s¨on˚anurad dai˝alos or ertnair namsxvrevad. im namsxvrevebis si´kare,
roblebic na˜adis gas`vriv mojraoben, aris 3𝑉 . i¨ovet im namsxvrevebis si´kare,
roblebic na˜adis ¨er¨endi˜ularulad mojraoben.

3pilmidan mtvaris mama, reˇisori bax˚ier xudoinazarovi.
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1.25 otxi xo˛o

otxi xo˛o imqopeba ˜vadra˚is `veroeb˝i. ˜vadra˚is gverdia 𝑎. xo˛oebi
ertdroulad i`qeben mojraobas mudmivi sididis 𝑉 si´karit ise, rom qoveli
xo˛os si´kare mimartulia mezobeli xo˛osa˜en da isini mojraoben saatis isris
mimartulebit. sad da ramdeni drois ˝emdeg ˝exvdebian xo˛oebi ertmanets?

1.26 ramden dros daqops burtula mil˝i?

horizon˚isadmi 𝛼 ˜utxit daxril orive mxridan ˆia 𝑙 sigrjis mil˝i ˝eagdes
burtula horizon˚aluri 𝑉 si´karit (ixilit naxazi). ramden dros daqops
burtula mil˝i? milis diame˚ri bevrad na˜lebia mis sigrjeze. burtulas
da˘axebebi milis ˜edlebtan absolu˚urad dre˜adia.

1.27 ras udris ´arˆmavebis radiusi?

naxevarsperos pormis ´arˆmaveba˝i dax˚is ¨a˚ara burtula, romelic ´arˆma-
vebis ori `er˚ilisagan absolu˚urad dre˜adad aire˜leba (ixilit naxazi).
orive `er˚ili ert horizon˚alur xazzea ganlagebuli. mar˘vnidan marcxniv
burtulas nax˚omi grjeldeba 𝑇1 dro, xolo sa¨iris¨iro mimartulebit |
𝑇2 ≠ 𝑇1 dro. i¨ovet ´arˆmavebis radiusi.
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1.28 burtula mart˜utxa biliard˝i

mart˜utxedis pormis biliardis magidis gverdebia 𝑎 da 𝑏. 𝑏 gverdis ˝ua
`er˚ilidan u˝veben burtulas (ixilet naxazi). magidis ˜idisadmi ra 𝜑

˜utxit unda gau˝van burtula, rom is dabrundes imave `er˚il˝i, saidanac
dai`qo mojraoba?

1.29 borbalis ˆerjis si´kare

borbalis ˆerjze daxveul japs e`evian mudmivi 𝑉 si´karit horizon˚isadmi
𝛼 ˜utxit (ixilet naxazi). borbalis radiusia 𝑅, xolo misi ˆerjis | 𝑟 .
i¨ovet borbalis ˆerjis si´kare da borbalis brunvis ˜utxuri si´kare, tu˜i
borbali migoravs horizon˚alur sibr˚qeze dasrialebis gare˝e. rogori 𝛼

˜utxisatvis borbalis ˆerji imojravebs mar˘vniv da rogori 𝛼 ˜utxisatvis
marcxniv? japi iseti grjelia, rom mojraobisas 𝛼 ˜utxe ar icvleba.

1.30 kvis minimaluri si´kare

ra minimaluri si´karit unda isrolos ¨inokiom4 kva, rom man gadauprinos
𝐻 simaˆlis da 𝐿 sigrjis saxls? ¨inokoi kvas isvris ℎ sa`qisi simaˆlidan da
srolisatvis mas ˝eujlia nebismieri adgilis ˝er´eva.

4pilmidan ¨inokios tavgadasavali, reˇisori leonid ne´aevi.
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1.31 rgolebis gada˜vetis `er˚ilis si´kare

𝑟 radiusis mkone ori rgolidan erti ujravia, xolo meore mojraobs 𝑉

si´karit ¨irveli rgolis˜en (ixilet naxazi). i¨ovet rogor aris damo˜idebu-
li rgolebis gada˜vetis 𝐴 `er˚ilis si´kare rgolebis cen˚rebs ˝oris 𝑎

manjilze. mojravi rgolis cen˚ris ®𝑉 si´kare mimartulia ujravi rgolis
cen˚risa˜en.

1.32 saxli daxrili saxuravit

amoxsenit 1.30 amocana im ˝emtxveva˝i roca saxlis saxuravi daxrilia (ixilet
naxazi). 𝐿 aris saxuravis sigrje.

1.33 ra dro˝i miaˆ`evs ˛ian˛vela len˚is bolos?

˛ian˛vela micocavs rezinis len˚aze 𝑉 = 1 sm/` si´karit (len˚is mimart).
len˚is is bolo saidanac ˛ian˛vela i`qebs cocvas mibmulia ˜edelze, xolo
meore bolos eka´ebian 𝑢 = 1 m/`m si´karit. ra dro˝i miaˆ`evs ˛ian˛vela
len˚is meore bolos tu˜i len˚is sa`qisi sigrjea 𝐿 = 1 m?
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1.34 saxsruli bmulit ˝eertebuli ori ˆero

ori 2𝑙 sigrjis ˆero saxsruli bmulitaa ˝eertebuli. am s˚ruk˚uris erti
bolo ˜edelzea damagrebuli, xolo meore bolo mojraobs ver˚i˜alurad 𝑉

si´karit ˜edlidan 3𝑙 da˝orebit (ixilet naxazi). i¨ovet ˆeroebis ˝emaerte-
beli saxsruli bmulis a´kareba im ˝entxveveb˝i, roca:

a) ˜edelze mibmuli ˆero horizon˚aluria;
b) saxsruli bmulis si´kare nuls udris.

1.35 ra manjilze daecema ˛urvi?

i¨ovet ra manjilze daecema horizon˚al sibr˚qeze 𝛼 ˜utxit gasrolili
˛urvi, tu˜i ℎ simaˆleze misi si´kare 𝜃 ˜utxes adgenda horizon˚tan.

1.36 ra drois ˝emdeg daeca mi`aze meore namsxvrevi?

˛urvi tavisi ˚raek˚oriis umaˆles `er˚il˝i ℎ simaˆleze or ertnair
namsxvrevad dai˝ala. erti namsxvrevi mi`aze daeca 𝑡1 drois ˝emdeg. ra
drois ˝emdeg daeca mi`aze meore namsxvrevi?

1.37 burtulebs ˝oris manjili

ertsa da imave ver˚i˜alur sibr˚qe˝i motavsebuli orive gluvi ˆari adgens
𝛼 ˜utxes horizon˚tan (ixilet naxazi). 𝐴 da 𝐵 `er˚ilebidan ertdroulad
ori ¨a˚ara burtula i`qeben srials ˆarebis gas`vriv. 𝐴 `er˚ilidan
ga˝vebulma burtulam zeda¨irs miaˆ`ia 𝑡1 dro˝i, xolo 𝐵 `er˚ilidan
ga˝vebulma | 𝑡2 dro˝i. drois ra momen˚˝i iqo burtulebs ˝oris manjili
qvelaze mcire?
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1.38 ˛urvebis ˚raek˚oriebis mxebi `iri

kvemexi isvris ˛urvebs 𝑉0 sa`qisi si´karit da sxvadasxva daxris ˜utxit
ver˚i˜alur sibr˚qe˝i. i¨ovet im `iris gan˚oleba, romelic ˝emosazˆvravs
ver˚i˜aluri sibr˚qis im na`ils, sadac ˛urvebi ˝eijleba moxvden (ixilet
naxazi).

1.39 ci˜loidis simrudis radiusi

ci˜loida aris `iri, romelsac aˆ`ers srialis gare˝e mimgoravi borbalis
`re`irze mdebare `er˚ili. i¨ovet am `iris simrudis radiusi mis umaˆles
`er˚il˝i.

1.40 i¨ovet a´kareba

jaˆli misdevs melas, romelic mudmivi 𝑉1 si´karit garbis. jaˆlis si´karis
sidide 𝑉2-s udris da ar icvleba, magram ®𝑉2 vek˚ori qoveltvis melias˜en
aris mimartuli. roca ®𝑉1 da ®𝑉2 urtiert¨er¨endi˜ularuli iqo, cxovelebs
˝oris manjili iqo 𝑙 . ras udrida jaˆlis a´kareba drois am momen˚˝i?

1.41 ra dro˝i dai˛ers jaˆli melas?

vtkvat `ina amocana˝i 𝑉2 > 𝑉1 da devna i`qeba drois im momen˚˝i roca ®𝑉1
da ®𝑉2 urtiert¨er¨endi˜ularulia da cxovelebs ˝oris manjili aris 𝑙 . ra
dro˝i dai˛ers jaˆli melas?

1.42 ra ¨irobeb˝i amova burtula ˛idan?

¨a˚ara burtula mojraobs 𝑉0 si´karit gluv horizon˚alur zeda¨irze da
𝐴 `er˚il˝i vardeba ver˚i˜alur cilindruli pormis ˛a˝i (ixilet naxazi).
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˛is sirˆmea 𝐻 da radiusi 𝑅. ®𝑉0 vek˚ori 𝐴 `er˚il˝i gamaval ˛is diame˚rtan
𝛼 ˜utxes adgens. ˛a˝i ´avardnis ˝emdeg, burtula absolu˚urad dre˜adad
aire˜leba ˛is ˜edlebidan da misi gluvi ps˜eridan. ra tanapardoba unda
iqos 𝑅, 𝐻 , 𝑉0 da 𝛼 sidideebs ˝oris, rom burtula ˜vlav amovides ˛idan?
´atvalet rom burtula ar brunavs.

1.43 ra si´karit mojraobs quti?

mjime quti or ˚rak˚orzea mibmuli (ixilet naxazi). erti ˚rak˚ori mojraobs
𝑉1 si´karit, xolo meore | 𝑉2 si´karit. ®𝑉1 da ®𝑉2 vek˚orebs ˝oris ˜utxe aris
𝛼 . ra si´karit mojraobs quti, tu˜i vigulisxmebt, rom ˚rosebi ˚rak˚orebis
si´kareebis ¨araleluria?

1.44 mojravi velosi¨edis surati

tu˜i mojrav velosi¨eds gadaviˆebt ujravi ˜amerit da sa˜maod didi eks¨ozi-
ciis droit, velosi¨edis surati bundovani gamova. magram zogierti `er˚ile-
bi gar˜veul s¨icebze ˝einar´uneben sim˜vetres da ar gaidˆabnebian. i¨ovet im
`iris porma romelzec s¨icebis es m˜vetri `er˚ilebia ganlagebuli.
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1.45 maksimaluri da minimaluri si´kare

ori ertnairi 𝑟 radiusis mkone rgolidan erti ujravia, xolo meore brunavs
rgolebis gada˜vetis ert-erti 𝑂 `er˚ilis irgvliv mudmivi ˜utxuri 𝜔

si´karit (ixilet naxazi). i¨ovet rgolebis gada˜vetis meore 𝐴 `er˚ilis
maksimaluri 𝑉𝑚𝑎𝑥 da minimaluri 𝑉𝑚𝑖𝑛 si´kareebi.

1.46 ras udris burtulas a´kareba?

𝐴 burtula devs sam˜utxa ¨rizmaze daxris 𝛼 ˜utxit (ixilet naxazi). burtu-
laze mibmulia u˛imvadi japi, romlis meore boloc mimagrebulia ver˚i˜alur
˜edelze 𝐵 `er˚il˝i. ¨rizma i`qebs mojraobas horizon˚alurad mudmivi 𝑎

a´karebit. ra ˚raek˚oriaze imojravebs burtula da ras udris misi a´kareba?

1.47 ras udris minimaluri manjili?

vtkvat 1.41 amocana˝i 𝑉1 = 𝑉2 = 𝑉 . ras udris minimaluri manjili jaˆlsa da
melias ˝oris aseti devnis dros?
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1.48 dis˜is cen˚ris si´kare

𝑅 radiusis mjime dis˜i e˝veba jirs da tandatan atavisuplebs masze daxveul
or japs (ixilet naxazi). japebi mimagrebulia ˛erze da da˛imuli r´ebian
dis˜is mojraobis dros. ra aris dis˜is cen˚ris si´kare, tu˜i misi ˜utxuri
si´karea 𝜔 da japebs ˝oris ˜utxe aris 𝛼?

1.49 cilindris ˆerjis si´kare

cilindris gar˝emo japia ˝emoxveuli, japis meore bolo ˜i ˜edelzea mima-
grebuli (ixilet naxazi). cilindri eqrdnoba horizon˚alur zeda¨irs
romelsac eka´ebian mudmivi horizon˚aluri 𝑉 si´karit cilindris ˆerjis
¨er¨endi˜ularulad. rogor aris damo˜idebuli cilindris ˆerjis si´kare
im 𝛼 ˜utxeze, romelsac japi adgens ver˚i˜altan? cilindri dasrialebis
gare˝e migoravs zeda¨irze.

1.50 mo˚oriani navi da ˜ilva˚eruli ˚alˆebi

lilia5 mo˚oriani navit uaxlovdeba s`or sana¨iro zols mis ¨er¨endi˜ula-
rulad da misgan 𝐿 manjilze i`qebs u˜an dabrunebas 𝑅 radiusis naxevrad
`ris ˝emoxazvit, ris ˝emdegac is miemgzavreba u˜an ˜vlav sana¨iro zolis
¨er¨endi˜ularulad. navis si´kare mudmivia da udris 𝑉 -s. `qlis ˚alˆebis
si´kare 𝑢 < 𝑉 aseve mudmivad ˝eijleba ´aitvalos. ramdeni dro das˛irdeba
navis mier gamo`veul ˜ilva˚erul ˚alˆebs sana¨iromde misasvlelad? dro
izomeba im momen˚idan, roca navi i`qebs ˝emobrunebas.

5pilmidan lilia samudamod, reˇisori lu˜as medisoni.
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1.51 tvitmprinavis mbrunavi ¨ro¨eleris po˚o

tvitmprinavis mbrunavi ¨ro¨eleris es po˚o gadaˆebulia ˚eleponis ˜amerit.
aseti ˜amerisatvis damaxasiatebelia gamosaxulebis s˚rikon-s˚rikonuli s˜ani-
reba: tavda¨irvelad i˜itxeba gamosaxulebis ¨ikselebis qvelaze marcxena
¨irveli sve˚i, ˝emdeg ¨ikselebis meore sve˚i da ase ˝emdeg. po˚ograpis
tvalsazrisit, romeli mimartulebit brunavs ¨ro¨eleri, saatis isris mi-
martulebit, tu mis sa`inaaˆmdegot? ramdeni ni´bis prta (la¨o˚i) akvs
¨ro¨elers? ramden brunvas a˜etebs ¨ro¨eleri ert `ut˝i, tu am suratis
s˜anirebis sruli dro iqo 1/8 `ami?

1.52 ˜aci `vima˝i

ukaro `vimian dˆes pexze mdgomi mar´elo6 sveldeba 2 `ut˝i. tu is garbis
18 ˜m/st si´karit, dro mcirdeba naxevar `utamde. ramdeni dro das˛irdeba
mis dasvelebas 6 ˜m/st si´karit siarulisas? igulisxmet, rom mama˜acis sxeulis
porma ˝eijleba iqos miaxlovebuli a) ver˚i˜aluri mart˜utxa ¨rizmit;
b) speroti. ak dasveleba˝i igulisxmeba gar˜veuli raodenobis `qlis miˆeba.

1.53 ra drois ˝emdeg ˜vlav ˝emoexveva simi cilindrs?

umaso simis erti bolo damagrebulia ujravi ver˚i˜aluri cilindris zeda-
¨irze. simi 𝑘-˘er aris ˝emoxveuli cilindrze. simis tavisupal boloze

6pilmidan ˚˜bili cxovreba, reˇisori pederi˜o pelini.
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mimagrebulia burtula, romelsac ani˛eben horizon˚alur 𝑉 si´kares cilin-
dris radiusis gas`vriv (ixilet naxazi). ra drois ˝emdeg ˜vlav ˝emoexveva
srulad simi cilindrs, oˆond sa¨iris¨iro mimartulebit? cilindris ra-
diusia 𝑅, simis radiusi bevrad mcirea cilindris radiustan ˝edarebit.

1.54 bi˜pordis zonaris porma

de˚onacia bir˜pordis zonaris gas`viv vrceldeba 𝑉 si´karit. dar˚qmiti
˚alˆa haer˝i vrceldeba 𝑐 < 𝑉 si´karit. ra mrudis gas`vriv unda ganvalagot
bi˜pordis zonari, rom dar˚qmitma ˚alˆam ertdroulad miaˆ`ios mocemul
`er˚ils zonaris nebismieri `er˚ilidan?

1.55 bzrialas vardna magididan

𝐻 simaˆlis bzriala gamomjiebel benhamin es¨ositos7 magidaze mojraobs 𝑉

si´karit ˜idisa˜en da vardeba. rogori unda iqos 𝑉 , rom vardnisas bzriala
magidis ˜ides ar dae˘axos? bzrialas zeda¨iri cilindrul ˜oordina˚eb˝i
aˆi`ereba gan˚olebit 𝜌 = 𝑅𝑧

𝐻

(
5 − 4 𝑧

𝐻

)
(ixilet naxazi).

7pilmidan saidumlo mat tvaleb˝i, reˇisori xuan xose ˜am¨anelia.
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1.56 veneras da˜virvebis maksimaluri dro mzis ´asvlis ˝emdeg

˝eapaset veneras da˜virvebis maksimaluri dro mzis ´asvlis ˝emdeg. veneras
orbi˚aluri radiusi aris 0.72 a.e.

1.57 ´rdilis bolos ˚raek˚oria

rogori ikneba ver˚i˜aluri ˘oxis ´rdilis bolos ˚raek˚oria mzian dˆes
tbilis˝i 22 ivniss? tbilisi imqopeba ´rdiloetis 41.7◦ ganedze. i¨ovet
˚raek˚oriaze ´rdilis bolos mdebareobis damo˜idebuleba droze. ras
udris dˆis xangrjlivoba 22 ivniss? ra moxdeba sxva ganedebze?

1.58 karis da tvitmprinavis si´kare

tvitmprinavma ˝emouprina sam˜utxedis 𝐴, 𝐵 da 𝐶 gverdebs ˝esabamisad 𝑡1,
𝑡2 da 𝑡3 droebis ganmavloba˝i. karis si´karis vek˚ori sam˜utxedis sibr˚qis
¨araleluria. i¨ovet karis da tvitmprinavis si´kareebi.

1.59 ios da˜virvebadi orbi˚aluri ¨eriodi

rogori ikneba dedami`aze mqopi dam˜virvebelisatvis iu¨i˚eris tanamgza-
vri ios orbi˚aluri ¨eriodi? rogor icvleba es xiluli ¨eriodi `lis
ganmavloba˝i? ios realuri orbi˚aluri ¨eriodi 42 saatia.

1.60 mo´venebiti su¨erluminaluri mojraoba

dedami`idan da˜virvebis xuti `lis ganmavloba˝i, manatobeli obiek˚i, romelic
mdebareobs dedami`idan 105 sinatlis `lis manjilze, gadaadgilda cis gum-
batze 10−4 radianit, rac ni˝navs, rom misi xiluli si´kare sinatlis si´kareze
or˘er me˚ia. da˜virvebis xazisadmi ra ˜utxit unda mojraobdes obiek˚i, rom
misi realuri si´kare sinatlis si´kareze na˜lebi iqos? ras udris obiek˚is
minimaluri ˝esajlo si´kare?

1.61 ´rdilis gakroba

sinatlis `qaro mojraobs horizon˚alurad 𝐻 simaˆleze 𝑉 si´karit da
uaxlovdeba ℎ < 𝐻 simaˆlis ˜edels. ˜edlidan ra manjilze dai`qebs ´rdili
gakrobas, tu˜i 𝑉 /𝑐 > 1 − ℎ/𝐻 (𝑐 aris sinatlis si´kare)?
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1.62 sinatlis atinatis si´kare

lazeruli ma´venebeli brunavs ver˚i˜aluri ˆerjis gar˝emo 𝜔 ˜utxuri
si´karit da anatebs misgan ℎ manjilze mqop ver˚i˜alur ˜edels. sinatlis
atinati ˜edelze mojraobs horizon˚aluri xazis gas`vriv. i¨ovet misi si´kare
nebismier 𝐴 `er˚il˝i (ixilet naxazi. xedi zemodan).

1.63 `qlis motxilamures si´kare

˝eujlia tu ara `qlis motxilamures imojraos im ˜a˚erze upro s`rapad,
romelzec is aris mibmuli?

1.64 gansxvaveba dasavlet da aˆmosavlet mimartulebebs ˝oris

lolas8 ori saqvareli qavs. orive me˚ros xaztan cxovrobs, oˆond erti
lolas me˚rodan aˆmosavletit, xolo meore dasavletit. lola, roca tavi-
supali dro akvs, midis me˚ro˝i da ˘deba ¨irvelive ma˚arebel˝i, romelic
mova, ganur´evlad mimartulebisa. drois ˝ualedi momdevno ma˚areblebs
˝oris erti da igivea rogorc aˆmosavlet, aseve dasavlet mimartulebit.
miuxedavad amisa lola dasavlet mimartulebit sam˘er upro x˝irad midis,
vidre aˆmosavlet mimartulebit. ra˚om xdeba ase?

8pilmidan lola, reˇisori rainer verner pasbinderi.
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1.65 mojraoba s¨iraluri gluvi ˆaris gas`vriv

i¨ovet 𝐴 sxeulis a´kareba, romelic e˝veba sa`qisi si´kares gare˝e s¨iraluri
gluvi ˆaris gas`vriv, 𝑛 sruli ˝emobrunebis bolos. s¨iralis radiusia 𝑅,
xolo bi˘i | ℎ (ixilet naxazi).

1.66 s¨orcmenebis ˜olonis sigrje

s¨orcmenebi 𝐿 sigrjis ˜olona˝i 𝑉 si´karit mirbian. m`vrtneli mattan ˝esaxve-
drad garbis 𝑢 < 𝑉 si´karit. titoeuli s¨orcmeni m`vrtneltan ˝exvedrisas
˝emobrundeba da i`qebs sirbils sa¨iris¨iro mimartulebit sididit igive 𝑉
si´karit. rogoro ikneba ˜olonis sigrje, roca qvela s¨orcmeni ˝emobrundeba?

1.67 ra simaˆleze ax˚eba ¨ing-¨ongis burti?

˚enisis burti devs ˜alatburtis burtis tavze. ˜alatburtis burti ecema
sa`qisi si´karis gare˝e ℎ = 1.5 m simaˆlidan. ra simaˆleze ax˚eba ¨ing-¨ongis
burti?
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1.68 ˚raek˚oriis simrudis radiusi

i¨ovet `er˚ilis ˚raek˚oriis simrudis 𝑅 radiusi, tu˜i cnobilia misi
si´kare ®𝑉 da a´kareba ®𝑎.

1.69 gemis ˚raek˚oriis gan˚oleba

gemi mojraobs ise, rom misi si´kare meridiantan mudmiv 𝛼 ˜utxes adgens.
i¨ovet misi ˚raek˚oriis gan˚oleba, tu˜i sa`qis momen˚˝i gemis speruli
˜oordina˚ebia 𝜃0 da 𝜑0.

1.70 miaxloebis minimaluri manjili

na`ila˜i 𝛼 ˜utxis `verodan 𝑙 manjilze e˘axeba ˜utxis ert-ert gverds 𝜑0
˜utxit da dre˜adad aire˜leba ˜utxis gverdebidan (ixilet naxazi).

ra minimalur manjilze miuaxlovdeba na`ila˜i ˜utxis `veros?
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2 amoxsnebi
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1.1 ra dros gatenda?

vtkvat mgzavrebi gamovidnen 𝑡-saatze (roca gatenda). ¨irvwli mgzavris si´kare
iqos 𝑉1, xolo meoresi | 𝑉2. ˝uadˆemde mgzavrebi mojraoben 12 − 𝑡 saatis
ganmavloba˝i. ami˚om ¨irveli mgzavri gaivlida (12 − 𝑡)𝑉1 gzas, xolo meore
| (12− 𝑡)𝑉2 gzas. ¨irobis mixedvit, ¨irveli mgzavris mier gavlili (12− 𝑡)𝑉1
gza meore mgzavrma dapara 21 − 12 = 9 saat˝i, xolo meore mgzavris mier
gavlili (12 − 𝑡)𝑉2 gza ¨irvelma mgzavrma dapara 16 − 12 = 4 saat˝i. ami˚om
v`ert

(12 − 𝑡)𝑉1 = 9𝑉2,
(12 − 𝑡)𝑉2 = 4𝑉1.

tu˜i gadavamravlebt am gan˚olebebs ertmanetze da ˝ev˜vecavt 𝑉1𝑉2-ze,
miviˆebt (12 − 𝑡)2 = 36. ami˚om 12 − 𝑡 = ±6 da 𝑡 = 6, an 𝑡 = 18. meore
amonaxsni ar gamodgeba, radgan amocanis ¨irobidan cxadia, rom 𝑡 < 12. amrigad
im dˆes gatenda 𝑡 = 6 saatze.

meore amoxsna. davxazot mgzavrebis ˜oordina˚ebis grapi˜ebi.

vtkvat 𝐿 aris 𝐴 da 𝐵 ¨unk˚ebs ˝oris manjili, xolo 𝑙 | ˝exvedris
`er˚ilis da˝oreba 𝐵 ¨unk˚idan. naxazidan (msgavsi sam˜utxedebidan) cxadia,
rom

𝑙

𝐿
=
12 − 𝑡

21 − 𝑡
da

𝑙

𝐿
=
16 − 12
16 − 𝑡

=
4

16 − 𝑡
.

amrigad
12 − 𝑡

21 − 𝑡
=

4
16 − 𝑡
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da 4(21−𝑡) = (12−𝑡) (16−𝑡). es gvajlevs ˜vadra˚ul gan˚olebas 𝑡2−24𝑡+108 =
0, romlis pesvebicaa 𝑡1 = 6 da 𝑡2 = 18. rogorc u˜ve iqo aˆni˝nuli, mxolod
¨irveli pesvi gamodgeba, radgan amocanis ¨irobis tanaxmad 𝑡 < 12.

1.2 sami mi˜roponi

vtkvat apetkeba moxda 𝑡0 dros, xolo 𝐴𝑂 = 𝑥 (ixilet naxazi).

ma˝in

𝑡𝐴 − 𝑡0 =
𝑥

𝑐
, 𝑡𝐵 − 𝑡0 =

𝐵𝑂

𝑐
=
𝑥 − 𝐿

𝑐
, 𝑡𝑐 − 𝑡0 =

𝑂𝐶

𝑐
=
2𝐿 − 𝑥

𝑐
.

sadac 𝑐 | bgeris si´karea. radgan

𝑡𝐴 − 𝑡𝐵 = (𝑡𝑎 − 𝑡0) − (𝑡𝐵 − 𝑡0) =
𝑥

𝑐
− 𝑥 − 𝐿

𝑐
=
𝐿

𝑐
,

bgeris si´karisatvis miviˆebt 𝑐 = 𝐿/(𝑡𝐴 − 𝑡𝐵). meore mxriv

𝑡𝐵 − 𝑡𝐶 = (𝑡𝐵 − 𝑡0) − (𝑡𝐶 − 𝑡0) = 2
𝑥

𝑐
− 3

𝐿

𝑐
= 2

𝑥

𝑐
− 3(𝑡𝐴 − 𝑡𝐵).

akedan 2𝑥
𝑐
= 3𝑡𝐴 − 2𝑡𝐵 − 𝑡𝐶 da

𝑥 =
𝑐

2
(3𝑡𝐴 − 2𝑡𝐵 − 𝑡𝐶) =

𝐿

2(𝑡𝐴 − 𝑡𝐵)
(3𝑡𝐴 − 2𝑡𝐵 − 𝑡𝐶).

apetkebis dro

𝑡0 = 𝑡𝐴 + 𝑥

𝑐
= 𝑡𝐴 − 1

2
(3𝑡𝐴 − 2𝑡𝐵 − 𝑡𝐶) = 𝑡𝐵 −

1
2
(𝑡𝐴 − 𝑡𝐶).

1.3 ˜onusuri ˛urvi

vtkvat 𝑥 = 𝐴𝐵. 𝐵 `er˚il˝i apetkeba moxdeba 𝐴 `er˚il˝i de˚onaciis
da`qebidan 𝑥

𝑉
drois ˝emdeg. cxadia, rom ˜onusis pujes ¨irveli miaˆ`evs 𝐵

`er˚il˝i apetkebis is pragmen˚i, romelic ver˚i˜alurad jirs miprinavs 𝐶

`ertilisa˜en (ixilit naxazi) da is 𝐶 `e˚ils miaˆ`evs 𝐵𝐶
𝑢

drois ˝hemdeg.
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magram 𝐵𝐶 = 𝐻 − 𝑥 cos𝜃 , sadac 𝐻 ˜onusis simaˆlea. rom apetkebis
fragmen˚ebi ertdroulad moxvden pujes, sa˛iroa rom

𝑥

𝑉
+ 𝐵𝐶

𝑢
=
𝐻

𝑢
+

(
1
𝑣
− cos𝜃

𝑢

)
𝑥

ar iqos dami˜idebuli 𝐵 `er˚ilis adgilmdebareobaze (ese igi 𝑥-ze). es
˝esajlebelia mxolod tu˜i cos𝜃 = 𝑢

𝑉
. am ˝emtxveva˝i pujes ertdroulad

moxvdeba apetkebis pragmen˚ebis maksimaluri ricxvi apetkebis da`qebidan 𝐻
𝑢

drois ˝emdeg.

1.4 ramdenad ˝ors `aiˆebs `qali navs?

navis ˚raek˚oriis nebismier 𝐶 `er˚il˝i navis si´kare ®𝑉 na¨iris mimart aris
®𝑉 = ®𝑢1 + ®𝑢2, sadac ®𝑢1 aris navis si´kare mdinaris mimart, xolo ®𝑢2 | mdinaris
dinebis si´kare. amocanis ¨irobis mixedvit | ®𝑢1 | = | ®𝑢2 | = 𝑢. ˝evni˝not, rom ®𝑉 -s
¨roekcia 𝐶𝐵 mimartulebaze aris 𝑢 − 𝑢 cos𝜃 (ixilet naxazi).
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ese igi 𝐶 `er˚il˝i navis da˝oreba 𝐵 `er˚ilisagan (𝐶𝐵) mcirdeba 𝑢−𝑢 cos𝜃
si´karit. meore mxriv ®𝑉 -s ¨roekcia 𝐶𝐷 mimartulebaze aris 𝑢 cos𝜃 −𝑢. ese igi
𝐶 `er˚il˝i navis da˝oreba 𝐴𝐵 `rpisagan (𝐶𝐷 ) izrdeba 𝑢 −𝑢 cos𝜃 si´karit.
rogorc vxedavt ℎ+𝐶𝐵 manjilis cvlilebis si´kare nulis ˚olia, sadac ℎ aris
navis da˝oreba 𝐴𝐵 `rpisagan (𝐶 `er˚il˝i ℎ = 𝐶𝐷 ). amrigad ℎ + 𝑙𝐵 ar icvleba
navis gadaadgilebis dros, sadac 𝑙𝐵 aris navis da˝oreba 𝐵 `er˚ilisagan (𝐶
`er˚il˝i 𝑙𝐵 = 𝐶𝐵). dasa`qis˝i ℎ = 0 da 𝑙𝐵 = 𝐿. sabolood, roca navi
sa¨iris¨iro na¨iris axlos aˆmo´ndeba (𝐸 `er˚il˝i), ℎ = 𝑙𝐵 = 𝐸𝐵 = 𝑙 , sadac 𝑙

gvi´venebs ramdenad ˝ors `aiˆo navi mdinarem dinebis gas`vriv. amrigad 𝐿 = 2𝑙
da 𝑙 = 𝐿

2 .

1.5 o¨˚imaluri curvis ˜utxe

vtkvat mocurave micuravs dinebis mimart 𝛼 ˜utxit (ixilet naxazi).

ma˝in misi si´karis ˜om¨onen˚ebi na¨iris mimart iknebian 𝑉𝑥 = 𝑢
𝑛
sin (𝜋 − 𝛼) =

𝑢
𝑛
sin𝛼 da 𝑉𝑦 = −𝑢 + 𝑢

𝑛
cos (𝜋 − 𝛼) = −𝑢 − 𝑢

𝑛
cos𝛼 , sadac 𝑢 dinebis si´karea. tu

mdinaris siganea 𝐿, mocurave mas gada˜vetavs 𝑡 = 𝐿
𝑉𝑥

= 𝐿𝑛
𝑢 sin𝛼 dro˝i da mdinare

mas `aiˆebs

𝑙 (𝛼) = (−𝑉𝑦)𝑡 = 𝐿
𝑛 + cos𝛼
sin𝛼

manjilze kvemot. minimalur manjils ˝eesabameba

𝑑𝑙 (𝛼)
𝑑𝛼

= 𝐿
− sin2 𝛼 + cos𝛼 (𝑛 + cos𝛼)

sin2 𝛼
= −𝐿 1 + 𝑛 cos𝛼

sin2 𝛼
= 0.

ese igi o¨˚imaluri ˜utxisatvis cos𝛼 = − 1
𝑛
da

𝛼 = arccos
(
−1
𝑛

)
= 𝜋 − arccos

1
𝑛
.
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aseti ˜utxisatvis,

𝑙𝑚𝑖𝑛 = 𝐿
𝑛 − 1/𝑛√︁
1 − 1/𝑛2

=
√
𝑛2 − 1𝐿.

1.6 mox˚unave burtula daxril sib˚qeze

mivmartot 𝑥 da 𝑦 ˆerjebi ise rogorc naxazzea (ese igi 𝑥 ˆerji daxrili
sibr˚qis gas`vriv, xolo 𝑦 ˆerji sibr˚qis ¨er¨endi˜ularulad).

sibr˚qestan absolu˚urad dre˜adi ˝e˘axebis dros burtulas si´karis
𝑥 ˜om¨onen˚a ar icvleba, xolo 𝑦 ˜om¨onen˚a icvlis ni˝ans. ®𝑔 a´karebis
˜om¨onen˚ebia 𝑔𝑥 = 𝑔 sin𝛼 da 𝑔𝑦 = −𝑔 cos𝛼 , xolo burtulas si´karis sa`qisi
˜om¨onen˚ebi sibr˚qestan dre˜adi ˝e˘axebis ˝emdeg arian 𝑉𝑥 = 𝑉 sin𝛼 , 𝑉𝑦 =

𝑉 cos𝛼 , sadac 𝑉 =
√︁
2𝑔𝐻 aris is si´kare, rac burtulam ˝eijina 𝐻 simaˆlidan

vardnis dros. radgan sibr˚qis gas`vriv burtulas si´karis ˜om¨onen˚a ar
icvleba ˝e˘axebis dros, 𝑥 ˆerjis gas`vriv mojraoba ikneba tanabara´karebuli
𝑔𝑥 = 𝑔 sin𝛼 a´karebit da 𝑉𝑥 = 𝑉 sin𝛼 sa`qisi si´karit. ami˚om

𝑥 = 𝑉 sin𝛼 𝑡 + 1
2
𝑔 sin𝛼 𝑡2.

𝑦 ˆerjis gas`vriv mojraoba burtulas ax˚omis ˝emdeg tanabar˝enelebulia
𝑔𝑦 = −𝑔 cos𝛼 a´karebit da 𝑉𝑦 = 𝑉 cos𝛼 sa`qisi si´karit. ami˚om

𝑦 = 𝑉 cos𝛼 𝑡 − 1
2
𝑔 cos𝛼 𝑡2.

roca burtula ˜vlav daecema sibr˚qeze, ma˝in 𝑦 = 0, rac gvajlevs 𝑡1 = 2𝑉
𝑔
.

am dros burtulas si´karis 𝑦 ˜om¨onen˚a ikneba 𝑉𝑦 (𝑡1) = 𝑉 cos𝛼 −𝑔 cos𝛼 𝑡1 =
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−𝑉 cos𝛼 da are˜vlis ˝emdeg is gaxdeba 𝑉 cos𝛼 , e.i. isetive, rogorc ¨irveli
˝e˘axebis ˝emdeg. amrigad 𝑦 mimartulebit burtulas mojraoba qoveli
˝e˘axebis ˝emdeg isetive ikneba, rogorc ¨irveli ˝e˘axebis ˝emdeg. es ni˝navs,
rom 𝑛 ˝e˘axeba moxdeba 𝑡𝑛 = 𝑛𝑡1 =

2𝑛𝑉
𝑔

drois moment˝i da am dros burtulas
𝑥 ˜oordina˚a ikneba

𝑥𝑛 = 𝑉 sin𝛼 𝑡𝑛 +
1
2
𝑔 sin𝛼 𝑡2𝑛 =

2𝑉 2 sin𝛼
𝑔

𝑛(𝑛 + 1).

sibr˚qis gas`vriv momdevno da˘axebebs ˝oris manjilia

𝑠𝑛 = 𝑥𝑛 − 𝑥𝑛−1 =
2𝑉 2 sin𝛼

𝑔
[𝑛(𝑛 + 1) − (𝑛 − 1)𝑛] = 4𝑉 2 sin𝛼

𝑔
𝑛.

ma˝asadame 𝑠1 : 𝑠2 : 𝑠3 : 𝑠4 : · · · = 1 : 2 : 3 : 4 : · · · .

1.7 poladis burtula da daxrili sibr˚qe

mivmartot 𝑥 da 𝑦 ˆerjebi ise rogorc naxazzea (ese igi 𝑥 ˆerji daxrili
sibr˚qis gas`vriv, xolo 𝑦 ˆerji sibr˚qis ¨er¨endi˜ularulad).

radgan dre˜adi ˝e˘axebis dros burtulas si´karis ˜om¨onen˚a sibr˚qis
gas`vriv ar icvleba, 𝑥-mimartulebit burtulas ˜oordina˚i ˝eicvleba ise,
rogorc tanabara´karebuli mojraobisas 𝑔 sin𝛼 a´karebit (®𝑔-s ¨roekcia sibr˚qis
gas`vriv) da −𝑉0 cos 𝛽 sa`qisi si´karit ( ®𝑉0-is ¨roekcia sibr˚qis gas`vriv). am-
rigad

𝑥 = −𝑉0 cos 𝛽 𝑡 +
1
2
𝑔 sin𝛼 𝑡2.

𝑥-˜oordina˚a nulis ˚oli gaxdeba 𝑇 =
2𝑉0 cos 𝛽
𝑔 sin𝛼 drois ˝emdeg. burtula

dabrundeba sa`qis `er˚il˝i, tu˜i am momen˚˝i 𝑦-˜oordina˚ac nulis ˚oli
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gaxdeba. ¨irveli are˜vlis ˝emdeg burtulas si´karis 𝑦-˜om¨onen˚aa 𝑉0 sin 𝛽
da is am mimartulebit mojraobs tanabar˝enelebulad −𝑔 cos𝛼 a´karebit (®𝑔-s
¨roekcia 𝑦 ˆerjze). ami˚om

𝑦 = 𝑉0 sin 𝛽 𝑡 −
1
2
𝑔 cos𝛼 𝑡2

da 𝑦-˜oordina˚a nulis ˚oli gaxdeba 𝜏 =
2𝑉0 sin 𝛽
𝑔 cos𝛼 drois ˝emdeg. am dros misi

si´karis 𝑦-˜om¨onen˚a ikneba 𝑉0 sin 𝛽 −𝑔 cos𝛼 𝜏 = −𝑉0 sin 𝛽 da morigi are˜vlis
˝emdeg is ˜vlav 𝑉0 sin 𝛽 gaxdeba. amrigad 𝑦-mimartulebit qoveltvis erti da
igive ci˜li meordeba da 𝑦-˜oordina˚a nulis ˚oli xdeba drois 𝜏 , 2𝜏 , 3𝜏 . . .
momen˚eb˝i. burtula dabrundeba sa`qis `er˚il˝i, tu˜i 𝑇 = 𝑛𝜏 , sadac 𝑛

raˆac mteli ricxvia. amrigad

2𝑉0 cos 𝛽
𝑔 sin𝛼

= 𝑛
2𝑉0 sin 𝛽
𝑔 cos𝛼

,

rac gvajlevs tan 𝛽 = 1
𝑛
cot𝛼 ¨irobas.

1.8 ra simaˆleze moxda burtulata ˝e˘axeba?

radgan orive burtula erti da igive a´karebit mojraobs (garda im mo-
men˚ebisa, roca burtulebi e˘axebian ia˚a˜s), tu˜i gadavalt meore burtu-
las sis˚ema˝i, u˝ualod am burtulas ´amogdebis ˝emdeg, ¨irveli bur-
tula mas uaxlovdeba ver˚i˜aluri mimartulebit 𝑉 =

√︁
2𝑔𝐻 mudmivi

si´karit (radgan am sis˚ema˝i ¨irveli burtulas a´kareba nulis ˚olia,
xolo ¨irveli burtulas si´karis ver˚i˜aluri ˜om¨onen˚i, romelsac is ˝ei-
jens 𝐻 simaˆlidan ´amovardnisas, aris

√︁
2𝑔𝐻 ). amrigad burtulebis ˝e˘axeba

moxdeba 𝑡 = 𝐻√
2𝑔𝐻

=

√︃
𝐻
2𝑔 drois ˝emdeg. am dros meore burtula ikneba

ℎ = 𝐻 − 1
2
𝑔𝑡2 = 𝐻 − 1

2
𝑔
𝐻

2𝑔
=
3
4
𝐻

simaˆleze.

meore amoxsna. 𝐻 simaˆlidan ¨irveli burtula ´amovardeba 𝑇 =

√︃
2𝐻
𝑔

drois ˝emdeg. tu˜i misi horizon˚aluri si´karea 𝑉1, ma˝in am drois
ganmavloba˝i is horizon˚alurad gadaadgildeba 𝐿 = 𝑉1𝑇 manjilze. vtkvat
𝑉2 aris meore burtulas horizon˚aluri si´kare, xolo 𝑡 dro aitvleba
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¨irveli burtulas ia˚a˜idan ax˚omis ˝emdeg. ma˝in burtulebis mojraobis
gan˚olebebi ikneba

𝑥1 = 𝐿 +𝑉1𝑡, 𝑥2 = 𝑉2𝑡, 𝑦1 =
√︁
2𝑔𝐻 𝑡 − 1

2
𝑔𝑡2, 𝑦2 = 𝐻 − 1

2
𝑔𝑡2.

roca burtulebi e˘axebian ertmanets, 𝑥1 = 𝑥2 da 𝑦1 = 𝑦2 (ixilet naxazi).

𝑦1 = 𝑦2 gan˚oleba gvajlevs
√︁
2𝑔𝐻 𝑡 = 𝐻 da ma˝asadame da˘axeba moxdeba

¨irveli burtulas ia˚a˜idan ax˚omidan 𝜏 =

√︃
𝐻
2𝑔 drois ˝emdeg. es sa˜marisia

rom vi¨ovot meore burtulas 𝑦-˜oordina˚i da˘axebis momen˚˝i:

ℎ = 𝑦2(𝜏) = 𝐻 − 1
2
𝑔𝜏2 = 𝐻 − 1

2
𝑔
𝐻

2𝑔
=
3
4
𝐻.

𝑥1 = 𝑥2, anu 𝐿 + 𝑉1𝜏 = 𝑉2𝜏 ¨iroba gansazˆvravs tu ra horizon˚aluri
si´karit unda ´amovagdot meore burtula, rom da˘axeba moxdes:

𝑉2 = 𝑉1 +
𝐿

𝜏
= 𝑉1

(
1 + 𝑇

𝜏

)
= 3𝑉1.

1.9 burtis sa˝ualo si´kare

agdebidan dacemamde burti gadis 2ℎ gzas, ˝emdgomi ci˜lisas 2ℎ𝑓 gzas da ase
˝emdeg. ami˚om burtis mier sruli gavlili gza aris

𝑠 = 2ℎ(1 + 𝑓 + 𝑓 2 + · · · ) = 2ℎ
1 − 𝑓

,

sadac ´ven gamoviqenet usasrulo geome˚riuli ¨rogresiis ˘amis pormula.
burtis agdebidan dacemamde ganvlili dro 𝜏 a˜maqopilebs gan˚olebas ℎ =
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1
2𝑔

(
𝜏
2
)2

=
𝑔𝜏2

8 , radgan 𝜏
2 dro˝i burti ℎ simaˆlidan nulovani sa`qisi si´karit

vardeba mi`aze (e.i. 𝜏
2 dro˝i gadis ℎ manjils mudmivi 𝑔 a´karebit). amrigad,

𝜏 = 2
√︃

2ℎ
𝑔
. cxadia, rom burtis asvla ´amosvlis ˝emdeg ci˜ls das˛irdeba

2
√︃

2ℎ𝑓
𝑔

dro, momdevnos | 2
√︃

2ℎ𝑓 2
𝑔

dro da ase ˝emdeg. amrigad burtis

mojraobis sruli dro ikneba

𝑡 = 2

√︄
2ℎ
𝑔

(
1 +

√︁
𝑓 +

√︁
𝑓 2 + · · ·

)
= 2

√︄
2ℎ
𝑔

1
1 −

√︁
𝑓
.

ami˚om burtis sa˝ualo si´kare aris

𝑉 =
𝑠

𝑡
=

√︂
𝑔ℎ

2
1 −

√︁
𝑓

1 − 𝑓
=

√︂
𝑔ℎ

2
1

1 +
√︁
𝑓
,

radgan 1 − 𝑓 = (1 −
√︁
𝑓 ) (1 +

√︁
𝑓 ).

1.10 srolis maksimaluri manjili

mivmartot 𝑥 da 𝑦 ˆerjebi ise, rogorc naxazzea.

𝑥-mimartulebit si´karis ¨roekcia ar icvleba, xolo 𝑦-mimartulebit
gvakvs tanabar˝enelebuli (tavda¨irvelad) mojraoba 𝑉 sin𝛼 sa`qisi si´karit
da −𝑔 a´karebit. ami˚om 𝑥 = 𝑉 cos𝛼 𝑡 da 𝑦 = ℎ +𝑉 sin𝛼 𝑡 − 1

2𝑔𝑡
2. tu˜i ¨irveli

gan˚olebidan gamovsaxavt dros 𝑡 = 𝑥
𝑉 cos𝛼 da ´avsvamt meore gan˚oleba˝i,

miviˆebt ˚raek˚oriis gan˚olebas:

𝑦 = ℎ + 𝑥 tan𝛼 − 𝑔𝑥2

2𝑉 2
(
1 + tan2 𝛼

)
,
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sadac gamoviqenet 1
cos2 𝛼 = 1 + tan2 𝛼 tanapardoba. roca burti ecema mi`aze,

𝑦 = 0 da 𝑥 = 𝐿, sadac 𝐿 aris sajiebeli manjili. rogorc vxedavt 𝐿

a˜maqopilebs gan˚olebas

ℎ + 𝐿 tan𝛼 − 𝑔𝐿2

2𝑉 2
(
1 + tan2 𝛼

)
= 0. (1.10.1)

am gan˚olebis amoxsna 𝐿(𝛼) gansazˆvravs 𝐿-s rogorc 𝛼-˜utxis punkcias. maksi-
malur 𝐿𝑚 manjils ˝eesabameba iseti 𝛼𝑚 ˜utxe, rom 𝑑𝐿(𝛼)

𝑑𝛼

���
𝛼=𝛼𝑚

= 0. gava`armoot

(1.10.1) gan˚olebis orive mxare am ¨irobis gatvalis`inebit. ˝edegad miviˆebt

𝐿𝑚

cos2 𝛼𝑚

[
1 − 𝑔𝐿𝑚

𝑉 2 tan𝛼𝑚
]
= 0,

sadac gavitvalis`inet, rom 𝑑 tan𝛼
𝑑𝛼

= 1
cos2 𝛼 . amrigad tan𝛼𝑚 = 𝑉 2

𝑔𝐿𝑚
. ´avsvat es

(1.10.1) gan˚oleba˝i. ˝edegad miviˆebt

ℎ + 𝑉 2

2𝑔
− 𝑔𝐿2𝑚
2𝑉 2 = 0.

akedan

𝐿𝑚 =
𝑉

𝑔

√︁
2𝑔ℎ +𝑉 2 da tan𝛼𝑚 =

𝑉 2

𝑔𝐿𝑚
=

𝑉√︁
2𝑔ℎ +𝑉 2

.

1.11 ˜utxe sa`qis da saboloo si´kareebs ˝oris

vtkvat mi`aze dacemisas burtis si´karea 𝑉𝑓 da es si´kare adgens 𝛽 ˜utxes
horizon˚tan (ixilet naxazi).
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si´karis horizon˚aluri ¨roekcia ar icvleba (radgan horizon˚aluri
mimartulebit aravitari jala ar mokmedebs). ami˚om 𝑉 cos𝛼𝑚 = 𝑉𝑓 cos 𝛽 .
saboloo 𝑉𝑓 si´kares vi¨ovit energiis ˝enaxvis ˜anonis gamoqenebit:

𝑚𝑉 2

2
+𝑚𝑔𝐻 =

𝑚𝑉 2
𝑓

2
.

akedan 𝑉𝑓 =
√︁
𝑉 2 + 2𝑔𝐻 . amocana 1.10-˝i vnaxet, rom

tan𝛼𝑚 =
𝑉√︁

𝑉 2 + 2𝑔𝐻
=

𝑉

𝑉𝑓

.

ami˚om

cos 𝛽 =
𝑉

𝑉𝑓

cos𝛼𝑚 =
𝑉

𝑉𝑓

sin𝛼𝑚
tan𝛼𝑚

= sin𝛼𝑚 .

amrigad 𝛽 = 𝜋
2 − 𝛼 . es ni˝navs, rom ®𝑉 da ®𝑉𝑓 urtiert¨er¨endi˜ularuli

arian:

®𝑉 · ®𝑉𝑓 = 𝑉𝑉𝑓 (cos𝛼𝑚 cos 𝛽 − sin𝛼𝑚 sin 𝛽) = 𝑉𝑉𝑓 cos (𝛼𝑚 + 𝛽) = 0.

1.12 ra simaˆleze i˘da ˜a˚a?

vtkvat ˜en˛is sa`qisi si´karea 𝑉 da is adgens 𝛼 ˜utxes horizon˚tan (ixilet
naxazi).

ma˝in 𝐻 = 𝐿 tan𝛼 . meore mxriv 𝐿 = 𝑉 cos𝛼 𝜏 , sadac 𝜏 = 1 `m is droa, rom-
lis ganmavlobashic ˜en˛i haer˝ia. ami˚om 𝐻 = 𝑉 cos𝛼 𝜏 tan𝛼 = 𝑉 sin𝛼 𝜏 .
ver˚i˜aluri mimartulebit ˜en˛is mojraobis gan˚olebaa 𝑦 = 𝑉 sin𝛼 𝑡 −
1
2𝑔𝑡

2.roca 𝑡 = 𝜏 , 𝑦 = 0. es gvajlevs 𝑉 sin𝛼 𝜏 − 1
2𝑔𝜏

2 = 0 da 𝑉 sin𝛼 = 1
2𝑔𝜏 .

masasadame 𝐻 = 1
2𝑔𝜏

2 ≈ 5 m.
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1.13 ˜a˚a da celki tagunebi

˜a˚is mier gasrolili ˜en˛i ver˚i˜alurad mojraobs sididit 𝑔 a´karebit.

ami˚om 1
2𝑔𝜏

2 = 𝐻
2 , sadac 𝜏 da˘axebamde gasuli droa. amrigad 𝜏 =

√︃
𝐻
𝑔
. vtkvat 𝛼

aris ˜utxe, romelsac tagvebis mier gasrolili ˜en˛is ®𝑉0 sa`qisi si´kare adgens
horizon˚tan. ˝evni˝not, rom 𝐴𝐵 = 𝐻

sin𝜑 = 2𝐻 da 1
2𝐴𝐵 = 𝐻 . ˜en˛is 𝑉0 cos𝛼

horizon˚aluri si´kare ar icvleba da is 𝜏 dro˝i 1
2𝐴𝐵 cos𝜑 = 𝐻 cos𝜑 =

√
3𝐻
2

manjilit gadaadgildeba horizon˚aluri mimartulebit. ami˚om 𝑉0 cos𝛼 𝜏 =

𝑉0 cos𝛼
√︃

𝐻
𝑔
=

√
3𝐻
2 . anu 𝑉 2

0 cos2 𝛼 𝐻
𝑔
= 3𝐻 2

4 . akedan

𝐻 =
4
3
𝑉 2
0
𝑔

cos2 𝛼.

tagvebis mier gasrolili ˜en˛is gadaadgilebis vek˚ori da˘axebamde ®𝑠 = ®𝑉0𝜏 +
1
2 ®𝑔𝜏

2 grapi˜ulad ˝eijleba ase `armovidginot:

magram 1
2𝑔𝜏

2 = 𝐻
2 . ami˚om tan𝛼 = tan ∠𝐶𝐴𝐷 = 𝐶𝐷

𝐴𝐷
= 𝐻

𝐴𝐷
da tan𝜑 =

tan ∠𝐵𝐴𝐷 =
𝐻/2
𝐴𝐷

. e.i. tan𝛼 = 2 tan𝜑 = 2√
3
, radgan tan𝜑 = tan 30◦ = 1√

3
.

ma˝asadame

cos2 𝛼 =
1

1 + tan2 𝛼
=
3
7

da beˆlis simaˆlisatvis sabolood miviˆebt

𝐻 =
4
3
𝑉 2
0
𝑔

cos2 𝛼 =
4
7
𝑉 2
0
𝑔

≈ 2.8 m.

ma˝in 𝜏 =

√︃
𝐻
𝑔
= 2√

7
𝑉 2
0
𝑔

da tagvebis mier gasrolili ˜en˛is si´karis ver˚i˜aluri

˜om¨onen˚a da˘axebis momen˚˝i ikneba 𝑉𝑦 = 𝑉0 sin𝛼 −𝑔𝜏 = 𝑉0 sin𝛼 − 2√
7
𝑉0. magram
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sin𝛼 =
√
1 − cos2 𝛼 = 2√

7
da ma˝asadame 𝑉𝑦 = 0. ese igi, tu˜i am ˜en˛is

mojraobas dro˝i u˜an˝ebrunebulad ganvixilavt, ma˝in gamodis rom ˜en˛i
isroles horizon˚alurad 𝑀 `er˚il˝i 𝑉0 cos𝛼 sa`qisi si´karit da is
aˆ`ers 𝑀𝑎𝐴 ˚raek˚orias (ixilet naxazi).

magram ˜a˚is mier gasrolili ˜en˛is da tagvebis mier gasrolili ˜en˛is
si´kareebis horizon˚aluri ˜om¨onen˚ebi ertmanetis ˚olia, radgan hori-
zon˚aluri mimartulebit isini ertsa da imave 𝜏 dro˝i ertnair manjilebs
gadian. amrigad tu˜i 𝑀𝑎𝐴 ˚raek˚orias ¨aralelurad gadavaadgilebt 𝐴𝐵-s
gas`vriv ise, rom 𝑀 `er˚ili daemtxvas 𝐵 `er˚ils, ma˝in 𝑀𝑎𝐴 ˚raek˚oria
daemtxveva 𝐵𝑏𝑀 ˚raek˚orias, radgan orive ˚raek˚oria erti da imave sa`qisi
si´karit dai`qeba. amrigad, orive ˜en˛i da˘axebamde ertsa da imave manjils
gadis.

1.14 ra manjilze iqo ˜a˚a tagvebisagan?

˝evadarot ertmanets ¨irveli ˚raek˚oria da dro˝i ˝ebrunebuli meore
˚raek˚oria (ixilet naxazi).

tu˜i ¨irvel ˚raek˚orias ˝eesabameba ®𝑉1 sa`qisi si´kare, xolo meore
˚raek˚orias | ®𝑉2 sa`qisi si´kare, ma˝in ®𝑠 = ®𝑉1𝑡1− 1

2 ®𝑔𝑡
2
1 da ®𝑠 = ®𝑉2𝑡2− 1

2 ®𝑔𝑡
2
2 , sadac

®𝑠 aris orive ˚raek˚oriisatvis erti da igive gadaadgilebis vek˚ori. ami˚om

®𝑉1 =
®𝑠
𝑡1

− 1
2
®𝑔𝑡1, ®𝑉2 =

®𝑠
𝑡2

− 1
2
®𝑔𝑡2. (1.14.1)
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ra˜i ˜en˛is are˜vla dre˜adi iqo, energia inaxeba da energiis ˝enaxvis ˜anoni
mogvcems, rom 𝐴 `er˚il˝i ˜en˛i sididit imave si´karit dabrundeba, ra
si´karitac is ˝urdulidan gamovarda. e.i. ®𝑉 2

1 = ®𝑉 2
2 da (1.14.1)-is gat-

valis`inebit miviˆebt

𝑠2

𝑡21
− ®𝑠 · ®𝑔 + 1

4
𝑔2𝑡21 =

𝑠2

𝑡22
− ®𝑠 · ®𝑔 + 1

4
𝑔2𝑡22 .

akedan
1
4
𝑔2(𝑇 2

1 − 𝑡22 ) =
𝑠2

𝑡22
− 𝑠2

𝑡21
=
𝑠2(𝑡21 − 𝑡22 )

𝑡21𝑡
2
2

,

saidanac vi¨ovit

𝑠2 =
𝑔2𝑡21𝑡

2
2

4
da 𝑠 =

𝑔𝑡1𝑡2

2
≈ 6 m.

1.15 ra maksimalur simaˆleze aˆmo´ndeba xo˛o?

drois 𝑡 momen˚˝i 𝑂𝐵 = 𝑉𝑡 da 𝐶𝐵 = 𝑢𝑡 (xo˛o drois am momen˚˝i imqopeba 𝐶
`er˚il˝i). △𝐴𝐵𝑂 da △𝐶𝐷𝐵 msgavsi sam˜utxedebia (ixilet naxazi).

ami˚om 𝐶𝐷
𝐴𝑂

= 𝐶𝐵
𝐴𝐵

. magram 𝐴𝐵 = 𝐿, 𝐴𝑂 =
√
𝐴𝐵2 −𝑂𝐵2 =

√
𝐿2 −𝑉 2𝑡2. ami˚om

drois am momen˚˝i xo˛o imqopeba

ℎ = 𝐶𝐷 = 𝐴𝑂
𝐶𝐵

𝐴𝐵
=
√
𝐿2 −𝑉 2𝑡2

𝑢𝑡

𝐿

simaˆleze. ˝evni˝not, rom

ℎ2 =
𝑢2𝑡2

𝐿2
(𝐿2 −𝑉 2𝑡2) = 𝑢2𝑉 2

𝐿2

[(
𝐿2

2𝑉 2

)2
−

(
𝑡2 − 𝐿2

2𝑉 2

)2]
.
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akedan cxadia, rom maksimalur simaˆles ˝eesabameba drois is 𝑡 = 𝑡𝑚 momen˚i,
roca 𝑡2𝑚 = 𝐿2

2𝑉 2 , da ma˝in ℎ2𝑚𝑎𝑥 = 𝑢2𝐿2

4𝑉 2 . amrigad

ℎ𝑚𝑎𝑥 =
𝑢𝐿

2𝑉
.

es ¨asuxi samartliania, tu˜i drois 𝑡𝑚 = 𝐿√
2𝑉

momen˚amde xo˛o ver as`rebs

ˆeros 𝐴 zeda bolomde acocebas, e.i. tu˜i 𝑢𝑡𝑚 < 𝐿, rac ni˝navs 𝑢 <
√
2𝑉 .

tu˜i 𝑢 ≥
√
2𝑉 , xo˛o moas`rebs 𝐴 bolomde acocebas 𝑡 = 𝐿

𝑢
≤ 𝑡𝑚 dro˝i. xo˛o

ia˚a˜idan maksimalur simaˆleze ikneba drois s`ored am momem˚˝i, radgan am
momen˚is ˝emdeg xo˛os simaˆle mxolod ˝emcirdeba (ixilet naxazi).

𝑂𝐵 = 𝑉𝑡 = 𝑉 𝐿
𝑢
. ami˚om, roca 𝑢 ≥

√
2𝑉 , maksimaluri simaˆle ikneba

ℎ𝑚𝑎𝑥 =
√
𝐴𝐵2 −𝑂𝐵2 = 𝐿

√︂
1 − 𝑉 2

𝑢2

1.16 zebgeriti tvitmprinavis si´kare

vtkvat mi˜roponi imqopeba 𝐵 `er˚il˝i da drois atvlis satave avir´iot
ise, rom 𝑡 = 0 momen˚˝i tvitmprinavi imqopeba zus˚at mi˜roponis zemot
mdebare 𝐶 `er˚il˝i 𝐶𝐵 = 𝐻 simaˆleze (ixilet naxazi).

tu˜i mi˜roponma daapiksira bgeris mosvla drois 𝑡 momen˚˝i, es ni˝navs
rom tvitmprinavma es bgera gamoasxiva raˆac 𝜏 droit adre, roca is
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imqopeboda 𝐴 `er˚il˝i. radgan bgeris si´karea 𝑐 , ˝eijleba dav`erot
𝐴𝐵 = 𝑐𝜏 . tvitmprinavi drois 𝑡 − 𝜏 momen˚˝i iqo 𝐴 `er˚il˝i, xolo drois
𝑡 = 0 momen˚˝i | 𝐶 `er˚il˝i. tu˜i tvitmprinavis si´karea 𝑉 , ˝egvijlia
dav`erot 𝐴𝐶 = 𝑉 [0 − (𝑡 − 𝜏)] = 𝑉 (𝜏 − 𝑡). △𝐴𝐵𝐶 mart˜utxa sam˜utxedidan
(𝐴𝐶)2 + 𝐻 2 = (𝐴𝐵)2, anu

𝑉 2(𝜏 − 𝑡)2 + 𝐻 2 = 𝑐2𝜏2. (1.16.1)

es gan˚oleba gansazˆvravs 𝑡-s rogorc 𝜏-s punkcias. ´ven unda ˝evar´iot
iseti 𝜏 = 𝜏𝑚 , rom 𝑡 iqos minimaluri: 𝑡 = 𝑡𝑚. ma˝in 𝑡 = 𝑡𝑚 ikneba drois is
momen˚i, roca mi˜roponma 𝐵 `er˚il˝i ¨irvelad daapiksira tvitmprinavis
mojraobit gamo`veuli bgeris ˚alˆa. gava`armoot (1.16.1) 𝜏-ti:

2𝑉 2(𝜏 − 𝑡)
[
1 − 𝑑𝑡

𝑑𝜏

]
= 2𝑐2. (1.16.2)

radgan 𝜏 = 𝜏𝑚 `er˚il˝i gvakvs 𝑡 (𝜏) punkciis minimumi, ami˚om

𝑑𝑡

𝑑𝜏

����
𝜏=𝜏𝑚

= 0,

da (1.16.2) gan˚oleba 𝜏 = 𝜏𝑚 `er˚il˝i miiˆebs 𝑉 2(𝜏𝑚 − 𝑡𝑚) = 𝑐2𝜏𝑚 saxes. akedan

𝜏𝑚 =
𝑉 2

𝑉 2 − 𝑐2
𝑡𝑚 .

´avsvat es (1.16.1) gan˚oleba˝i 𝜏 = 𝜏𝑚 `er˚il˝i da ˝edegad miviˆebt

𝑉 2𝑐4

(𝑉 2 − 𝑐2)2 𝑡
2
𝑚 + 𝐻 2 =

𝑐2𝑉 4

(𝑉 2 − 𝑐2)2 𝑡
2
𝑚 .

akedan

𝑡𝑚 =
𝐻

𝑐𝑉

√
𝑉 2 − 𝑐2.

ma˝adame

Δ𝑡 =
Δ𝐻

𝑐𝑉

√
𝑉 2 − 𝑐2.

amovxsnat es gan˚oleba tvitmprinavis 𝑉 si´karis mimart. ˝edegad miviˆebt

𝑉 =
𝑐Δ𝐻√︁

(Δ𝐻 )2 − 𝑐2(Δ𝑡)2
=

𝑐𝑙√︁
𝑙2 − 𝑐2(Δ𝑡)2

.
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1.17 ra midamodan ˝ejlebs mgzavri av˚obusis da`evas?

˜oordina˚ta sis˚emis satave movatavsot 𝐴 `er˚il˝i da 𝑥-ˆerji mivmartot
gza˚˜ecilis gas`vriv. vtkvat mgzavris sa`qisi ˜oordina˚ebia (𝑥,𝑦) da is
axerxebs av˚obus˝i asvlas gza˚˜ecilis im 𝐶 `er˚il˝i romlis ˜oordina˚ebicaa
𝑥 = 𝑐 , 𝑦 = 0 (ixilet naxazi).

mgzavri 𝐶 `er˚il˝i upro adre unda mivides, vidre av˚obusi. ami˚om
v`ert √︁

(𝑐 − 𝑥)2 + 𝑦2
𝑢

≤ 𝑐

𝑉
.

akedan (𝑐 − 𝑥)2 + 𝑦2 ≤ 𝛽2𝑐2, sadac 𝛽 = 𝑢/𝑉 . amrigad 𝐶 `er˚ilis 𝑥 = 𝑐

˜oordina˚a unda a˜maqopilebdes ˝emdeg u˚olobas

𝑐2 − 2𝑐𝛾2𝑥 + 𝛾2(𝑥2 + 𝑦2) ≤ 0, (1.17.1)

sadac 𝛾 = 1/
√︁
1 − 𝛽2. am u˚olobis amoxsnaa 𝑐− ≤ 𝑐 ≤ 𝑐+, sadac

𝑐± = 𝛾2𝑥 ±
√︁
𝛾4𝑥2 − 𝛾2(𝑥2 + 𝑦2) = 𝛾2𝑥

[
1 ±

√︄
1 − 𝑦2

𝛾2𝛽2𝑥2

]
. (1.17.2)

(1.17.2) ˚olobis bolo na`ilis miˆebisas ´ven gavitvalis`inet 𝛾2 − 1 = 𝛾2𝛽2

˚oloba. roca 𝑐 = 𝑐− an 𝑐 = 𝑐+, mgzavri 𝐶 `er˚il˝i miva imave dros, rac
av˚obusi. roca 𝑐− < 𝑐 < 𝑐+, mgzavri 𝐶 `er˚il˝i midis upro adre, vidre
av˚obusi da elodeba mas.

magram 𝑐− da 𝑐+ arseboben mxolod ma˝in (mxolod ma˝in ˝eujlia mgzavrs
av˚obusis da`eva), roca

1 − 𝑦2

𝛾2𝛽2𝑥2
≥ 0,
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anu

| tan𝜃 | = |𝑦 |
𝑥

≤ 𝛾𝛽.

amrigad, mgzavri dae`eva av˚obuss, tu˜i mgzavris sa`qisi mdgomareoba aris
𝐵𝐴𝐵′ ˜utxis ˝ignit (ixilet naxazi).

ak tan𝜃𝑚 = 𝛾𝛽 da

sin𝜃𝑚 =
1√︁

1 + cot2 𝜃𝑚
=

𝛾𝛽√︁
𝛾2𝛽2 + 1

= 𝛽.

meore amoxsna. gadavidet mgzavrtan da˜av˝irebul atvlis sis˚ema˝i. am

sis˚ema˝i mgzavri ujravia, xolo av˚obusis si´karea ®𝑤 = ®𝑉 − ®𝑢. radgan
®𝑢 vek˚oris mxolod mimartuleba ˝eijleba ˝eicvalos, ®𝑤 vek˚oris bolo
ikneba `reze romlis radiusicaa 𝑢 (ixilet naxazi).

imisda damo˜idebulebit, tu rogoria mgzavris sa`qisi ganlageba av˚obusis
mimart, gvekneba ramdenime ˝emtxveva.
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1). ˝esajlebelia ®𝑢 vek˚oris ori iseti mimartulebis ¨ovna, rom ˝esabamisi
®𝑤 vek˚ori mimartulia mgzavris˜en (ixilet naxazi).

am ˝emtxveva˝i labora˚oriul (dedami`is) sis˚ema˝i tu˜i mgzavri gaikceva
®𝑢1 mimartulebit, is ˝exvdeba av˚obuss 𝑐− `er˚il˝i, da tu is gaikceva ®𝑢2
mimartulebit, is ˝exvdeba av˚obuss 𝑐+ `er˚il˝i (mgzavris sis˚ema˝i, mgzavri
ubralod icdis gar˜veuli drois ganmavloba˝i da av˚obusi modis mgzavrtan).

mgzavris aseti sa`qisi ganlagebis ˝emtxveva˝i, is ˝eijleba gaikces 𝑐− da 𝑐+
`er˚ilebs ˝oris mdebare nebismieri 𝐶 `er˚ilisa˜en da is am `er˚il˝i miva
av˚obusze adre. mgzavris sis˚ema˝i av˚obusi mojraobs sa`qisi ®𝑤 vek˚oris
gas`vriv sanam is ar aˆmo´ndeba imave horizon˚alur doneze, rogorc mgzavri
(𝐷 `er˚il˝i. labora˚oriul sis˚ema˝i mgzavri drois am momen˚˝i aˆ`evs
gza˚˜ecils 𝐶 `er˚il˝i). rogorc ˜i es moxdeba, av˚obusis si´kare mqisierad
icvleba ®𝑤 = ®𝑉 −®𝑢 vek˚oridan ®𝑤 ′ = ®𝑉 vek˚orad da av˚obusi i`qebs mgzavris˜en
svlas (ixilet naxazi. labora˚oriul sis˚ema˝i mgzavri ubralod ´erdeba
da elodeba av˚obuss).
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2) arsebobs ®𝑢 vek˚oris mxolod erti iseti mimartuleba, rom ˝esabamisi
®𝑤 vek˚ori mimartulia mgzavris˜en. am ˝emtxveva˝i ®𝑤 vek˚ori exeba `res da
labora˚oriul sis˚ema˝i 𝑐− da 𝑐+ `er˚ilebi ertmanets emtxveva (ixilet
naxazi).

naxazidan cxadia, rom
sin𝜃𝑚 =

𝑢

𝑉
= 𝛽.

3) tu˜i 𝐴𝐵 adgens gza˚˜eciltan 𝜃𝑚-ze me˚ ˜utxes, ar arsebobs ®𝑢 vek˚oris
iseti mimartuleba,rom ˝esabamisi ®𝑤 vek˚ori mimartuli iqos mgzavrisa˜en
(ixilet naxazi). am ˝emtxveva˝i mgzavri av˚obuss ver dae`eva.

si˚uacia, roca mgzavri gza˚˜ecilis meore mxaresaa, absolu˚urad sime˚riulia
ganxiluli si˚uaciis da dama˚ebit ˝es`avlas ar sa˛iroebs.
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1.18 ra droit ´amor´eba tkveni saati?

vtkvat saati ´amor´eba 𝑡 droit. am drois ganmavloba˝i ma˚arebeli moas`rebs
𝑉1 = 𝑎𝑡 si´karis a˜repas, sadac 𝑎 ma˚areblis a´karebaa. tu˜i vagonis sigrjea
𝑙 , ma˝in ˝eijleba dav`erot

𝑙 = 𝑉1𝑡1 +
1
2
𝑎𝑡21 = 𝑎𝑡𝑡1 +

1
2
𝑎𝑡21 . (1.18.1)

analogiurad, tu˜i u˜anas˜neli vagoni andomebs gverdit ´avlas 𝑡2 dros,
˝eijleba dav`erot

𝑙 = 𝑉2𝑡2 +
1
2
𝑎𝑡22 = 𝑎(𝑡 + 𝑡1)𝑡2 +

1
2
𝑎𝑡22 , (1.18.2)

sadac 𝑉2 = 𝑎(𝑡 + 𝑡1) aris ma˚areblis sa`qisi si´kare , roca u˜anas˜neli vagoni
i`qebs gverdit ´avlas. (1.18.1) da (1.18.2) gan˚olebebidan, 𝑎 a´karebaze ˝e˜vecis
˝emdeg, miviˆebt

𝑡𝑡1 +
1
2
𝑡21 = (𝑡 + 𝑡1)𝑡2 +

1
2
𝑡22 .

es aris gan˚oleba ucnobi 𝑡 drois mimart da am gan˚olebis amoxsna gvajlevs

𝑡 =
1

2(𝑡1 − 𝑡2)
[
2𝑡1𝑡2 + 𝑡22 − 𝑡21

]
.

1.19 gluvi ˆaris o¨˚imaluri ˜utxe

vtkvat 𝐴 `er˚ili imqopeba daxrili sibr˚qidan 𝐴𝐶 = 𝐻 simaˆleze da ˆari
ver˚i˜altan adgens 𝛼 ˜utxes (ixilet naxazi).

˝evni˝not rom ∠𝐴𝐶𝐵 = 90◦ −𝜑 . gluvi ˆaris 𝐴𝐵 = 𝑙 sigrjes vi¨ovit 𝐴𝐵𝐶

sam˜utxedidan sinusebis teoremis gamoqenebit:

𝑙

sin (90◦ − 𝜑) =
𝐻

sin (180◦ − 90◦ + 𝜑 − 𝛼) .
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es gvajlevs

𝑙 =
𝐻 cos𝜑

cos (𝛼 − 𝜑) .

tavisupali vardnis a´karebis ˜om¨onen˚a ˆaris gas`vriv aris 𝑔 cos𝛼 . ami˚om,
tu˜i 𝑡 aris dro romlis ganmavloba˝ic burtula 𝐴 `er˚ilidan midis 𝐵

`er˚il˝i, gvekneba 𝑙 = 1
2𝑔 cos𝛼 𝑡

2. anu

𝐻 cos𝜑
cos (𝛼 − 𝜑) =

1
2
𝑔 cos𝛼 𝑡2,

rac 𝑡 droisatvis gvajlevs

𝑡2 =
2𝐻
𝑔

cos𝜑
cos𝛼 cos (𝛼 − 𝜑) .

minimalur dros ˝eesabameba 𝑓 (𝛼) = cos𝛼 cos (𝛼 − 𝜑) = 1
2 [cos (2𝛼 − 𝜑) + cos𝜑]

punkciis maksimaluri mni˝vneloba, romelic miiˆ`eva roca 2𝛼 = 𝜑 . amrigad
minimalur dros ˝eesabameba

𝛼 =
𝜑

2
da 𝑡𝑚 =

√︄
4𝐻
𝑔

cos𝜑
1 + cos𝜑

.

1.20 ra masis `qali imqopeba haer˝i?

`qlis na`ila˜is si´karis ver˚i˜aluri ¨roekcia, roca is ˚ovebs ˝langs, aris
𝑉 sin 45◦ = 𝑉

√
2/2. roca 𝑡 drois ˝emdeg es na`ila˜i mi`aze ecema, misi si´karis

ver˚i˜aluri ¨roekcia icvlis ni˝ans da xdeba −𝑉 sin 45◦ = −𝑉
√
2/2. amrigad

−𝑉
√
2

2
=
𝑉
√
2

2
− 𝑔𝑡 .

akedan 𝑡 = 𝑉
√
2/𝑔. amrigad haer˝i imqopeba `qlis is raodenoba, romelic

˝langidan gamodis 𝑡 drois ganmavloba˝i da misi masa ikneba

𝑚 = 𝜌𝑆𝑉𝑡 =
𝜌𝑆𝑉 2√2

𝑔
≈ 7 ˜g.
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1.21 kvis umciresi si´kare

kvis ˚raek˚oria sime˚riulia. ami˚om sa˜marisia ganvixilot misi ˚raek˚oriis
mxolod meore naxevari. vtkvat kva titkmis exeba rezervuaris `veros da am
dros akvs horizon˚aluri si´kare 𝑢 (ixilet naxazi).

na´veneb ˜oordina˚ta sis˚ema˝i, kvis mojraobis gan˚olebebia

𝑥 = 𝑢𝑡, 𝑦 = 2𝑅 − 1
2
𝑔𝑡2.

tu˜i ¨irveli gan˚olebidan gamovsaxavt 𝑡 dros da ˝edegs ´avsvamt meore
gan˚oleba˝i, miviˆebt kvis ˚raek˚oriis gan˚olebas

𝑦 = 2𝑅 − 𝑔𝑥2

2𝑢2
, (1.21.1)

ma˝in roca speruli rezervuaris gan˚olebaa (𝑥 − 𝑦 sibr˚qe˝i)

𝑥2 + (𝑦 − 𝑅)2 = 𝑅2. (1.21.2)

´ven gvinda rom (1.21.2)-dan gamomdinare rezervuaris `er˚ilis simaˆle 𝑦 =

𝑅 +
√
𝑅2 − 𝑥2 ar aˆema˚ebodes qoveltvis (1.21.1) kvis ˚raek˚oriis simaˆles:

𝑅 +
√
𝑅2 − 𝑥2 ≤ 2𝑅 − 𝑔𝑥2

2𝑢2
,

anu
√
𝑅2 − 𝑥2 ≤ 𝑅 − 𝑔𝑥2

2𝑢2
. (1.21.3)

akedan

𝑅2 − 𝑥2 ≤ 𝑅2 − 𝑔𝑅

𝑢2
𝑥2 + 𝑔2𝑥4

4𝑢4
,
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rac sabolood gvajlevs u˚olobas

𝑔𝑅

𝑢2
− 1 ≤ 𝑔2𝑥2

4𝑢4
. (1.21.4)

es u˚oloba unda ˝esruldes qvela 0 ≤ 𝑥 ≤ 𝑅 ˜oordina˚isatvis, ma-
gram cxadia, rom tu is ˝esruldeba roca 𝑥 = 0, danar´eni 0 < 𝑥 ≤ 𝑅

mni˝vnelobebisatvis is av˚oma˚urad ˝esruldeba. arigad

𝑔𝑅

𝑢2
− 1 ≤ 0,

rac gvajlevs 𝑢2 ≥ 𝑔𝑅. ese igi rezervuaris `verze kvis minimaluri si´kare
unda iqos 𝑢 =

√︁
𝑔𝑅. tu˜i mi`idan kvas visvrit 𝑉 si´karit, energiis ˝enaxvis

˜anoni mogvcems
𝑚𝑉 2

2
=
𝑚𝑢2

2
+ 2𝑚𝑔𝑅 =

𝑚𝑔𝑅

2
+ 2𝑚𝑔𝑅 =

5𝑚𝑔𝑅

2
.

akedan ´ans, rom kva unda visrolot 𝑉 =
√︁
5𝑔𝑅 minimaluri si´karit.

1.22 tbilisidan kutais˝i prenis xangrjlivoba

vtkvat tvitmprinavi tbilisidan (𝐴) kutais˝i (𝐵) ´asvlas andomebs 𝑡1 dros,
xolo ¨irikit | 𝑡2 dros. tu˜i atvlis sis˚emas davu˜av˝irebt haers (ase rom
am sis˚ema˝i karis si´kare udris nuls), ma˝in tbilisidan kutais˝i prenisas
tvitmprinavis 𝐴𝐶 da kutaisis 𝐵𝐶 ˚raek˚oriebi gamoiqureba ase:

˜osinusebis teoremis gamoqeneba △𝐴𝐵𝐶 sam˜utxed˝i mogvcems

𝐿2 + 𝑢2𝑡21 − 2𝐿𝑢𝑡1 cos𝛼 = 𝑉 2𝑡21 . (1.22.1)

analogiurad, roca tvitmprinavi kutaisidan tbilis˝i miprinavs, haeris
sis˚ema˝i tvitmprinavis 𝐵𝐷 da tbilisis 𝐴𝐷 ˚raek˚oriebi gamoiqureba ase:
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radgan cos (𝜋 − 𝛼) = − cos𝛼 , ˜osinusebis teorema △𝐴𝐵𝐷 sam˜utxed˝i am
˝emtxveva˝i mogvcems

𝐿2 + 𝑢2𝑡22 + 2𝐿𝑢𝑡2 cos𝛼 = 𝑉 2𝑡22 . (1.22.2)

´ven gvain˚eresebs prenis sruli xangrjlivoba 𝑇 = 𝑡1 + 𝑡2. ami˚om ˝evecadot
(1.22.1) da (1.22.2) gan˚olebebidan miviˆot gan˚oleba 𝑇 -tvis. vtkvat 𝜏 = 𝑡1 − 𝑡2.
tu˜i (1.22.1) gan˚olebidan gamova˜lebt (1.22.2)-s, miviˆebt 𝑢2𝜏𝑇 − 2𝐿𝑢𝑇 cos𝛼 =

𝑉 2𝜏𝑇 (radgan 𝑡21 − 𝑡22 = (𝑡1 − 𝑡2) (𝑡1 + 𝑡2) = 𝜏𝑇 ). anu

𝜏 =
2𝐿𝑢 cos𝛼
𝑢2 −𝑉 2 . (1.22.3)

tu˜i ¨irikit (1.22.1) da (1.22.2) gan˚olebebs ˝ev˜ribavt da gavitvalis`inebt

𝑡21 + 𝑡22 =
1
2

[
(𝑡1 − 𝑡2)2 + (𝑡1 + 𝑡2)2

]
=
1
2

[
𝜏2 +𝑇 2] = 𝑇 2

2
+ 2𝐿2𝑢2 cos2 𝛼

(𝑢2 −𝑉 2)2 ,

˝edegad miviˆebt

2𝐿2 + (𝑢2 −𝑉 2)
[
𝑇 2

2
+ 2𝐿2𝑢2 cos2 𝛼

(𝑢2 −𝑉 2)2

]
− 4𝐿2𝑢2 cos2 𝛼

𝑢2 −𝑉 2 ,

anu

2𝐿2 + 𝑇 2

2
[𝑢2 −𝑉 2] − 2𝐿2𝑢2 cos2 𝛼

𝑢2 −𝑉 2 = 0.

akedan

𝑇 2 =
4𝐿2

𝑢2 −𝑉 2

(
𝑢2 cos2 𝜑
𝑢2 −𝑉 2 − 1

)
=
4𝐿2(𝑉 2 − 𝑢2 sin2 𝜑)

(𝑢2 −𝑉 2)2 ,

da (˝evni˝not, rom 𝑉 > 𝑢)

𝑇 =
2𝐿

√︁
𝑉 2 − 𝑢2 sin2 𝜑
𝑉 2 − 𝑢2

.
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prenis xangrjlivoba 𝑇 ikneba maksimaluri, roca 𝛼 = 0:

𝑇𝑚𝑎𝑥 =
2𝐿𝑉

𝑉 2 − 𝑢2
,

ese igi roca kari ˚rasis gas`vriv kris.
meore amoxsna. tvitmprinavis si´kare ise unda iqos mimartuli, rom

misma ˚rasisadmi ¨er¨endi˜ularulma ˜om¨onen˚am gaabatilos karis ˚ra-
sisadmi ¨er¨endi˜ularuli ˜om¨onen˚a 𝑢 sin𝛼 . amrigad ˚rasis gas`vriv
tvitmprinavis si´karis ˜om¨onen˚a ikneba

√
𝑉 2 − 𝑢2 sin2 𝛼 . erti mimartulebit

prenisas tvitmprinavis si´karis am ˜om¨onen˚as ema˚eba karis si´karis ˝esabamisi
˜om¨onen˚a 𝑢 cos𝛼 , xolo sa¨iris¨iro prenisas es ˜om¨onen˚a a˜ldeba. ami˚om

𝑇 =
𝐿

√
𝑉 2 − 𝑢2 sin2 𝛼 + 𝑢 cos𝛼

+ 𝐿
√
𝑉 2 − 𝑢2 sin2 𝛼 − 𝑢 cos𝛼

=

2𝐿
√
𝑉 2 − 𝑢2 sin2 𝛼
𝑉 2 − 𝑢2

.

1.23 maksimaluri ˝esajlo ˜utxe

namsxvrevis si´kare dedami`is mimart aris vek˚oruli ˘ami birtvis ®𝑉 si´karis
dedami`is mimart da namsxvrevis ®𝑢 si´karis birtvis mimart. ®𝑢 vek˚oris
mimartuleba ˝eijleba sxvadasxva iqos da ˝esabamisad namsxvrevis

−−→
𝑂𝐴 si´karis

vek˚oris 𝐴 `vero imojravebs 𝑢 radiusis `reze (ixilet naxazi).

cxadia, rom 𝛼 ˜utxe maksimaluri ikneba, tu˜i 𝑂𝐴 exeba am `res. △𝑂𝐴𝐶
mart˜utxa sam˜utxedidan

sin𝛼𝑚 =
𝑢

𝑉
.

50



1.24 i¨ovet namsxvrevebis si´kare

iseve rogorc `ina amocana˝i, namsxvrevis si´kare dedami`is mimart aris
vek˚oruli ˘ami birtvis ®𝑉 si´karis dedami`is mimart da namsxvrevis ®𝑢 si´karis
birtvis mimart. namsxvrevi imojravebs na˜adis gas`vriv, tu˜i ®𝑢 vek˚ori aris
®𝑉 vek˚oris ¨araleluri (am ˝emtxveva˝i mati vek˚oruli ˘amic ®𝑉 vek˚oris
¨araleluri ikneba). akedan da amocanis ¨irobidan cxadia, rom 𝑢 = 2𝑉 . nam-
sxvrevi imojraebs na˜adis ¨er¨endi˜ularulad, tu˜i aseti si˚uacia gvakvs
(ixilet naxazi).

¨itagoras teoremis gamoqenebit vi¨ovit namsxvrevis |𝑂𝐴| si´kares dedami`is
mimart:

|𝑂𝐴| =
√
𝑢2 −𝑉 2 =

√︁
(2𝑉 )2 −𝑉 2 =

√
3𝑉 .

1.25 otxi xo˛o

amocanis sime˚riidan cxadia, rom xo˛oebi qoveltvis iknebian ˜vadra˚is `veroeb˝i,
oˆond am ˜vadra˚is gverdi ˝emcirdeba da aseve ˝eicvleba misi orien˚acia
(ixilet naxazi).

ami˚om cxadia, rom xo˛oebi ˝exvdebian ertmanets tavda¨irveli ˜vadra˚is
𝑂 cen˚r˝i (romelic emtxveva qvela momdevno ˜vadra˚is cen˚rs). nebismieri
xo˛os si´karis ˜om¨onen˚a ˜vadra˚is cen˚ris mimartulebit ar icvleba da
udris 𝑢 = 𝑉 cos 45◦ = 𝑉 /

√
2 (ixilet naxazi).
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magram 𝑂𝐴 ˜vadra˚is diagonalis naxevaria da misi tavda¨irveli sigrjea
𝑙 = 1

2
√
2𝑎 = 𝑎√

2
. ami˚om xo˛oebi ertmanets ˝exvdebian 𝑇 = 𝑙

𝑢
= 𝑎

𝑉
drois ˝emdeg.

1.26 ramden dros daqops burtula mil˝i?

mivmartot 𝑥-ˆerji milis gas`vriv (ixilet naxazi).

milis ˜edlebze burtulas absolu˚urad dre˜adi are˜vlis dros misi
si´karis ˜om¨onen˚a milis gas`vriv ar icvleba. ami˚om es are˜vlebi ˝eijleba
saertod ar miviˆot mxedveloba˝i 𝑥 ˆerjis gas`vriv mojraobis ganxil-
visas. ese igi 𝑥 ˆerjis gas`vriv burtulas ˜oordina˚a icvleba ise, rogorc
˝eesabemeba 𝑉0 = 𝑉 cos𝛼 sa`qisi si´karit da 𝑎 = −𝑔 sin𝛼 a´karebit mojraobas.
𝜏 =

𝑉0
|𝑎 | =

𝑉
𝑔 tan𝛼 drois ˝emdeg burtulas si´karis 𝑥-˜om¨onen˚a ganuldeba da

burtula ˝e`qve˚s milis gas`vriv zemot gadaadgilebas. drois am momen˚˝i
da aseti saxis mojraobisas, burtulas 𝑥-˜oordina˚a unda iqos

𝑥 = 𝑉0𝜏 +
1
2
𝑎𝜏2 =

𝑉 2 cos2 𝛼
𝑔 sin𝛼

− 𝑉 2 cos2 𝛼
2𝑔 sin𝛼

=
𝑉 2 cos2 𝛼
2𝑔 sin𝛼

.

tu˜i 𝑥 < 𝑙 , e.i. tu˜i

𝑉 2 <
2𝑔 sin𝛼
cos2 𝛼

,
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ma˝in am dros burtula ˘er ˜idev milis ˝ignit ikneba da dai`qebs u˜an
vardnas. ˜idev 𝜏 drois ˝emdeg burtulas 𝑥-˜oordina˚a gaxdeba nuli da
burtula gamova milidan. an ˝emtxveva˝i burtula milis ˝ignit ikneba

𝑇 = 2𝜏 =
2𝑉

𝑔 tan𝛼

drois ganmavloba˝i.
tu˜i

𝑉 2 >
2𝑔 sin𝛼
cos2 𝛼

,

ma˝in burtula gamova milis zeda bolodan upro adre, vidre misi si´karis
𝑥-˜om¨onen˚a gaxdeba nuli. am ˝emtxveva˝i 𝑇 dro akmaqopilebs gan˚olebas
𝑙 = 𝑉0𝑇 + 1

2𝑎𝑇
2. misi amonaxsnebia

𝑇 = −𝑉0
𝑎

±

√︄(
𝑉0

𝑎

)2
+ 2𝑙
𝑔

= 𝜏 ±

√︄
𝜏2 − 2𝑙

𝑔 sin𝛼
.

radgan am ˝emtxveva˝i 𝑇 < 𝜏 , cxadia rom mxolod minus ni˝ani gamodgeba.
amrigad, roca

𝑉 2 >
2𝑔 sin𝛼
cos2 𝛼

,

burtula milis ˝ignit ikneba

𝑇 = 𝜏 −

√︄
𝜏2 − 2𝑙

𝑔 sin𝛼
=

𝑉

𝑔 tan𝛼

[
1 −

√︂
1 − 2𝑔𝑙 sin𝛼

𝑉 2 cos2 𝛼

]
drois ganmavloba˝i. radgan milis diame˚ri gacilebit na˜lebia mis sigrjeze,
mas ˝emdeg, roca burtula milis zeda bolodan gamova, is u˜an mil˝i (didi
albatobit) u˜ve aˆar ´avardeba.

1.27 ras udris ´arˆmavebis radiusi?

vtkvat ∠𝑂𝐴𝐵 = ∠𝑂𝐵𝐴 = 𝛼 da burtulas sa`qisi si´kare marcxnidan mar˘vniv
mojraobisas adgens 𝛽 ˜utxes ´arˆmavebis radiustan (ixilet naxazi).
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absolu˚urad dre˜adi are˜vlis ˝emtxveva˝i, 𝐵 `er˚il˝i burtulas
are˜vlis ˜utxe udris misi dacemis ˜utxes, romelic suratis sime˚riis gamo
𝛽 ˜utxis ˚olia. amrigad burtulas sa`qisi si´kare matcxnidan mar˘vniv
mojraobisas horizon˚tan adgens 𝛼 − 𝛽 ˜utxes, xolo mar˘vnidan marcxniv
mojraobisas adgens 𝛼 + 𝛽 ˜utxes. vtkvat 𝐴𝐵 = 𝑠 . ma˝in

𝑠 = 𝑉 cos (𝛼 − 𝛽)𝑇1 = 𝑉 cos (𝛼 + 𝛽)𝑇2, (1.27.1)

sadac 𝑉 burtulas si´karea 𝐴 da 𝐵 `er˚ileb˝i (radgan es `er˚ilebi
ert horizon˚alur donezea ganlagebuli, burtulas si´kare am `er˚ileb˝i
erti da igive ikneba energiis ˝enaxvis ˜anonidan gamomdinare). ver˚i˜aluri
mimartulebit mojraoba tanabar˝enelebulia −𝑔 a´karebit. ami˚om ˝egvijlia
dav`erot

−𝑉 sin (𝛼 − 𝛽) = 𝑉 sin (𝛼 − 𝛽) − 𝑔𝑇1

da
−𝑉 sin (𝛼 + 𝛽) = 𝑉 sin (𝛼 + 𝛽) − 𝑔𝑇2.

akedan

𝑇1 =
2𝑉 sin (𝛼 − 𝛽)

𝑔
𝑇2 =

2𝑉 sin (𝛼 + 𝛽)
𝑔

.

´avsvat es (1.27.1) gan˚oleba˝i da miviˆebt

𝑠 =
2𝑉 2

𝑔
sin 2(𝛼 − 𝛽) = 2𝑉 2

𝑔
sin 2(𝛼 + 𝛽).

amrigad
sin 2(𝛼 − 𝛽) = sin 2(𝛼 + 𝛽).
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𝛽 ˜utxe aranulovania, `inaaˆmdeg ˝emtxveva˝i gvekneboda 𝑇1 = 𝑇2. ami˚om si-
nusebis ˚olobidan davas˜vnit, rom ˝esabamisi ˜utxeebi akmaqopileben gan˚olebas

2(𝛼 + 𝛽) = 𝜋 − 2(𝛼 − 𝛽),

rac gvajlevs 𝛼 = 𝜋/4. meore mxriv, tu˜i 𝛼 + 𝛽 = 𝜋
2 − (𝛼 − 𝛽), ma˝in

cos (𝛼 + 𝛽) = sin (𝛼 − 𝛽) da gvekneba

𝑠 = 𝑉 cos (𝛼 + 𝛽)𝑇2 = 𝑉 sin (𝛼 + 𝛽)𝑇2 =
1
2
𝑔𝑇1𝑇2,

sadac gamoviqenet 𝑔𝑇1 = 2𝑉 sin (𝛼 − 𝛽) ˚oloba.
△𝑂𝐴𝐵 sam˜utxedi ˚olperdaa. ami˚om (ixilet naxazi)

𝑅 cos𝛼 = 𝑠/2 da

𝑅 =
𝑠

2 cos𝛼
=

𝑠

2 cos (𝜋/4) =
𝑠
√
2
=

1
2
√
2
𝑔𝑇1𝑇2.

1.28 burtula mart˜utxa biliard˝i

ganvixilot, magalitad, are˜vlata aseti tanmimdevroba (ixilet naxazi).
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zogad ˝emtxveva˝i 𝜑 ˜utxis gansazˆvrisatvis, es surati mosaxerxebelia
asetnairad gardavkmnat. roca burtula 𝐵 `er˚il˝i miva da aire˜leba,
`armovidginot, rom danar´eni surati avre˜let rogorc sar˜e˝i 𝐹𝑀 gverdis
mimart. ma˝in aset ˝edegs miviˆebt (ixilet naxazi. simar˚ivisatvis are˜lil
`er˚ilebs igive asoebit aˆvni˝navt).

rogorc vxedavt, aset gapartoebul naxazze burtulas sa`qisi ˚raek˚oria
`rpivi xazi xdeba. roca burtula 𝐶 `er˚il˝i miva, danar´eni surati
avre˜lot u˜ve 𝑀𝑁 gverdis mimart da miviˆebt ˝emdeg surats:

56



da bolos, roca burtula 𝐷 `er˚il˝i miva, misi ˚raek˚oriis dar´enili
na`ili ˜vlav avre˜lod 𝐸𝑁 gverdis mimart. saboloo surati aseti ikneba:

vtkvat zogad ˝emtxveva˝i aseti ¨rocedura ˝eicavs 𝑛 are˜vlas ver˚i˜aluri
gverdebis mimart da 𝑚 are˜vlas horizon˚aluri gverdebis mimart. cxadia,
rom 𝑚 ˜en˚i unda iqos, radgan ˚raek˚oriis saboloo `er˚ili emtxveva sa`qis
𝐴 `er˚ils. martlac, burtulas si´karis ver˚i˜aluri ˜om¨onen˚a icvlis
ni˝ans mxolod horizon˚aluri gverdebidan are˜vlis dros. tavda¨irvelad
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(mojraobis dasa`qis˝i) is dadebitia, xolo bolos (sa`qis `er˚il˝i dabrunebis
`in) | uarqopiti. amrigad horizon˚aluri gverdebidan ˝ualeduri are˜vle-
bis ricxvi ˜en˚i unda iqos, rom ˝edegad burtulas si´karis ver˚i˜aluri
˜om¨onen˚is ni˝nis cvlileba miviˆot. vtkvat 𝑚 = 2𝑘 − 1. are˜vlebis ¨roce-
duris ˝edegad, sa`qisi 𝐴 `er˚ili ver˚i˜aluri mimartulebit `anacvldeba
𝑎 +𝑚𝑎 = 2𝑘𝑎 manjilit. davitvalot misi horizon˚aluri mimartulebit
`anacvleba. tavda¨irvelad 𝐸𝑁𝑀𝐹 mart˜utxed˝i `anacvleba udris (𝑏/2)-
s. are˜vlebis ˝edegad miˆebul 𝑁𝐸𝐹𝑀 saboloo mart˜utxed˝ic `anacvleba
(𝑏/2)-is ˚olia. danar´eni (𝑛 − 1) are˜vla ver˚i˜aluri gverdebis mimart
mogvcems (𝑛 − 1)𝑏 ˘amur `ancvlebas. amrigad 𝐴 `er˚ilis sruli hori-
zon˚aluri `anacvleba ikneba

𝑏

2
+ (𝑛 − 1)𝑏 + 𝑏

2
= 𝑛𝑏.

axla u˜ve mar˚ivia 𝜑 ˜utxis ˚angesis gamotvla:

tan𝜑 =
2𝑘𝑎
𝑛𝑏

.

tu˜i burtulas aseti ˜utxit gavu˝vebt, nebismieri mteli 𝑘 > 0 da 𝑛 ≥ 0
ricxvebisatvis, is sa`qis `er˚il˝i dabrundeba.

aseti amoxsna gulisxmobs, rom magidis ˜utxeeb˝i xvrelebi ar gvakvs. roca
burtula aˆ`evs magidis ˜utxes, dar´enili surati unda avre˜lot ro-
gorc ˝esabamisi ver˚i˜aluri gverdis mimart, aseve ˝esabamisi horizon˚aluri
gverdis mimartac, magalitad, aseti si˚uacia

are˜vlebis ˝edegad mogvcems ˝emdeg gapartoebul surats:
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rac ˝eesabameba 𝑘 = 1, 𝑛 = 3 ¨arame˚rebs. ese igi, horizon˚aluri
gverdebidan are˜vlebis ricxvia 2𝑘 − 1 = 1, xolo ver˚i˜aluri gverdebidan
are˜vlebis ricxvia 𝑛 = 3.

1.29 borbalis ˆerjis si´kare

vtkvat borbali migoravs mar˘vniv, misi ˆerjis si´karea 𝑢 da brunvis ˜utxuri
si´karea 𝜔 (ixilet naxazi).

mi`astan ˝exebis 𝐴 `er˚ili ujravia (radgan dasrialebas adgili ara
akvs). meore mxriv 𝐴 `er˚ili mona`ileobs ori saxis mojraoba˝i: gada˚aniti
mojraoba ®𝑢 si´karit da brunviti mojraoba 𝜔 ˜utxuri si´karit borbalis
cen˚ris mimart. brunviti mojraobis gamo, 𝐴 `er˚ils ekneba 𝜔𝑅 `rpivi
si´kare mimartuli ®𝑢 vek˚oris sa`inaaˆmdegod. radgan 𝐴 `er˚ili dedami`is
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mimart ujravia, gvekneba
𝑢 − 𝜔𝑅 = 0. (1.29.1)

axla ganvixilot 𝐵 `er˚ili borbalis ˆerjze, sadac japi ˆerjs exeba (ixilet
naxazi).

𝐵 `er˚ils ®𝑢 gada˚aniti mojraobis si´karis garda, brunviti mojraobis
𝜔𝑟 si´karec gaa´nia. meore mxriv, radgan japi gau˛imvadia, 𝐵 `er˚ilis sruli
si´karis ¨roekcia japis gas`vriv udris 𝑉 -s. ami˚om v`ert

𝑢 cos𝛼 − 𝜔𝑟 = 𝑉 . (1.29.2)

ori gan˚oleba (1.29.1) da (1.29.2) sa˝ualebas gvajlevs vi¨ovot ori ucnobi
sidide 𝑢 da 𝜔 . ˝edegad miviˆebt

𝜔 =
𝑉

𝑅 cos𝛼 − 𝑟
, 𝑢 =

𝑉𝑅

𝑅 cos𝛼 − 𝑟
.

tu˜i cos𝛼 > 𝑟/𝑅, ma˝in 𝑢 da 𝜔 dadebitia da borbali ise mojraobs, rogorc
vivaraudet. magram tu˜i cos𝛼 < 𝑟/𝑅, ma˝in 𝑢 da 𝜔 uarqopiti xdeba. es
ni˝navs, rom borbali migoravs ara mar˘vniv, rogorc vivaraudet, aramed
mis sa¨iris¨irot, e.i. marcxniv. tu˜i cos𝛼 = 𝑟/𝑅, ma˝in 𝑢 da 𝜔 usasrulo
xdeba. es ni˝navs rom aseti mojraoba ˝eujlebelia. ese igi tu japs am ˜utxit
gav`evt, borbali aucileblad dasrialdeba.

1.30 kvis minimaluri si´kare

cxadia, rom o¨˚imalur ˝emtxveva˝i aseti surati gvekneba:
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vtkvat kvis si´karis horizon˚aluri kom¨onen˚aa 𝑢. ma˝in kva ˚raek˚oriis
𝐴𝐶𝐵 mona˜vets gaivlis 𝑡 = 𝐿/𝑢 dro˝i da, ma˝asadame, ˚raek˚oriis umaˆlesi
𝐶 `er˚ilidan 𝐵 `er˚ilamde vardnas das˛irdeba 𝑡/2 dro. am drois gan-
mavloba˝i, ver˚i˜aluri mimartulebit kva ˝eijens 𝑔𝑡/2 = 𝑔𝐿/(2𝑢) si´kares.
tu˜i sa`qisi 𝑂 `er˚ilidan kva 𝑉 si´karit isroles, energiis ˝enaxvis ˜anoni,
roca ˝evadarebt kvis energias 𝑂 da 𝐵 `er˚ileb˝i, mogvcems

𝑚𝑉 2

2
=𝑚𝑔(𝐻 − ℎ) + 𝑚

2

[
𝑢2 +

(
𝑔𝐿

2𝑢

)2]
.

akedan

𝑉 2 = 2𝑔(𝐻 − ℎ) + 𝑢2 +
(
𝑔𝐿

2𝑢

)2
.

rogorc vxedavt, 𝑉 2 (da ma˝asadame 𝑉 ) minimaluri ikneba, tu˜i minimaluri
ikneba punkcia

𝑓 (𝑥) = 2𝑔 ∗ 𝐻 − ℎ)𝑥 +
𝑔2𝐿2

4𝑥
,

sadac 𝑥 = 𝑢2. rom vi¨ovot am punkciis minimumi, vi¨ovot misi `armoebuli
da gavu˚olot nuls:

1 − 𝑔2𝐿2

4𝑥2𝑚
= 0,

rac gvajlevs, rom minimumi miiˆ`eva, roca 𝑥𝑚 = 𝑔𝐿/2 da udris

𝑉 2
𝑚 = 2𝑔(𝐻 − ℎ) + 𝑔𝐿

2
+ 𝑔𝐿

2
= 2𝑔(𝐻 − ℎ) + 𝑔𝐿.

amrigad, kvis minimaluri si´kare udris

𝑉𝑚 =
√︁
𝑔[𝐿 + 2(𝐻 − ℎ)] .
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1.31 rgolebis gada˜vetis `er˚ilis si´kare

gadavidet im atvlis 𝑆 sis˚ema˝i, romelic 𝑉 /2 si´karit mojraobs mar˘vniv.
am sis˚ema˝i gvekneba sime˚riuli surati (ixilet naxazi).

cxadia, rom am ˝emtxveva˝i, sime˚riis gamo, 𝐴 `er˚ili imojravebs ver˚i˜alu-
rad zevit (mas rom kondes si´karis horizon˚aluri ˜om¨onen˚a marcxniv an
mar˘vniv, es daarˆvevda suratis sime˚rias). vi¨ovot misi 𝑢 si´kare am
sis˚ema˝i. 𝐴 `er˚ilis da˝oreba rgolebis cen˚rebis ˝emaertebeli `rpidan
aˆvni˝not 𝑥-it. ma˝in 𝑢 = 𝑑𝑥

𝑑𝑡
= ¤𝑥 . meore mxriv, 𝑥 da cen˚rebs ˝oris manjili

𝑎 da˜av˝irebulia ertmanettan ¨itagoras teoremit (ixilet naxazi):

𝑥2 +
(𝑎
2

)2
= 𝑟 2.

gava`armoovot am ˚olobis orive na`ili droit:

2𝑥 ¤𝑥 + 2
1
4
𝑎 ¤𝑎 = 0.

es gvi´venebs, rom

𝑢 = −1
4
𝑎

𝑥
¤𝑎.

magram ¤𝑎 = 𝑉 (𝑂1 `er˚ili mojraobs mar˘vniv 𝑉 /2 si´karit, xolo 𝑂2 `er˚ili
| marcxniv 𝑉 /2 si´karit. amrigad 𝑂1𝑂2 mona˜vetis sigrje mcirdeba (𝑉 /2) +
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(𝑉 /2) = 𝑉 si´karit). sabolood

𝑢 = −1
4
𝑎𝑉

𝑥
= −1

4
𝑎𝑉√︁

𝑟 2 − (𝑎/2)2
.

davbrundet axla isev labora˚oriul sis˚ema˝i. am sis˚ema˝i 𝐴 `er˚ilis
si´kare ®𝑉𝐴 aris vek˚oruli ˘ami 𝐴 `er˚ilis ®𝑢 si´karis 𝑆 atvlis sis˚emis
mimart da 𝑆 sis˚emis 1

2
®𝑉 si´karis labora˚oriuli sis˚emis mimart (ixilet

naxazi).

¨itagoras teorema gvajlevs

𝑉 2
𝐴 = 𝑢2 + 1

4
𝑉 2 =

𝑎2𝑉 2

4
1

4𝑟 2 − 𝑎2
+ 1
4
𝑉 2 =

𝑉 2

4
4𝑟 2

4𝑟 2 − 𝑎2
.

sabolood

𝑉𝐴 =
𝑉

2
1√︃

1 −
(
𝑎
2𝑟

)2 .
sain˚eresoa, rom dasa`qis˝i, roca 𝑎 = 2𝑟 , 𝐴 `er˚ilis si´kare usasruloa.
magram es in˚egrebadi usasrulobaa. martlac, rgolebis ˝exebidan mcire 𝑡

drois ˝emdeg, 𝑎 = 2𝑟 −𝑉𝑡 da

1 −
( 𝑎
2𝑟

)2
= 1 −

(
1 − 𝑉𝑡

2𝑟

)2
≈ 𝑉𝑡

𝑟
.

ami˚om 𝑉𝐴 ≈ 1
2

√︃
𝑉𝑟
𝑡

da
𝑡∫

0

𝑉𝐴𝑑𝑡 ≈
√
𝑉𝑟

2

𝑡∫
0

𝑑𝑡
√
𝑡
=
√
𝑉𝑟𝑡

sasrulia.
meore amoxsna. 𝐴 da 𝐶 `er˚ilebs ˝oris manjili 𝑟-is ˚olia da ar icvleba

(ixilet naxazi).
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ma˝asadame 𝐴 da 𝐶 `er˚ilebis si´kareebis ¨roekciebi 𝐴𝐶 mona˜vetis gas`vriv
ertmanetis ˚olia. magram 𝐶 `er˚ili ujravia. es ni˝navs, rom 𝐴 `er˚ilis
si´kare 𝐴𝐶-s ¨er¨endi˜ularulia, e.i. ujravi rgolis mxebis gas`vriv aris
mimartuli. analogiurad, 𝐴 da 𝐵 `er˚ilebs ˝oris manjilic 𝑟-is ˚olia
da ar icvleba. ami˚om 𝑉 cos𝛼 = 𝑉𝐴 cos 𝛽 , sadac 𝛽 aris ˜utxe ®𝑉𝐴 vek˚orsa
da 𝐵𝐷 mona˜vets ˝oris. ∠𝐷𝐴𝐶 aris △𝐴𝐵𝐶 sam˜utxedis gare ˜utxe. ami˚om
∠𝐷𝐴𝐶 = 2𝛼 da 𝛽 = 90◦ − ∠𝐷𝐴𝐶 = 90◦ − 2𝛼 . ma˝in cos 𝛽 = sin 2𝛼 = 2 sin𝛼 cos𝛼
da

𝑉𝐴 =
𝑉 cos𝛼
cos 𝛽

=
𝑉

2 sin𝛼
.

△𝐴𝐵𝐶 ˚olperda sam˜utxed˝i 𝐵𝐶 = 𝑎, 𝐴𝐵 = 𝐴𝐶 = 𝑟 da ma˝asadame 𝑎 =

2𝑟 cos𝛼 . amrigad

cos𝛼 =
𝑎

2𝑟
, sin𝛼 =

√︂
1 −

( 𝑎
2𝑟

)2
,

da

𝑉𝐴 =
𝑉

2
√︁
1 − (𝑎/2𝑟 )2

.

1.32 saxli daxrili saxuravit

vtkvat 𝐴 `er˚il˝i kvis si´karis ˜om¨onen˚ebia 𝑉𝑥 = 𝑢 (horizon˚aluri) da
𝑉𝑦 = 𝑉1 (ver˚i˜aluri), xolo 𝐵 `er˚il˝i | 𝑉𝑥 = 𝑢 , 𝑉𝑦 = −𝑉2 (ixilet naxazi).
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kvas das˛irdeba 𝑡 = 𝑙/𝑢 dro 𝐴 `er˚ilidan 𝐵 `er˚ilamde misvlisatvis.
am drois ganmavloba˝i kvis si´karis ver˚i˜aluri ˜om¨onen˚a icvleba 𝑉1-dan
−𝑉2-mde. ami˚om −𝑉2 = 𝑉1 − 𝑔𝑡 da

𝑉1 +𝑉2 = 𝑔𝑡 =
𝑔𝑙

𝑢
, (1.32.1)

sadac 𝑙 =
√︁
𝐿2 − (𝐻1 − 𝐻2)2. kvis energia 𝐴 `er˚il˝i igivea rac 𝐵 `er˚il˝i

(energiis ˝enaxvis ˜anoni):

𝑚

2
(
𝑉 2
1 + 𝑢2

)
+𝑚𝑔𝐻1 =

𝑚

2
(
𝑉 2
2 + 𝑢2

)
+𝑚𝑔𝐻2.

akedan miviˆebt

𝑉 2
2 −𝑉 2

1 = (𝑉2 −𝑉1) (𝑉2 +𝑉1) =
𝑔𝑙

𝑢
(𝑉2 −𝑉1) = 2𝑔(𝐻1 − 𝐻2),

anu

𝑉2 −𝑉1 =
2𝑢
𝑙
(𝐻1 − 𝐻2). (1.32.2)

(1.32.1) da (1.32.2) gan˚olebebis ˝e˜reba da ˝edegis 2-ze gaqopa mogvcems si´karis
𝑉2 ˜om¨onen˚as:

𝑉2 =
𝑔𝑙

2𝑢
+ 𝑢

𝑙
(𝐻1 − 𝐻2). (1.32.3)

dav`erot energiis ˝enaxvis ˜anoni srolis sa`qisi 𝑂 `er˚ilis da 𝐵 `er˚ilisatvis:

𝑚𝑉 2

2
+𝑚𝑔ℎ =

𝑚

2
(
𝑉 2
2 + 𝑢2

)
+𝑚𝑔𝐻2.

akedan, (1.32.3)-is gatvalis`inebit, miviˆebt

𝑉 2 = 𝑢2 +
(
𝑔𝑙

2𝑢
+ 𝑢

𝑙
(𝐻1 − 𝐻2)

)2
+ 2𝑔(𝐻2 − ℎ). (1.32.4)
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magram (
𝑔𝑙

2𝑢
+ 𝑢

𝑙
(𝐻1 − 𝐻2)

)2
=
𝑔2𝑙2

4𝑢2
+ 𝑢2(𝐻1 − 𝐻2)2

𝑙2
+ 𝑔(𝐻1 − 𝐻2)

da (1.32.4) miiˆebs ˝emdeg saxes

𝑉 2 = 𝑢2
[
1 + (𝐻1 − 𝐻2)2

𝑙2

]
+ 𝑔2𝑙2

4𝑢2
+ 𝑔(𝐻1 + 𝐻2 − 2ℎ). (1.32.5)

rogorc vxedavt 𝑉 2 = 𝑓 (𝜎), sadac 𝜎 = 𝑢2. minimalur srolis si´kares 𝑉𝑚-s
˝eesabameba

𝑑 𝑓

𝑑𝜎
= 1 + (𝐻1 − 𝐻2)2

𝑙2
− 𝑔2𝑙2

4𝜎2 = 0,

romlis amoxsnacaa

𝜎𝑚 = 𝑢2𝑚 =
𝑔𝑙

2
1√︃

1 + (𝐻1−𝐻2)2
𝑙2

=
𝑔𝑙2

2𝐿
,

sadac gavitvalis`inet, rom 𝑙 =
√︁
𝐿2 − (𝐻1 − 𝐻2)2. tu˜i 𝑢2𝑚-is am mni˝vnelobas

´avsvamt (1.32.5) gan˚oleba˝i da gavitvali`inebt, rom

𝑢2𝑚

[
1 + (𝐻1 − 𝐻2)2

𝑙2

]
+ 𝑔2𝑙2

4𝑢2𝑚
=
𝑢2𝑚𝐿

2

𝑙2
+ 𝑔2𝑙2

4𝑢2𝑚
=
𝑔𝐿

2
+ 𝑔𝐿

2
= 𝑔𝐿,

sabolood miviˆebt

𝑉 2
𝑚 = 𝑔𝐿 + 𝑔(𝐻1 + 𝐻2 − 2ℎ) = 𝑔(𝐿 + 𝐻1 + 𝐻2 − 2ℎ).

1.33 ra dro˝i miaˆ`evs ˛ian˛vela len˚is bolos?

drois 𝑡 momen˚˝i rezinis len˚is sigrje ikneba 𝐿(𝑡) = 𝐿 +𝑢𝑡 , xolo len˚is im
na`ilis si´kare, romelic ˜edlidan 𝑥 manjilzea ikneba

𝑢𝑥 =
𝑥

𝐿(𝑡) 𝑢 =
𝑢𝑥

𝐿 + 𝑢𝑡 .

tu˜i ˛ian˛vela am `er˚il˝i imqopeba, misi si´kare ˜edlis mimart ¤𝑥 ikneba
len˚is mimart ˛ian˛velas 𝑉 si´karis da len˚is ˝esabamisi `er˚ilis 𝑢𝑥 si´karis
˘ami:

¤𝑥 = 𝑉 + 𝑢𝑥

𝐿 + 𝑢𝑡 . (1.33.1)
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gava`armoot es ˚oloba droit (ese igi vi¨ovot ˛ian˛velas a´kareba):

¥𝑥 =
𝑢 ¤𝑥

𝐿 + 𝑢𝑡 −
𝑢2𝑥

(𝐿 + 𝑢𝑡)2 .

tu˜i ¨irvel `evr˝i gavitvalis`inebt (1.33.1)-s, miviˆebt

¥𝑥 =
𝑢𝑉

𝐿 + 𝑢𝑡 . (1.33.2)

drois sa`qis momen˚˝i 𝑥 = 0 da (1.33.1)-is tanaxmad ¤𝑥 (0) = 𝑉 . ami˚om (1.33.2)-is
in˚egreba mogvcems

¤𝑥 (𝑡) −𝑉 =

𝑡∫
0

𝑢𝑉

𝐿 + 𝑢𝑡 𝑑𝑡 = 𝑉 [ln (𝐿 + 𝑢𝑡) − ln𝐿] ,

anu

¤𝑥 (𝑡) = 𝑉

[
1 + ln

(
1 + 𝑢𝑡

𝐿

)]
. (1.33.3)

vtkvat 𝑡 = 𝑇 momen˚˝i ˛ian˛vela aˆ`evs rezinis len˚is bolos. ma˝in 𝑥 (𝑇 ) =
𝐿 + 𝑢𝑇 da (1.33.1) mogvcems ¤𝑥 (𝑇 ) = 𝑢 +𝑉 . ´avsvat es (1.33.3)-˝i. ˝edegad miviˆebt

𝑢 = 𝑉 ln
(
1 + 𝑢𝑇

𝐿

)
.

akedan

1 + 𝑢𝑇

𝐿
= 𝑒𝑢/𝑉

da sabolood

𝑇 =
𝐿

𝑢

(
𝑒𝑢/𝑉 − 1

)
= (𝑒100 − 1) `m.

meore amoxsna. araertgvarovani diperencialuri gan˚oleba (1.33.1) ˝eijleba
amovxsnat lagranˇis metodit (mudmivta variaciis metodit). ertgvarovani
gan˚oleba

¤𝑥 =
𝑢𝑥

𝐿 + 𝑢𝑡
˝eijleba ase gadav`erot (ganvacalot cvladebi):

𝑑

𝑑𝑡
ln𝑥 =

𝑢

𝐿 + 𝑢𝑡 =
𝑑

𝑑𝑡
ln (𝐿 + 𝑢𝑡) .
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in˚egrebis ˝emdeg miviˆebt

ln𝑥 − ln𝑥0 = ln
𝑥

𝑥0
= ln (𝐿 + 𝑢𝑡) − ln𝐿 = 𝑙𝑛

𝐿 + 𝑢𝑡
𝐿

.

anu ertgvarovani gan˚olebis zogadi amoxsnaa 𝑥 (𝑡) = 𝐴(𝐿+𝑢𝑡), sadac 𝐴 = 𝑥0/𝐿
raˆac mudmivaa. ˝esabamisad araertgvarovani (1.33.1) gan˚olebis amoxsnas vejebt
˝emdegi saxit: 𝑥 = 𝐴(𝑡) (𝐿 + 𝑢𝑡). magram ma˝in ¤𝑥 = ¤𝐴(𝐿 + 𝑢𝑡) +𝐴𝑢 da

¤𝑥 − 𝑢𝑥

𝐿 + 𝑢𝑡 = ¤𝐴(𝐿 + 𝑢𝑡).

ami˚om (1.33.1) ˝esruldeba, tu˜i

¤𝐴(𝐿 + 𝑢𝑡) = 𝑉 .

es aris mar˚ivi diperencialuri gan˚oleba 𝐴(𝑡) punkciisatvis, romelsac
amovxsnit cvladta gancalebis metodit:

𝐴 −𝐴0 =

𝑡∫
0

𝑉𝑑𝑡

𝐿 + 𝑢𝑡 =
𝑉

𝑢
ln

𝐿 + 𝑢𝑡
𝐿

.

amrigad araertgvarovani (1.33.1) gan˚olebis amonaxsnia

𝑥 (𝑡) =
(
𝐴0 +

𝑉

𝑢
ln

𝐿 + 𝑢𝑡
𝐿

)
(𝐿 + 𝑢𝑡) .

𝑥 (0) = 0 sa`qisi ¨iroba gvi´venebs, rom 𝐴0 mudmiva nulis ˚olia da sabolood
˛ian˛velas da˝oreba ˜edlidan drois mixedvit icvleba ase:

𝑥 (𝑡) = 𝑉

𝑢
(𝐿 + 𝑢𝑡) ln 𝐿 + 𝑢𝑡

𝐿
.

roca 𝑡 = 𝑇 , 𝑥 (𝑇 ) = 𝐿 + 𝑢𝑇 da ma˝asadame

𝑉

𝑢
ln

𝐿 + 𝑢𝑇
𝐿

= 1,

rac gvajlevs

𝑇 =
𝐿

𝑢

(
𝑒𝑢/𝑉 − 1

)
.
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1.34 saxsruli bmulit ˝eertebuli ori ˆero

ganvixilot momen˚i roca ¨irveli (˜edelze mibmuli) ˆero horizon˚aluria
(ixilet naxazi).

𝐴 da 𝐵 `er˚ilebis si´kareebis ¨roekciebi ¨irveli ˆeros gas`vriv ert-
nairi unda iqos, rom ˆerom tavisi sigrje ar ˝eicvalos. radgan 𝐴

`er˚ili ujravia, es ni˝navs, rom 𝐵 `er˚ilis si´kare ¨irveli ˆeros
¨er¨endi˜ularulia da, masa˝adame, igive ˜utxes adgens meore ˆerostan,
rasac 𝐶 `er˚ilis si´kare ®𝑉 . radgan 𝐵 da 𝐶 `er˚ilebis si´kareebis ¨roek-
ciebi meore ˆeros gas`vriv ertnairi unda iqos, akedan vas˜vnit, rom 𝐵

`er˚ilis si´karec sididit 𝑉 -s ˚olia. amrigad bmuls (𝐵 `er˚ils) gaa´nia
cen˚ris˜enuli (𝐴 `er˚ilisa˜en mimartuli) a´kareba 𝑉 2/(2𝑙). misi sruli
a´karebis mimartuleba rom vi¨ovot, gadavidet im atvlis sis˚ema˝i, romelic
𝑉 si´karit mojraobs ver˚i˜alurad zevit. 𝐵 `er˚ilis a´kareba am sis˚ema˝i
igive ikneba, rac tavda¨irvel (labora˚oriul) sis˚ema˝i, radgan orive sis˚ema
inerciulia. am sis˚ema˝i 𝐶 `er˚ili mudmivad ujravia, xolo 𝐵 `er˚ilis
si´kare mocemul momen˚˝i udris nuls (ixilet naxazi)

amrigad 𝐵 `er˚ilis cen˚ris˜enuli (𝐶 `er˚ilisa˜en mimartuli) a´kareba
drois am momen˚˝i nulis ˚olia da am sis˚ema˝i 𝐵-s sruli a´kareba emtxveva mis
˚angencialur a´karebas, e.i. mimartulia 𝐵𝐶-s ¨er¨endi˜ularulad. davbrun-
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det axla labora˚oriul sis˚ema˝i. zemot moqvanili ms˘eloba gvi´venebs,
rom 𝐵 `er˚ilis a´karebisatvis aseti surati gvakvs (ixilet naxazi):

ami˚om 𝑎 sin𝜃 = 𝑉 2/(2𝑙) da

𝑎 =
𝑉 2

2𝑙 sin𝜃
. (1.34.1)

meore mxriv, △𝐵𝐷𝐶 mart˜utxa sam˜utxed˝i ∠𝐵𝐶𝐷 = 𝜃 , 𝐵𝐶 = 2𝑙 da 𝐷𝐶 =

3𝑙 − 2𝑙 = 𝑙 (gavixsenot, rom 𝐶 `er˚ili ˜edlidan qoveltvis 3𝑙 manjilzea).
ami˚om

sin𝜃 =
𝐵𝐷

𝐵𝐶
=

√︁
(2𝑙)2 − 𝑙2

2𝑙
=

√
3
2

da (1.34.1) mogvcems

𝑎 =
𝑉 2
√
3 𝑙

.

b) cxadia, rom 𝐵 `er˚ilis si´kare mxolod ma˝in ˝eijleba iqos nuli,
roca 𝐶 `er˚ilis si´karis ¨roekcia meore ˆeros gas`vriv nulis ˚olia, e.i.
roca meore ˆero horizon˚aluria, magalitad, rogorc naxazze:

am ˝emtxveva˝i 𝐵 `er˚ils mxolod ˚angencialuri a´kareba gaa´nia, romelic
mimartulia 𝐴𝐵 ˆeros ¨er¨endi˜ularulad. meore mxriv, tu˜i gadavalt
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atvlis sis˚ema˝i, romelic ver˚i˜alurad zemot mojraobs 𝑉 si´karit, am
sis˚ema˝i 𝐶 `er˚ili ujravia da gvekneba aseti surati (ixilet naxazi):

amrigad 𝐵 `er˚ilis a´karebas akvs 𝐶 `er˚ilisa˜en mimartuli ˜om¨onen˚i
sididit 𝑉 2/(2𝑙). ˝esabamisad 𝐵 `er˚ilis a´karebisatvis gvekneba aseti surati
(ixilet naxazi):

amrigad 𝑎 sin𝜃 = 𝑉 2/(2𝑙). magram

sin𝜃 =

√︁
(2𝑙)2 − 𝑙2

2𝑙
=

√
3
2

da sabolood

𝑎 =
𝑉 2
√
3 𝑙

.

miviˆet igive ˝edegi, rac a) ˝emtxveva˝i. es gasa˜viri ar aris, radgan im
sis˚ema˝i, romelic ver˚i˜alurad zemot mojraobs 𝑉 si´karit, ˜onpiguracia
analogiuria a) ˜onpiguraciis labora˚oriul sis˚ema˝i.

1.35 ra manjilze daecema ˛urvi?

vtkvat ˛urvis ˚raek˚oriis maksimaluri simaˆle aris 𝐻 , xolo sa`qisi
si´kare 𝑉 . ˚raek˚oriis `vero mas or sime˚riul na`ilad qops. ese igi
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˛urvis da˝vebis drosac ℎ simaˆleze misi si´kare sididit igive 𝜃 ˜utxes
adgens horizon˚tan (ixilet naxazi).

˛urvi 𝐻 simaˆlidan ℎ simaˆlemde da˝vebis dros ˝eijens si´karis ver˚i˜a-
lur ˜om¨onen˚s |𝑉𝑦 | =

√︁
2𝑔(𝐻 − ℎ). meore mxriv, roca ˛urvi mi`aze daecema,

misi si´karis ver˚i˜aluri ˜om¨onen˚a ikneba sa`qisi ver˚i˜aluri ˜om¨onen˚is
sa¨iris¨iro. ami˚om 𝑉 sin𝛼 =

√︁
2𝑔𝐻 da ˝esabamisad |𝑉𝑦 | =

√︁
𝑉 2 sin2 𝛼 − 2𝑔ℎ.

˛urvis si´karis horizon˚aluri ˜om¨onen˚a 𝑉𝑥 = 𝑉 cos𝛼 ar icvleba. ami˚om
ℎ simaˆleze gvekneba

tan𝜃 =
|𝑉𝑦 |
𝑉𝑥

=

√︁
𝑉 2 sin2 𝛼 − 2𝑔ℎ

𝑉 cos𝛼
,

anu 2𝑔ℎ = 𝑉 2(sin2 𝛼 − cos2 𝛼 tan2 𝜃 ) da

𝑉 2 =
2𝑔ℎ

sin2 𝛼 − cos2 𝛼 tan2 𝜃
.

˛urvi daecema 𝑡 = 2𝑉 sin𝛼/𝑔 drois ˝emdeg (am drois ganmavloba˝i ˛urvis
si´karis ver˚i˜aluri ˜om¨onen˚a 𝑉 sin𝛼 icvlis ni˝ans) gasrolis `er˚ilidan

𝐿 = 𝑉 cos𝛼 𝑡 =
2𝑉 2

𝑔
sin𝛼 cos𝛼 =

4ℎ sin𝛼
sin2 𝛼 − cos2 𝛼 tan2 𝜃

=
4ℎ tan𝛼

tan2 𝛼 − tan2 𝜃

manjilze. sain˚eresoa, rom 𝐿 ar aris damo˜idebuli 𝑔 tavisupali vardnis
a´karebaze.

1.36 ra drois ˝emdeg daeca mi`aze meore namsxvrevi?

niu˚onis mesame ˜anonis tanaxmad, namsxvrevebi ertmanetze sididit ˚oli
da urtiertsa¨iris¨iro jalebit mokmedeben. ami˚om ˛urvis sis˚ema˝i nam-
sxvrevebi urtiertsa¨iris¨iro mimartulebebit gaprindebian sididit erti
da igave si´karit. ˜erjot, mati si´kareebis ver˚i˜aluri ˜om¨onen˚ebi ˚oli
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da sa¨iris¨iro ikneba. radgan ˚raek˚oriis umaˆles `er˚il˝i ˛urvis si´kare
horizon˚aluria, is namsxvrevebis si´kareebis ver˚i˜alur ˜om¨onen˚ebze gavle-
nas ver moaxdens. ese igi labora˚oriul (dedami`is) sis˚ema˝ic namsxvrevebis
si´kareebis ver˚i˜aluri ˜om¨onen˚ebi sididit ˚oli da sa¨iris¨iro ikneba
(upro mar˚ivad am das˜vnis ga˜eteba ˝eijleba im¨ulsis ˝enaxvis ˜anonis gamo-
qenebit). vtkvat erti namsxvrevis si´karis ver˚i˜aluri ˜om¨onen˚aa 𝑢 , xolo
meoris −𝑢. ma˝in ˝egvijlia dav`erot

ℎ = 𝑢𝑡1 +
1
2
𝑔𝑡21 , (1.36.1)

da

ℎ = −𝑢𝑡2 +
1
2
𝑔𝑡22 . (1.36.2)

tu˜i ¨irveli gan˚olebidan gamova˜lebt meores, miviˆebt

𝑢 (𝑡1 + 𝑡2) +
𝑔

2
(𝑡21 − 𝑡22 ) = (𝑡1 + 𝑡2)

[
𝑢 + 𝑔

2
(𝑡1 − 𝑡2)

]
= 0.

akedan 𝑢 =
𝑔

2 (𝑡2 − 𝑡1). ´avsvat es (1.36.1) gan˚oleba˝i

ℎ =
𝑔

2
(𝑡2 − 𝑡1) +

1
2
𝑔𝑡21 =

𝑔

2
𝑡1𝑡2.

ami˚om

𝑡2 =
2ℎ
𝑔𝑡1

.

1.37 burtulebs ˝oris manjili

vtkvat ˆarebis gas`vriv mojraobisas 𝐴 burtulas a´karebaa ®𝑔1, xolo 𝐵

burtulasi | ®𝑔2. movatavsot atvlis sis˚emis satave 𝐴 `er˚il˝i. ma˝in
𝑡 drois ˝emdeg 𝐴 burtulas radius-vek˚ori ikneba ®𝑟1 = 1

2 ®𝑔1𝑡
2, xolo 𝐵

burtulasi | ®𝑟2 =
−→
𝐴𝐵 + 1

2 ®𝑔2𝑡
2. burtulebs ˝oris manjilis ˜vadra˚i aris

𝑑2 = (®𝑟2 − ®𝑟1)2 =
[
−→
𝐴𝐵 + 1

2
−→
Δ𝑔𝑡2

]2
, (1.37.1)

sadac
−→
Δ𝑔 = ®𝑔2 − ®𝑔1. burtulebs ˝oris umcires manjils ˝eesabameba

𝑑

𝑑𝑡
𝑑2 = 2

[
−→
𝐴𝐵 + 1

2
−→
Δ𝑔𝑡2

]
· −→Δ𝑔𝑡 = 2𝑡

(
−→
𝐴𝐵 · −→Δ𝑔 + 1

2
(−→Δ𝑔)2𝑡2

)
= 0.
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akedan

𝑡2 = −
−→
𝐴𝐵 · −→Δ𝑔
(−→Δ𝑔)2

. (1.37.2)

®𝑔1 da ®𝑔2 vek˚orebs ˝oris ˜utxe udris (180◦-2𝛼)-s (ixilet naxazi).

tanac | ®𝑔1 | = | ®𝑔2 | = 𝑔 sin𝛼 (®𝑔 tavisupali vardnis a´karebis ¨roekcia
daxrili ˆarebis gas`vriv). ami˚om (−→Δ𝑔)2 = ®𝑔21 + ®𝑔22 − 2®𝑔1 · ®𝑔2 = 2𝑔2 sin2 𝛼 [1 −
cos (180◦ − 2𝛼)] = 2𝑔2 sin2 𝛼 (1+cos 2𝛼) = 4𝑔2 sin2 𝛼 cos2 𝛼 . garda amisa

−→
𝐴𝐵 · ®𝑔1 =

𝐿𝑔 sin𝛼 , sadac 𝐿 = |−→𝐴𝐵 |, da −→𝐴𝐵 · ®𝑔2 = 𝐿𝑔 sin𝛼 cos (180◦ − 2𝛼) = −𝐿𝑔 sin𝛼 cos 2𝛼 .
ami˚om

−→
𝐴𝐵 · −→Δ𝑔 = −𝐿𝑔 sin𝛼 cos 2𝛼 − 𝐿𝑔 sin𝛼 = −2𝐿𝑔 sin𝛼 cos2 𝛼.

qovelive amis gatvalis`ineba (1.37.2)˝i mogvcems

𝑡2 = 2
2𝐿𝑔 sin𝛼 cos2 𝛼
4𝑔2 sin2 𝛼 cos2 𝛼

=
𝐿

𝑔 sin𝛼
. (1.37.3)

vi¨ovot 𝐿. 𝐿 = 𝐴𝐷 − 𝐵𝐷 = 𝐴𝐷 − 𝐵𝐶 (ixilet naxazi).

𝐵𝐶 = 𝐵𝐷 imi˚om, rom sam˜utxedi △𝐵𝐶𝐷 ˚olperdaa. amocanis ¨irobidan
gamomdinareobs, rom

𝐴𝐷 =
1
2
𝑔1𝑡

2
1 =

1
2
𝑔 sin𝛼 𝑡21
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da

𝐵𝐶 =
1
2
𝑔2𝑡

2
2 =

1
2
𝑔 sin𝛼 𝑡22 .

amrigad

𝐿 =
1
2
𝑔 sin𝛼 (𝑡21 − 𝑡22 )

da tu amas ´avsvamt (1.37.3)-˝i, sabolood miviˆebt

𝑡2 =
1
2
(𝑡21 − 𝑡22 ) da 𝑡 =

√︂
1
2
(𝑡21 − 𝑡22 ).

meore amoxsna. gadavidet 𝐴 burtulastan da˜av˝irebul atvlis sis˚ema˝i.

am sis˚ema˝i 𝐵 burtulas a´kareba
−→
Δ𝑔 = ®𝑔2 − ®𝑔1 horizon˚aluria (ixilet

naxazi).

radgan 𝐵 burtulas sa`qisi si´kare am sis˚ema˝ic nulis ˚olia, is rom misi
a´kareba

−→
Δ𝑔 horizon˚aluria ni˝navs, rom am sis˚ema˝i 𝐵 burtula mojraobs

horizon˚alurad
−→
Δ𝑔 vek˚oris gas`vriv (ixilet naxazi).

cxadia, rom burtulebs ˝oris manjili minimaluri ikneba, roca 𝐵 bur-
tula 𝐶 `er˚il˝i miva. amocanis ¨irobis tanaxmad, 𝐴𝐵 mona˜veti horizon˚tan
𝛼 ˜utxes adgens. ami˚om 𝐶𝐵 = 𝐿 cos𝛼 . meore mxriv, tu˜i 𝐵 burtulas 𝑡 dro
das˛irda 𝐶 `er˚il˝i misasvlelad, 𝐶𝐵 = 1

2 |
−→
Δ𝑔 |𝑡2 = 𝑔 sin𝛼 cos𝛼 𝑡2, radgan

|−→Δ𝑔| = 2𝑔 sin𝛼 cos𝛼 . amrigad 𝐿 cos𝛼 = 𝑔 sin𝛼 cos𝛼 𝑡2, rac (1.37.3) gan˚olebis
e˜vivalen˚uria.
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1.38 ˛urvebis ˚raek˚oriebis mxebi `iri

vtkvat kvemexma gaisrola horizon˚isadmi 𝛼 ˜utxit. tu˜i atvlis sis˚emis
sataves kvemexs davamtxvevt, ˛urvis mojraobis gan˚olebebi ikneba 𝑥 = 𝑉0 cos𝛼 𝑡
da 𝑦 = 𝑉0 sin𝛼 𝑡− 1

2𝑔𝑡
2. ¨irveli gan˚olebidan gamovsaxot dro 𝑡 = 𝑥/(𝑉0 cos𝛼)

da ´avsvat meore˝i. miviˆebt ˛urvis ˚raek˚oriis gan˚olebas:

𝑦 = 𝑥 tan𝛼 − 𝑔𝑥2

2𝑉 2
0 cos2 𝛼

= 𝑥 tan𝛼 − 𝑔𝑥2

2𝑉 2
0
(1 + tan2 𝛼) . (1.38.1)

𝑥-˜oordina˚is qoveli mni˝vnelobisatvis, maksimalur simaˆles mogvcems is
˛urvi, romlis gasrolis ˜utxe 𝛼 ˝eesabameba (1.38.1) gan˚olebit mocemuli
𝑦 (𝛼) punkciis maksimums. sinamdvile˝i 𝑦 mxolod tan𝛼-ze aris damo˜idebuli.
ami˚om maksimaluri simaˆlis ˝esabamisi 𝛼𝑚 ˜utxe ganisazˆvreba ¨irobit

𝑑𝑦

𝑑 tan𝛼

����
𝛼=𝛼𝑚

= 𝑥 − 𝑔𝑥2

𝑉 2
0

tan𝛼𝑚 .

rac gvajlevs

tan𝛼𝑚 =
𝑉 2
0

𝑔𝑥
.

tu˜i amas ´avsvamt (1.38.1)-˝i tan𝛼-s nacvlad, miviˆebt im `iris gan˚olebas,
romlis zemotac ˛urvebi ver adian:

𝑦 = 𝑥
𝑉 2
0

𝑔𝑥
− 𝑔𝑥2

2𝑉 2
0

(
1 +

𝑉 4
0

𝑔2𝑥2

)
=
𝑉 2
0
2𝑔

− 𝑔𝑥2

2𝑉 2
0
.

es aris ¨arabola (ixilet naxazi).

76



1.39 ci˜loidis simrudis radiusi

vtkvat borbali 𝑉 si´karit migoravs. borblis qoveli `er˚ili mona`ileobs
rogorc gada˚anit mojraoba˝i 𝑉 si´karit borblis cen˚rtan ertad, aseve
brunvit mojraoba˝i borblis cen˚ris mimart. kvemo 𝐴 `er˚il˝i gada˚aniti
mojraobis ®𝑉 si´kare da brunviti mojraobis ®𝑉𝑅𝐵 si´kare urtiertsa¨iris¨iro-
daa mimartuli, xolo zeda 𝐵 `er˚il˝i mat erti mimartuleba akvt (ixilet
naxazi).

tu˜i borbali srialis gare˝e migoravs, 𝐴 `er˚ili ujravia: ®𝑉 + ®𝑉𝑅𝐴 = 0.
akedan 𝑉𝑅 = | ®𝑉𝑅𝐵 | = | ®𝑉𝑅𝐴 | = 𝑉 da 𝐵 `er˚ilis si´kare dedami`is mimart
ikneba 𝑉𝐵 = 𝑉 + 𝑉𝑅 = 2𝑉 . borblis cen˚rtan da˜av˝irebul atvlis sis˚ema˝i,
𝐵 `er˚ils akvs 𝑎𝑐 = 𝑉 2/𝑅 cen˚ris˜enuli a´kareba. dedami`is mimart 𝐵

`er˚ilis a´karebaa ®𝑎𝐵 = ®𝑎𝑐 + ®𝑎, sadac ®𝑎 = 𝑑 ®𝑉
𝑑𝑡

aris borblis gada˚aniti
mojraobis a´kareba da is horizon˚aluradaa mimartuli. amrigad 𝐵 `er˚ilis
a´karebis ˚raek˚oriisadmi ¨er¨endi˜ularuli ˜om¨onen˚a ikneba 𝑎𝐵𝑛 = 𝑎𝑐 =

𝑉 2/𝑅. ˚raek˚oriis simrudis radiusi 𝐵 `er˚il˝i aris

𝜌 =
𝑉 2
𝐵

𝑎𝐵𝑛
=

4𝑉 2

𝑉 2/𝑅 = 4𝑅.

meore amoxsna. 𝐴 `er˚ilis ˜oordina˚ebi drois 𝑡 momen˚˝i ikneba (ixilet
naxazi)

𝑥 = 𝑉𝑡 − 𝑅 sin𝜔𝑡, 𝑦 = 𝑅 − 𝑅 cos𝜔𝑡 . (1.39.1)

77



radgan borbali srialis gare˝e migoravs, 𝑉 = 𝜔𝑅 da (1.39.1) ˝eijleba ase
gadav`erot

𝑥 = 𝑅 (𝜑 − sin𝜑) , 𝑦 = 𝑅 (1 − cos𝜑) . (1.39.2)

tu˜i ci˜loidis simrudis radiusi (𝑥,𝑦) `er˚il˝i aris 𝜌 , ma˝in moijebneba
iseti `re

(𝑥 − 𝑥𝑐)2 + (𝑦 − 𝑦𝑐)2 = 𝜌2, (1.39.3)

romelic am `er˚ilis maxlobloba˝i emtxveva ci˜loidas ise, rom 𝑥 da 𝑦

(1.39.3)-˝i ˝eijleba ˝evcvalot mati mni˝vnelobebit (1.39.2)-dan meore rigis
simciris `evrebis sizus˚it. ase rom (1.39.3) gan˚olebis orive mxare ˝eijleba
gava`armoot 𝜑-ti da 𝑥-is da 𝑦-is ¨irveli da meore `armoebulebi ˝eijleba
vi¨ovot (1.39.2) ˚olobebis gamoqenebit. es mogvcems

(1 − cos𝜑) (𝑥 − 𝑥𝑐) + sin𝜑 (𝑦 − 𝑦𝑐) = 0, (1.39.4)

sadac

𝑅(1 − cos𝜑) = 𝑑𝑥

𝑑𝜑
, 𝑅 sin𝜑 =

𝑑𝑦

𝑑𝜑
.

˜idev ertxel ga`armoeba mogvcems

sin𝜑 (𝑥 − 𝑥𝑐) + cos𝜑 (𝑦 − 𝑦𝑐) + 𝑅
[
(1 − cos𝜑)2 + sin2 𝜑

]
= 0, (1.39.5)

(1.39.4) da (1.39.5) ˝eadgenen gan˚olebata sis˚emas ori ucnobit: 𝑥 −𝑥𝑐 da 𝑦 −𝑦𝑐 .
misi amoxsna mogvcems

𝑥 − 𝑥𝑐 = −2𝑅 sin𝜑, 𝑦 − 𝑦𝑐 = 2𝑅(1 − cos𝜑).

´avsvat es (1.39.3) ˚oloba˝i:

𝜌2 = 4𝑅2 [
sin2 𝜑 + (1 − cos𝜑)2

]
= 8𝑅2(1 − cos𝜑) = 16𝑅2 sin2

𝜑

2
.

amrigad
𝜌 = 4𝑅 sin

𝜑

2
da radgan ci˜loidis umaˆles `er˚ils ˝eesabameba 𝜑 = 𝜋 , am `er˚il˝i 𝜌 = 4𝑅.
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1.40 i¨ovet a´kareba

vtkvat ®𝑟1 melias radius-vek˚oria, ®𝑟2 | jaˆlis. ¨irobis tanaxmad, ®𝑟1 − ®𝑟2
vek˚ori jaˆlis ®𝑉2 = 𝑑®𝑟2

𝑑𝑡
= ¤®𝑟2 si´karis vek˚oris ¨araleluria. ese igi

®𝑟1 − ®𝑟2 = 𝑘 (𝑡) ®𝑉2, (1.40.1)

sadac ¨ro¨orciulobis ˜oepicien˚i 𝑘 (𝑡) damo˜idebulia droze. devnis
dasa`qis˝i, ®𝑟1 = ®0, ®𝑟1 = (0,−𝑙), ®𝑉2 = (0,𝑉2) da (1.40.1) mogvcems 𝑘 (0) = 𝑙/𝑉2.
devnis bolos, roca jaˆli melias dai˛ers (tu˜i 𝑉2 > 𝑉1), ®𝑟1 − ®𝑟2 = 0 da
˝esabamisad 𝑘 (𝑇 ) = 0. igulixmeba. rom devna grjeldeba 𝑇 drois ganmavloba˝i
da i`qeba im momen˚˝i, roca ®𝑉1 da ®𝑉2 vek˚orebi urtiert¨er¨endi˜ularuli
arian (ixilet naxazi).

gava`armoot (1.40.1) gan˚oleba:

®𝑉1 − ®𝑉2 = ¤𝑘 ®𝑉2 + 𝑘 ¤®𝑉2. (1.40.2)

radgan jaˆlis si´kare sididit ar icvleba, ami˚om

𝑑𝑉 2
2

𝑑𝑡
=
𝑑 ®𝑉 2

2
𝑑𝑡

= 2 ®𝑉2 ·
𝑑 ®𝑉2
𝑑𝑡

= 2 ®𝑉2 · ¤®𝑉2 = 0.

ese igi jaˆlis a´kareba ¤®𝑉2 qoveltvis ¨er¨endi˜ularulia misi ®𝑉2 si´karis.

gavamravlot (1.40.2) gan˚oleba s˜alarulad ®𝑉2-ze da gavitvalis`inot ®𝑉2 · ¤®𝑉2 =
0, miviˆebt

®𝑉1 · ®𝑉2 −𝑉 2
2 = ¤𝑘 (𝑡)𝑉 2

2 . (1.40.3)

drois sa`qis 𝑡 = 0 momen˚˝i, ®𝑉1 · ®𝑉2 = 0 da (1.40.3) gvi´venebs, rom ¤𝑘 (0) = −1.
ami˚om (1.40.2) gan˚oleba 𝑡 = 0 momen˚˝i miiˆebs saxes

®𝑉1 − ®𝑉2 = −®𝑉2 + 𝑘 (0) ¤®𝑉2 = −®𝑉2 +
𝑙

𝑉2

¤®𝑉2.
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akedan vi¨ovit jaˆlis a´karebas drois sa`qis momen˚˝i:

¤®𝑉2(0) =
𝑉2 ®𝑉1
𝑙

.

1.41 ra dro˝i dai˛ers jaˆli melas?

(1.40.3) gan˚olebidan

𝑇∫
0

®𝑉1 · ®𝑉2𝑑𝑡 −
𝑇∫

0

𝑉 2
2 𝑑𝑡 =

𝑇∫
0

¤𝑘 (𝑡)𝑉 2
2 𝑑𝑡 . (1.41.1)

magram 𝑉 2
2 ar aris damo˜idebuli droze. ami˚om

𝑇∫
0
𝑉 2
2 = 𝑉 2

2𝑇 da

𝑇∫
0

¤𝑘 (𝑡)𝑉 2
2 𝑑𝑡 = 𝑉 2

2

𝑇∫
0

¤𝑘 (𝑡)𝑑𝑡 = 𝑉 2
2 [𝑘 (𝑇 ) − 𝑘 (0)] = −𝑙𝑉2,

radgan 𝑘 (𝑇 ) = 0 da 𝑘 (0) = 𝑙/𝑉2. meore mxriv, ®𝑉1 · ®𝑉2 = 𝑉1𝑉2𝑥 , radgan ®𝑉1 si´kare
qoveltvis 𝑥-ˆerjis gas`vrivaa mimartuli. ami˚om

𝑇∫
0

®𝑉1 · ®𝑉2𝑑𝑡 = 𝑉1

𝑇∫
0

𝑉2𝑥𝑑𝑡 = 𝑉 2
1𝑇,

radgan
𝑇∫
0
𝑉2𝑥𝑑𝑡 =

𝑇∫
0
𝑉1𝑥𝑑𝑡 = 𝑉1𝑇 (𝑥-ˆerjis gas`vriv jaˆlis da melias gadaadg-

ilebebi da˛eris momen˚amde urtiert˚olia). amrigad (1.41.1) miiˆebs saxes:
(𝑉 2

1 −𝑉 2
2 )𝑇 = −𝑙𝑉2. akedan

𝑇 =
𝑙𝑉2

𝑉 2
2 −𝑉 2

1
.

1.42 ra ¨irobeb˝i amova burtula ˛idan?

absoliturad dre˜adi are˜vlis dros (˛is ˜edlebidan) si´karis ver˚i˜aluri
˜om/ponen˚a ar icvleba. ami˚om ˛is ˜edlebis arseboba ver˚i˜aluri mimar-
tulebit mojraobaze gavlenas ver moaxdens. ma˝asadame 𝐻 = 1

2𝑔𝑡
2, sadac 𝑡
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aris is dro romlis ganmavloba˝ic burtula daecema ps˜erze, sadac is
absolituraed dre˜adad aire˜leba da isev 𝑡 drois ˝emdeg is aˆmo´ndeba

sa`qis simaˆleze. es ni˝navs, rom qoveli 𝑡𝑛 = 𝑛 · 2𝑡 = 2𝑛
√︃

2𝐻
𝑔

drois ˝emdeg

burtula sa`qis simaˆleze ikneba. burtula amova ˛idan, tu˜i am dros is
aˆmo´ndeba ˛is ¨erime˚rtan. ganvixilot horizon˚aluri mojraoba (ixilet
naxazi. is ˝eesabameba 𝛼 = 54◦ ˜utxes).

radgan 𝑂𝐴 = 𝑂𝐵 = 𝑅, ami˚om ∠𝑂𝐵𝐴 = ∠𝑂𝐴𝐵 = 𝛼 . ∠𝑂𝐵𝐶 = ∠𝑂𝐵𝐴
radgan are˜vla absolu˚urad dre˜adia. ma˝asadame △𝑂𝐶𝐵 = △𝑂𝐵𝐴 da
𝐶𝐵 = 𝐵𝐴 = 2𝑅 cos𝛼 . analogiurad 𝐷𝐶 − 𝐶𝐵, 𝐺𝐸 = 𝐷𝐶 da a. ˝. ma˝asadame
burtula ˛is ˜edlebtan aˆmo´ndeba qoveli

𝑇𝑚 =𝑚
𝐴𝐵

𝑉0
=𝑚

2𝑅 cos𝛼
𝑉0

drois ˝emdeg, sadac 𝑚 mteli ricxvia. burtula amova ˛idan tu˜i moijebneba
iseti mteli 𝑛 da 𝑚 ricxvebi, rom 𝑡𝑛 = 𝑇𝑚 , anu

𝑛

√︄
2𝐻
𝑔

=𝑚
𝑅 cos𝛼
𝑉0

.

vtkvat burtula ˛idan amodis 𝐹 `er˚il˝i (romelic sa`qis 𝐴 `er˚ils
daemtxveva tu˜i 𝛼 = 54◦). ma˝in burtulas ver˚i˜aluri 𝑦 ˜oordina˚is
droze damo˜idebuleba skema˚urad na´venebia naxazze da ase gamoiqureba
(tu˜i 𝑛 = 2 da 𝑚 = 5):
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1.43 ra si´karit mojraobs quti?

˚rosis sigrje ar icvleba, tu˜i misi nebismieri `er˚ilis si´karis ¨roekcia
˚rosis gas`vriv erti da igivea ˚rosis qvela `er˚ilisatvis. ma˝asadame quti
iseti ®𝑉 si´karit mojraobs, rom misi ¨roekcia ¨irvel ˚rosze udris 𝑉1-s da
meore ˚rosze 𝑉2-s. es gvi´venebs, rom ®𝑉 ase ˝eijleba vi¨ovot: movdot ®𝑉1 da
®𝑉2 ert sa`qis `er˚il˝i. igive `er˚ili ikneba ®𝑉 vek˚oris satave. ®𝑉1 da ®𝑉2
vek˚orebis boloobidan aˆvmartot ¨er¨endi˜ularebi am vek˚orebis mimart.
am ¨er¨endi˜ularebis gada˜veta mogvcems ®𝑉 vek˚oris bolos (ixilet naxazi).

△𝑂𝐴𝐶 da △𝑂𝐶𝐵 mart˜utxa sam˜utxedebidan 𝐴𝐶 = 𝑉 sin𝛼2 da 𝐶𝐵 =

𝑉 sin𝛼1. magram ∠𝐴𝐶𝐵 = 360◦−𝛼 −2 ·90◦ = 180◦−𝛼 da radgan cos (180◦ − 𝛼) =
− cos𝛼 , △𝐴𝐶𝐵 sam˜utxed˝i ˜osinusebis teoreba mogvcems

𝐴𝐵2 = 𝐴𝐶2 +𝐶𝐵2 + 2𝐴𝐶 ·𝐶𝐵 cos𝛼 = 𝑉 2 [
sin2 𝛼1 + sin2 𝛼2 + 2 sin𝛼1 sin𝛼2 cos𝛼

]
.

magram radgan 𝛼 = 𝛼1 + 𝛼2, cos𝛼 = cos𝛼1 cos𝛼2 − sin𝛼1 sin𝛼2, sin𝛼 =

sin𝛼1 cos𝛼2 + cos𝛼1 sin𝛼2 da advilad ˝evamo`mebt, rom

sin2 𝛼1 + sin2 𝛼2 + 2 sin𝛼1 sin𝛼2 cos𝛼 = [sin𝛼1 cos𝛼2 + cos𝛼1 sin𝛼2]2 = sin2 𝛼.

ma˝asadame 𝑉 = 𝐴𝐵/sin𝛼 . meore mxriv, ˜osinusebis teorema △𝑂𝐴𝐵 sam˜utxed˝i
gvajlevs 𝐴𝐵2 = 𝑉 2

1 +𝑉 2
2 − 2𝑉1𝑉2 cos𝛼 . sabollod miviˆebt, rom qutis si´karea

𝑉 =
1

sin𝛼

√︃
𝑉 2
1 +𝑉 2

2 − 2𝑉1𝑉2 cos𝛼.

1.44 mojravi velosi¨edis surati

s¨icis 𝐵 `er˚ilis gamosaxuleba ar gaidˆabneba, tu˜i misi si´kare ®𝑉 am s¨icis
¨araleluria. borblis brunvis mqisieri cen˚ria 𝐴 (radgan borblis am
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`er˚ilis si´kare nulis ˚olia). ese igi ®𝑉 ¨er¨endi˜ularulia 𝐴𝐵 radius-
vek˚oris (ixilet naxazi).

tu˜i 𝐵 `er˚ilis ¨olaruli ˜oordina˚ebia (𝑟, 𝜑), ma˝in ∠𝑂𝐴𝐵 = 90◦-𝜑
da △𝑂𝐴𝐵 mart˜utxa sam˜utxedidan 𝑟 = 𝑅 cos ∠𝑂𝐴𝐵 = 𝑅 sin𝜑 . vi¨ovot 𝐵

`er˚ilis de˜ar˚es ˜oordina˚ebi:

𝑥 = 𝑟 cos𝜑 = 𝑅 sin𝜑 cos𝜑 =
1
2
𝑅 sin 2𝜑,

𝑦 = 𝑟 sin𝜑 = 𝑅 sin2 𝜑 =
1
2
𝑅 (1 − cos 2𝜑) .

ma˝asadame

𝑥2 +
(
𝑦 − 1

2
𝑅

)2
=

(
1
2
𝑅

)2
.

es aris `ris gan˚oleba, romlis cen˚ric (0, 𝑅/2) `er˚il˝ia da radiusia 𝑅/2.
amrigad ar gaidˆabnebian is `er˚ilebi, romlebic ganlagebulia 𝑅/2 radiusis
`reze, romlis diame˚ricaa 𝑂𝐴.

1.45 maksimaluri da minimaluri si´kare

𝐴 da 𝐵 `er˚ilebs ˝oris manjili ar icvleba (udris 𝑟-s). ma˝asadame 𝐴

da 𝐵 `er˚ilebis si´kareebis ¨roekciebi 𝐴𝐵 mimartulebaze erti da igivea.
radgan 𝐵 `er˚ili ujravia, es ni˝navs, rom 𝐴 `er˚ilis si´kare ®𝑉𝐴 𝐴𝐵
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mona˜vetis ¨er¨endi˜ularulia (e.i. ujravi rgolis mxebis gas`vrivaa mimar-
tuli). analogiurad, is rom 𝐴 da 𝐶 `er˚ilebs ˝oris manjili ucvlelia
(isic udris 𝑟-s) ni˝navs, rom 𝑉𝐴 cos 𝛽 = 𝑉𝐶 cos𝛾 (ixilet naxazi).

∠𝐷𝐴𝐵 = 2𝛼 , rogorc △𝐵𝐴𝐶 sam˜utxedis gare ˜utxe. ma˝asadame 𝛽 =

90◦ − ∠𝐷𝐴𝐵 = 90◦ − 2𝛼 . meore mxriv, △𝐵𝐴𝐶 = △𝐵𝑂𝐶 da ma˝asadame ∠𝐵𝐶𝑂 = 𝛼 .
ma˝in 𝛾 = 90◦−∠𝐴𝐶𝐵−∠𝐵𝐶𝑂 = 90◦−2𝛼 . rogorc vxedavt, 𝛽 = 𝛾 da ma˝asadame
𝑉𝐴 = 𝑉𝐶 = 𝜔𝑅, rac ni˝navs rom 𝐴 `er˚ilis mojraobis dros misi si´karis
sidide ar icvleba da udris (𝜔𝑅)-s.

meore amoxsna. gadavidet sis˚ema˝i, romelic 1
2𝜔 ˜utxuri si´karit

brunavs imave mimartulebit, rogorc mbrunavi rgoli. am sis˚ema˝i, sime˚riidan
gamomdinare, 𝐴 `er˚ili ver˚i˜alurad mojraobs 𝐴𝑂 `rpis gas`vriv (ixilet
naxazi).

tu˜i 𝑡 = 0 drois momen˚˝i 𝐴 da 𝑂 `er˚ilebi ertmanets emtxveva, ma˝in
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𝜃 = 1
2𝜔𝑡 da ∠𝐴𝑂𝐵 = 90◦ − 𝜃 . △𝐴𝑂𝐵 ˚olperda sam˜utxedidan

𝐴𝑂 = 2𝑅 cos ∠𝐴𝑂𝐵 = 2𝑅 sin𝜃 = 2𝑅 sin
(
1
2
𝜔𝑡

)
.

ma˝asadame 𝐴 `er˚ilis si´kare mbrunav sis˚ema˝i aris

𝑉 ′
𝐴 =

𝑑

𝑑𝑡
𝐴𝑂 = 𝑅𝜔 cos

(
1
2
𝜔𝑡

)
.

mbrunavi sis˚emis im `er˚ilis si´kare ujravi sis˚emis mimart, romelic 𝐴

`er˚ils emtxveva drois mocemul momen˚˝i, aris 𝑢𝐴 = 1
2𝜔 𝐴𝑂 = 𝑅𝜔 sin

( 1
2𝜔𝑡

)
.

𝐴 `er˚ilis si´kare ujravi sis˚emis mimart aris ®𝑉𝐴 = ®𝑉 ′
𝐴
+ ®𝑢𝐴. magram ®𝑉 ′

𝐴
da ®𝑢𝐴

urtiert¨er¨endi˜ularulia, radgan ®𝑢𝐴 ¨er¨endi˜ularulia 𝐴𝑂 radius-
vek˚oris. ma˝asadame 𝑉 2

𝐴
= 𝑉 ′2

𝐴
+𝑢2

𝐴
= 𝑅2𝜔2 da 𝑉𝐴 = 𝑅𝜔 ar aris damo˜idebuli

droze.

1.46 ras udris burtulas a´kareba?

japis im mona˜vetis sigrje, romelic ¨rizmazea mcirdeba 𝑎𝑡2

2 -it 𝑡 dro˝i
(ixilet naxazi).

ma˝asadame 𝐴 burtulas a´kareba ¨rizmis mimart udris 𝑎-s da mimartulia
¨rizmis zeda¨iris gas`vriv zemot. meore mxriv tavad ¨rizma ujravi sis˚emis
mimart mojraobs igive 𝑎 a´karebit, oˆond horizon˚alurad. ujravi sis˚emis
mimart burtulas a´kareba ®𝑎𝐴 udris am ori a´karebis vek˚orul ˘ams (ixilet
naxazi).
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˜osinusebis teoremis gamoqenebit miviˆebt

𝑎2𝐴 = 𝑎2 + 𝑎2 − 2𝑎2 cos𝛼 = 2𝑎2(1 − cos𝑎𝑙𝑝ℎ𝑎) = 4𝑎2 sin2
𝛼

2
.

ma˝asadame 𝑎𝐴 = 2𝑎 sin 𝛼
2 . radgan ®𝑎𝐴 mudmivi vek˚oria da 𝐴 burtulas sa`qisi

si´kare nulis ˚olia, misi ˚raek˚oria ikneba `rpis mona˜veti ®𝑎𝐴 vek˚oris
gas`vriv, sanam burtula ¨rizmaze ikneba (ixilet naxazi).

1.47 ras udris minimaluri manjili?

vtkvat drois raˆac momen˚˝i jaˆlis si´kare ®𝑉2 𝛼 ˜utxes adgens horizon˚tan
(ixilet naxazi).

cxadia, rom 𝐴𝐵 mona˜vetis sigrje 𝑉2 −𝑉1 cos𝛼 si´karit mcirdeba. ami˚om
tu˜i ®𝑟 aris radius-vek˚ori jaˆlidan meliamde,

𝑑𝑟

𝑑𝑡
= 𝑉1 cos𝛼 −𝑉2.

meore mxriv, ®𝑟 vek˚oris 𝑥-¨roekcia Δ𝑡 dro˝i gaizrdeba 𝑉1Δ𝑡-ti 𝐵 `er˚ilis
mojraobis xar˘ze da ˝emcirdeba 𝑉2 cos𝛼 Δ𝑡-ti 𝐴 `er˚ilis mojraobis xar˘ze.
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ami˚om
𝑑

𝑑𝑡
𝑟𝑥 = 𝑉1 −𝑉2 cos𝛼.

ma˝in
𝑉2
𝑑𝑟

𝑑𝑡
+𝑉1

𝑑

𝑑𝑡
𝑟𝑥 = 𝑉 2

1 −𝑉 2
2 .

tu˜i 𝑉1 = 𝑉2 = 𝑉 , miviˆebt

𝑉
𝑑

𝑑𝑡
(𝑟 + 𝑟𝑥 ) = 0

da 𝑟 + 𝑟𝑥 = const. devnis dasa`qis˝i 𝑟𝑥 = 0, 𝑟 = 𝑙 . didi drois ˝emdeg jaˆli
da mela ¨rak˚i˜ulad ert xazze imojraveben da, ma˝asadame, 𝑟𝑥 = 𝑟 = 𝑙𝑚𝑖𝑛.
ma˝in 𝑟 + 𝑟𝑥 sididis ˝enaxvis ˜anoni mogvcems 𝑙 = 2𝑙𝑚𝑖𝑛 da 𝑙𝑚𝑖𝑛 = 1

2𝑙 .

1.48 dis˜is cen˚ris si´kare

dis˜is qoveli `er˚ili mona`ileobs or mojraoba˝i: gada˚aniti mojraoba
dis˜is cen˚rtan ertad da brunviti mojraoba dis˜is cen˚ris gar˝emo.
aˆvni˝not ®𝑟1 =

−→
𝐴𝐶 da ®𝑟2 =

−−→
𝐵𝐷 (ixilet naxazi).

gav˝alot dis˜is cen˚ris si´kare ®𝑉 ®𝑟1/𝑟1 da ®𝑟2/𝑟2 erteuli vek˚orebis
mimart:

®𝑉 = 𝛼
®𝑟1
𝑟1

+ 𝛽
®𝑟2
𝑟2
.

ma˝in
𝑉 2 = 𝛼2 + 𝛽2 + 2𝛼𝛽 cos𝛼, (1.48.1)
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radgan ®𝑟1 · ®𝑟2 = 𝑟1𝑟2 cos𝛼 . dis˜is 𝐶 `er˚ilis si´kare aris

®𝑉𝐶 = ®𝑉 − 𝜔𝑅
®𝑟1
𝑟1

= (𝛼 − 𝜔𝑅) ®𝑟1
𝑟1

+ 𝛽
®𝑟2
𝑟2
,

xolo 𝐷 `er˚ilis si´kare

®𝑉𝐷 = ®𝑉 − 𝜔𝑅
®𝑟2
𝑟2

= (𝛽 − 𝜔𝑅) ®𝑟2
𝑟2

+ 𝛼
®𝑟1
𝑟1
.

radgan japi u˛imvadia, 𝐴 da 𝐶 `er˚ilebis si´kareebis ¨roekciebi 𝐴𝐶 mimar-
tulebaze erti da igivea. magram 𝐴 `er˚ili ujravia. ami˚om 𝐶 `er˚ilis
si´kare 𝐴𝐶-s ¨er¨endi˜ularuli unda iqos. amrigad

®𝑟1 · ®𝑉𝐶 = (𝛼 + 𝛽 cos𝛼 − 𝜔𝑅)𝑟1 = 0,

rac gvajlevs
𝛼 + 𝛽 cos𝛼 = 𝜔𝑅. (1.48.2)

analogiuri ms˘eloba 𝐵 da 𝐷 `er˚ilebis mimart mogvcems

®𝑟2 · ®𝑉𝐷 = (𝛼 cos𝛼 + 𝛽 − 𝜔𝑅)𝑟2 = 0.

ma˝asadame
𝛼 cos𝛼 + 𝛽 = 𝜔𝑅. (1.48.3)

tu˜i (1.48.2) gan˚olebidan gamova˜lebt (1.48.3) gan˚olebas, miviˆebt (𝛼 − 𝛽) (1−
cos𝛼) = 0 da radgan 𝑐𝑜𝑠𝛼 ≠ 1, davas˜vnit, rom 𝛼 = 𝛽 . ma˝in (1.48.2) mogvcems

𝛼 =
𝜔𝑅

1 + cos𝛼
.

qovelive amis gatvalis`ineba (1.48.1)-˝i mogvcems

𝑉 2 =
2𝜔2𝑅2

1 + cos𝛼
=

𝜔2𝑅2

cos2 (𝛼/2) .

ma˝asadame

𝑉 =
𝜔𝑅

cos (𝛼/2) .

meore amoxsna. rogorc u˜ve vnaxet, japebis gau˛imvadoba ni˝navs, rom 𝐶

`er˚ilis si´kare 𝐴𝐶 japis ¨er¨endi˜ularulia, xolo 𝐷 `er˚ilis si´kare
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𝐵𝐷 japis ¨er¨endi˜ularulia. ami˚om dis˜is brunvis mqisieri cen˚ri 𝐴𝐶 da
𝐵𝐷 `rpeebis gada˜vetis 𝐸 `er˚il˝i mdebareobs. ma˝in dis˜is 𝑂 cen˚ris si´kare
ikneba 𝐸𝑂 mona˜vetis ¨er¨endi˜ularuli da ˚oli 𝜔𝑙-is, sadac 𝑙 = 𝑅/𝑠𝑖𝑛𝜃
aris 𝐸𝑂 mona˜vetis sigrje (𝑂 `er˚ilis da˝oreba brunvis mqisieri cen˚ridan,
ixilet naxazi).

naxazidan cxadia, rom 𝛼 + 2𝜃 = 𝜋 . ma˝asadame

𝜃 =
𝜋

2
− 𝛼

2
, 𝑙 =

𝑅

cos (𝛼/2) ,

da dis˜is cen˚ris si´kare ikneba

𝑉 =
𝜔𝑅

cos (𝛼/2) .

1.49 cilindris ˆerjis si´kare

cilindris qoveli `er˚ili mona`ileobs or mojraoba˝i: gada˚aniti mojraoba
cilindris cen˚rtan ertad ®𝑉𝐶 si´karit da brunviti mojraoba cilindris
cen˚ris gar˝emo raˆac 𝜔 ˜utxuri si´karit. radgan cilindri dasrialebis
gare˝e mojraobs, cilindris 𝐵 `er˚ilis si´kare igivea rac horizon˚aluri
zeda¨iris si´kare da ma˝asadame udris 𝑉 -s. meore mxriv, 𝐵 `er˚il˝i
brunviti mojraobis si´kares da ®𝑉𝐶 vek˚ors erti da igive mimartuleba akvt
(ixilet naxazi). ami˚om ˝egvijlia dav`erot

𝑉 = 𝑉𝑐 + 𝜔𝑅 (1.49.1)
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ganvixilot axla cilindris 𝐴 `er˚ili. radgan gau˛imvadi japis 𝐶 `er˚ili
ujravia, 𝐴 `er˚ilis si´karis ¨roekcia japis gas`vriv nulis ˚oli unda iqos.
𝐴 `er˚il˝i brunviti mojraobis 𝜔𝑅 si´kare japis gas`vriv aris mimartuli,
xolo gada˚aniti mojraobis ®𝑉𝐶 si´karis ¨roekcia japis gas`vriv sa¨iris¨iro
ni˝nisaa da sididit udris 𝑉𝐶 cos ( 𝜋2 − 𝛼) = 𝑉𝐶 sin𝛼-s (ixilet naxazi).

ami˚om 𝜔𝑅 = 𝑉𝐶 sin𝛼 . amis gatvalis`ineba (1.49.1)-˝i mogvcems

𝑉𝐶 =
𝑉

1 + sin𝛼
.

1.50 mo˚oriani navi da ˜ilva˚eruli ˚alˆebi

𝐴 `er˚il˝i gamosxivebuli ˚alˆa na¨iris 𝐵 `er˚il˝i miva 𝑡1 = 𝐴𝐵
𝑢

drois
˝emdeg (ixilet naxazi).
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magram navs das˛irdeba 𝑡2 =
𝑅𝜑

𝑉
dro rom 𝐶 `er˚ilidan 𝐴 `er˚il˝i

mivides. amrigad 𝐵 `er˚il˝i ˚alˆa miva navis ˝emobrunebis da`qebidan
𝑡 = 𝑡1 + 𝑡2 drois ˝emdeg. naxazidan cxadia, rom 𝐴𝐵 = 𝐿 − 𝑅 sin𝜑 . ami˚om

𝑡 =
𝐿 − 𝑅 sin𝜑

𝑢
+ 𝑅𝜑

𝑉
. (1.50.1)

rom vi¨ovot, tu ra 𝜑𝑚 ˜utxe ˝eesabameba im ˚alˆas, romelic qvelaze adre
miva na¨irtan, gava`armoot 𝑡 (𝜑) punkcia da ˝edegi gavu˚olot nuls:

𝑅

𝑉
− 𝑅

𝑢
cos𝜑𝑚 = 0.

akedan cos𝜑𝑚 = 𝑢/𝑉 da amis gatvalis`ineba (1.50.1)-˝i mogvcems

𝑡𝑚 =
𝐿

𝑢
+ 𝑅

𝑉
arccos

𝑢

𝑉
− 𝑅

𝑢

√︂
1 − 𝑢2

𝑉 2 .

meore amoxsna. hiugensis ¨rinci¨is tanaxmad, roca navi 𝑉 > 𝑢 si´karit
mojraobs `qlis zeda¨irze is aˆagznebs ˜ilva˚erul ˚alˆas solisebri
pron˚it (ixilet naxazi).

tu˜i navi 𝑡 dro˝i gadaadgildeba 𝑉𝑡 manjilze, sa`qis `er˚il˝i `armo˝vebuli
˚alˆa gadaadgildeba 𝑢𝑡 manjilze. ami˚om naxazidan cxadia, rom soliseburi
pron˚is naxevradga˝lis ˜utxe (maxis ˜utxe) 𝛼 ganisazˆvreba ¨irobidan

sin𝛼 =
𝑢

𝑉
.
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radgan ˚alˆis pron˚i vrceldeba misadmi ¨er¨endi˜ularuli mimartulebit,
naxazidan cxadia, rom na¨irtan ¨irvelad miva pron˚is is na`ili, romelic
horizon˚alurad mojraobs (naxazze es aris na`ili 𝐴).

ma˝asadame, gamosxivebis momen˚˝i, pron˚is 𝐴 na`ilis ˝esabamisi maxis ˜utxis
gverdi horizon˚aluri iqo (ixilet naxazi).

naxazidan cxadia, rom 𝜑𝑚 = 90◦ − 𝛼 . ma˝asadame

cos𝜑𝑚 = sin𝛼 =
𝑢

𝑉
.
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sain˚eresoa vi¨ovot ˜ilva˚eruli ˚alˆis pron˚is porma im ˝emtxveva˝i,
roca navi naxevar`reze mojraobs. matema˚i˜idan cnobilia, rom tu˜i mocemu-
lia 𝜑 ¨arame˚rze damo˜idebuli `irebis o˘axi 𝐹 (𝑥,𝑦, 𝜑) = 0, ma˝in am o˘axis
mxebi `iri (o˘axis ˝emadgeneli `irebis momvlebi) ganisazˆvreba gan˚olebebit

𝐹 (𝑥,𝑦, 𝜑) = 0,
𝜕

𝜕𝜑
𝐹 (𝑥,𝑦, 𝜑) = 0.

mojravi navi ˚raek˚oriis im `er˚il˝i, romelsac 𝜑 ˜utxe ˝eesabameba, drois
𝑡𝜑 =

𝑅𝜑

𝑉
momen˚˝i aˆagznebs `riul ˚alˆas `qlis zeda¨irze. tu˜i ´ven

saboloo surats vuqurebt drois im 𝑡 = 𝑡𝜋 momen˚˝i, roca navi ˝emobrunebas
amtavrebs, ma˝in am `riuli ˚alˆis radiusi ikneba 𝑢 (𝑡 − 𝑡𝜑 ) = 𝜖𝑅(𝜋 −𝜑), sadac
𝜖 = 𝑢/𝑉 . ami˚om drois 𝑡 = 𝑡𝜋 momen˚˝i aˆznebuli `riuli ˚alˆebis o˘axi
moicema gan˚olebit

𝐹 (𝑥,𝑦, 𝜑) = (𝑥 − 𝑅 sin𝜑)2 + (𝑦 + 𝑅 cos𝜑)2 − 𝜖2𝑅2(𝜋 − 𝜑)2 = 0. (1.50.2)

rom vi¨ovot am `reebis momvlebi `iri, (1.50.2) gan˚olebas unda davuma˚ot
gan˚oleba

1
2

𝜕

𝜕𝜑
𝐹 (𝑥,𝑦, 𝜑) = cos𝜑 (𝑥 −𝑅 sin𝜑) +sin𝜑 (𝑦+𝑅 cos𝜑) −𝜖2𝑅(𝜋 −𝜑) = 0. (1.50.3)

aˆvni˝not
𝐴 = 𝑥 − 𝑅 sin𝜑, 𝐵 = 𝑦 + 𝑅 cos𝜑.

ma˝in (1.50.3)-is tanaxmad

𝐴 =
1

cos𝜑
[
𝜖2𝑅(𝜋 − 𝜑) − sin𝛼 𝐵

]
(1.50.4)

da tu amas ´avsvamt (1.50.2) gan˚oleba˝i, miviˆebt ˜vadra˚ul gan˚olebas 𝐵

sididis mimart:

𝐵2 − 2𝜖2𝑅(𝜋 − 𝜑) sin𝜑 𝐵 + 𝜖2𝑅2(𝜖2 − cos2 𝜑) = 0.

misi amoxsna mogvcems

𝐵 = 𝜖2𝑅(𝜋 − 𝜑) sin𝜑 ± 𝜖
√
1 − 𝜖2 𝑅(𝜋 − 𝜑) cos𝜑.

˝esabamis 𝐴-s vi¨ovit (1.50.4)-is gamoqenebit:

𝐴 = 𝜖2𝑅(𝜋 − 𝜑) cos𝜑 ∓ 𝜖
√
1 − 𝜖2 𝑅(𝜋 − 𝜑) sin𝜑.
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radgan 𝜖 = sin𝛼 ,

𝜖 cos𝛼 ∓
√
1 − 𝜖2 sin𝜑 = sin(𝛼 ∓ 𝜑), 𝜖 sin𝛼 ±

√
1 − 𝜖2 cos𝜑 = ± cos(𝛼 ∓ 𝜑).

ami˚om sabolood gare da ˝iga ˜ilva˚eruli ˚alˆebis pron˚ebi aˆi`ereba
gan˚olebebit

𝑥± = 𝑅 sin𝜑 + 𝜖𝑅(𝜋 − 𝜑) sin (𝛼 ± 𝜑),
𝑦± = −𝑅 cos𝜑 ∓ 𝜖𝑅(𝜋 − 𝜑) cos (𝛼 ± 𝜑). (1.50.5)

˝evni˝not, rom

𝑟 2± = 𝑥2± + 𝑦2± = 𝑅2 + 𝑢2(𝑡 − 𝑡𝜑 )2 ± 2𝑅𝑢 (𝑡 − 𝑡𝜑 ) cos𝛼

da mas akvs minimaluri mni˝vneloba 𝑟𝑚𝑖𝑛 = 𝑅 sin𝛼 = 𝜖𝑅, romelic ˝ida
˜ilva˚eruli ˚alˆisatvis (𝑟−) miiˆ`eva pizi˜urad dasa˝vebi 𝑡−𝑡𝜑 = 𝑅

𝑢
cos𝛼 >

0 drois momen˚˝i (gare ˜ilva˚eruli ˚alˆisatvis, 𝑟+ minimums aˆ`evs roca
𝑡−𝑡𝜑 = −𝑅

𝑢
cos𝛼 < 0, rac gvajlevs arapizi˜ur si˚uacias, radgan am ˝emtxveva˝i

da˜virvebis dro 𝑡 na˜lebia pron˚is im pragmen˚is gamosxivebis 𝑡𝜑 droze, rom-
lis radius-vek˚oris sididec gvain˚eresebs drois am momen˚˝i). es ni˝navs
rom ˝ida ˜ilva˚eruli ˚alˆis pron˚s akvs ˜aus˚i˜a (`a`ve˚ebuli ˝verili,
ixilet naxazi) da misi pron˚is arcerti na`ili ar ˝edis 𝑟𝑚𝑖𝑛 = 𝜖𝑅 radiusis
`ris ˝ignit (`iteli `re naxazze).

(1.50.5) gan˚olebebi ˝eijleba miviˆot upro pizi˜uri mosazrebebidanac.
gava˜etot es gare ˜ilva˚eruli ˚alˆisatvis. ˚alˆis pron˚is is na`ili,
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romelic gamosxivda 𝜑 ˜utxis ˝esabamis 𝐴 `er˚il˝i, 𝑡 −𝑡𝜑 drois ganmavloba˝i
gadaadgildeba maxis ˜utxis gare gverdis ¨er¨endi˜ularulad 𝐴𝐵 = 𝑢 (𝑡 − 𝑡𝜑 )
manjilze da aˆmo´ndeba 𝐵 `er˚il˝i (ixilet naxazi).

naxazidan cxadia, rom 𝛼 + 90◦ + 𝛽 + 𝜑 = 180◦. ma˝asadame 𝛽 = 90◦ − (𝛼 + 𝛽)
da 𝐵 `er˚ilis ˜oordina˚ebi ikneba

𝑥 = 𝑅 sin𝜑 +𝐴𝐵 cos 𝛽 = 𝑅 sin𝜑 + 𝑢 (𝑡 − 𝑡𝜑 ) sin (𝛼 + 𝛽)

da
𝑦 = −𝑅 cos𝜑 −𝐴𝐵 sin 𝛽 = −𝑅 cos𝜑 − 𝑢 (𝑡 − 𝑡𝜑 ) cos (𝛼 + 𝛽).

magram radgan 𝑢 (𝑡−𝑡𝜑 ) = 𝜖𝑅(𝜋−𝜑), es igivea, rac 𝑥+ da 𝑦+ (1.50.5) gan˚olebebidan.

1.51 tvitmprinavis mbrunavi ¨ro¨eleris po˚o

vtkvat ¨ro¨eleri brunavs saatis isris mimartulebit da vtkvat 𝑂𝐴 la¨o˚i
˝exvda s˜anirebis ver˚i˜alur xazs, romelic marcxnidan mar˘vniv mojraobs,
𝐴 `er˚il˝i da dai`qo am la¨o˚is gamosaxuleba po˚oze. es gamosaxuleba
droebit damtavrdeba an 𝐵 `er˚il˝i, roca la¨o˚i gadaas`rebs s˜anirebis
xazs (ixilet marcxena naxazi), an ¨ro¨eleris cen˚ralur 𝑂 `er˚il˝i, tu˜i
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s˜anirebis xazi miva 𝑂 `er˚il˝i manamde, vidre la¨o˚i mas gadaas`rebs (ixilet
˝uatana naxazi). ˜idev erti varian˚i, roca la¨o˚is gamosaxuleba mtlianad
po˚os kveda na`il˝i ikneba, ˝eesabameba si˚uacias, roca im momen˚˝i, roca
s˜anirebis ver˚i˜aluri xazi 𝑂 `er˚il˝i miva, la¨o˚i mis mar˘vniv imqopeba,
ase rom la¨o˚is gamosaxuleba po˚oze i`qeba 𝑂 `er˚il˝i da mtavrdeba 𝐵

`er˚il˝i, roca s˜anirebis xazi la¨o˚is gad˜vetas ˝e`qvi˚avs (ixilet mar˘vena
naxazi).

amrigad am ˝emtxveva˝i mosalodnelia, rom po˚os kveda na`il˝i la¨o˚ebis
upro me˚i gamosaxuleba gvekneba, vidre zeda na`il˝i. radgan ¨ro¨eleris
po˚oze sruliad sa`inaaˆmdego si˚uacia gvakvs, vas˜vnit, rom ¨ro¨eleri
saatis sa`inaaˆmdegod brunavs.

po˚oze la¨o˚is erti gamosaxuleba titkmis ver˚i˜aluri s`ori xazis
mona˜vetia. es ni˝navs, rom roca s˜anirebis ver˚i˜alur xazma miaˆ`ia 𝑂 cen˚rs,
ert-erti la¨o˚i (𝑂𝐴) mis `in iqo da mcire ˜utxes adgenda ver˚i˜altan
(ixilet naxazi).

am la¨o˚is gamosaxulebas po˚oze kveda na`ili ara akvs. es ni˝navs, rom
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¨ro¨eleris la¨o˚ebis ricxvi ˜en˚ia (vgulisxmobt, ro la¨o˚ebi ¨ro¨eler˝i
sime˚riulad arian ganlagebuli. ixilet naxazi).

garda amisa naxazidan cxadia, rom qvela im la¨o˚is gamosaxuleba, romlebic
drois am momen˚˝i s˜anirebis xazis mar˘vniv arian, dai`qeba 𝑂 `er˚il˝i.
po˚oze 𝑂𝐴 la¨o˚is gamosaxulebis garda mxolod erti aseti gamosaxulebaa.
ami˚om vas˜vnit, rom ¨ro¨eleris la¨o˚ebis ricxvi udris sams (ixilet naxazi).

aˆvni˝not ∠𝐷𝑂𝐴 = 𝛽 , ∠𝐷𝑂𝐹 = 𝛼1 da ∠𝐷𝑂𝐸 = 𝛼2 (ixilet marcxena naxazi).
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u˝ualo gazomvit (magalitad, am ins˚rumen˚is gamoqenebit) vi¨ovit 𝛼1 ≈
24◦ da 𝛼2 ≈ 16◦. meore mxriv, aseve u˝ualo gazomvit (magalitad, am
ins˚rumen˚is gamoqenebit) vi¨ovit rom mar˘vena suratze 𝐸𝐸′ da 𝐹𝐹 ′ ver˚i˜aluri
xazebi erti da igive majilit arian da˝orebuli 𝐴𝐴′ ver˚i˜aluri xazidan
da es manjili ˝eadgens po˚os siganis 0.15 na`ils. radgan suratis s˜anirebis
sruli dro 1/8 `amia, ˝esabamisi drois ˝ualedi ikneba 𝜏 = 0.15/8 = 0.01875
`ami.

𝜏 drois ganmavloba˝i 𝑂𝐵 la¨o˚i unda ˝emobrundes 120◦ + 𝛽 −𝛼1 ˜utxit
rom misi bolo mivides 𝐹 `er˚il˝i da daasrulos misi gamosaxulebis
pormireba. meore mxriv, igive 𝜏 drois `in 𝑂𝐶 la¨o˚is bolo iqo 𝐸

`er˚il˝i, sadac misi gamosaxulebis pormireba dai`qo. amrigad 𝜏 drois
ganmavloba˝i 𝑂𝐶 la¨o˚i unda ˝emobrundes 120 − 𝛽 − 𝛼2 ˜utxit rom misma
bolom 𝐸 `er˚ilidan 𝐶 `er˚il˝i gadainacvlos. qovelive amis gamo ˝egvijlia
dav`erot

120◦ + 𝛽 − 𝛼1 = 360◦𝜈𝜏 da 120 − 𝛽 − 𝛼2 = 360◦𝜈𝜏 . (1.51.1)
am ori gan˚olebidan vi¨ovit tvitmprinavis ¨ro¨eleris brunvis six˝ires:

𝜈 =
240◦ − 𝛼1 − 𝛼2

720◦𝜏
≈ 15 Hz.

˝emdegi animacia gvi´venebs suratis pormirebis ¨rocesis modelirebas (ani-
maciam rom imu˝avos, pdf paili Adobe Acrobat Reader ins˚rume˚is gamoqenebit
unda gaxsnat)
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ramdenime si˚qva tu rogor ˝eijleba suratis pormirebis ¨rocesis mod-
elireba. simar˚ivisatvis vigulisxmot, rom ert-erti la¨o˚i (lur˘i)
s˜anirebis dasa`qis˝i horizon˚aluri da mar˘vniv mimartuli iqo. s˜anirebis
xazi la¨o˚is bolos ˝exvdeba 𝐴 `er˚il˝i da dai`qeba misi ¨irveli gamosax-
ulebis pormireba. gamosaxuleba dasruldeba 𝐵 `er˚il˝i roca la¨o˚is
bolo ˜vlav s˜anirebis xazze ikneba. am `er˚ilebistvis 𝑥 = 𝑅 cos𝜑 , sadac 𝑅

¨ro¨eleris radiusia, xolo 𝜑 | la¨o˚is mobrunebis ˜utxe. igulixmeba,
rom ˜oordina˚uli sis˚emis satave ¨ro¨eleris cen˚r˝ia (ixilet naxazi)

𝐴 da 𝐵 `er˚ilebisatvis ˝eijleba dav`erot −𝑅 + 𝑉𝑡 = 𝑅 cos𝜑 , sadac 𝑉

s˜anirebis xazis si´karea, xolo 𝑡 | dro romelic das˛irda s˜anirebis xazs
am `er˚ileb˝i misasvlelad. magram 𝜑 = 𝜔𝑡 , sadac 𝜔 ¨ro¨eleris brunvis
ci˜luri six˝irea. ami˚om ¨ro¨eleris bolos s˜anirebis xaztan ˝exvedris
¨iroba asec ˝eijleba gadav`erot

−1 + 𝜑

𝑠
= cos𝜑, 𝑠 =

𝑅𝜔

𝑉
.

radgan am `er˚ilebisatvis 𝑥 = 𝑅 cos𝜑 , es igivea rac 𝑥/𝑅 = cos [𝑠 (1 + 𝑥/𝑅)].
mosaxerxebelia 𝑅 aviˆot sigrjis erteulad, da es ˚oloba aset saxes miiˆebs:

𝑥 = cos [𝑠 (1 + 𝑥)] .

es gan˚oleba ˝eijleba ricxobrivad amovxsnat. magalitad, tu˜i 𝑠 = 5.89,
gvekneba sami amonaxsni: 𝑥1 ≈ −0.620, 𝑥2 = −0.241 da 𝑥3 = 0.284. es ni˝navs, rom
am la¨o˚is ¨irveli gamosaxuleba dai`qeba roca 𝑥 = 𝑥1 da damtavrdeba roca
𝑥 = 𝑥2. meore gamosaxuleba dai`qeba roca 𝑥 = 0 da damtavrdeba roca 𝑥 = 𝑥3.
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gamosaxulebis u˜idures 𝑥-˜oordina˚ebs ˝oris (magalitad 𝐶 `er˚il˝i)
𝑥 ≠ cos𝜑 radgan 𝑥 = 𝑂𝐶 cos𝜑 da 𝑂𝐶 < 1. magram ˝emdegi gan˚oleba

−1 + 𝜑

𝑠
= 𝑥

aseti `er˚ilebistvisac s`oria, da radgan tan𝜑 = 𝑦/𝑥 , la¨o˚is gamosax-
ulebis porma u˜idures 𝑥-˜oordina˚ebs ˝oris (magalitad 𝐴𝐶𝐵 `iri) moicema
gan˚olebit

𝑦 = 𝑥 tan [𝑠 (1 + 𝑥)] .
analogiurad ˝eijleba ganvixilot danar´eni la¨o˚ebi, oˆond unda gavit-

valis`inot, rom mattvis sa`qisi 𝜑 ˜utxe udris 120◦-s da 240◦-s ˝esabamisad.

1.52 ˜aci `vima˝i

roca mart˜utxa ¨rizma ujravia, `vima asvelebs mxolod mis zeda na`ils
(ixilet marcxena naxazi). roca is mojraobs mar˘vniv, mis sa˜utar sis˚ema˝i
`vima daxrilad ecema (ixilet mar˘vena naxazi) da ¨rizmis gverditi na`ilic
sveldeba.

vtkvat ¨rizma mojraobs 𝑉 si´karit, xolo `vimis `vetebis si´karea 𝑉𝑟 .
ma˝in ¨rizmis sa˜utar sis˚ema˝i `vimis `vetebi mojraoben ver˚i˜alisadmi
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𝜃 = arctan (𝑉 /𝑉𝑟 ) ˜utxit
√︁
𝑉 2 +𝑉 2

𝑟 sruli si´karit da dasvelebis epek˚uri
gani˜vetis siganea 𝐴𝐵 (ixilet naxazi)

tu˜i dasveleba ni˝navs 𝑀 raodenobis `vimis `vetebis miˆebas, ˝egvijlia
dav`erot

𝑀 = 𝜌𝑎𝑏𝑉𝑟𝑡1 = 𝜌𝐴𝐵 𝑏

√︃
𝑉 2
1 +𝑉 2

𝑟 𝑡2 = 𝜌𝐴𝐵 𝑏

√︃
𝑉 2
2 +𝑉 2

𝑟 𝑡3, (1.52.1)

sadac 𝜌 haer˝i mqopi `vimis `vetebis epek˚uri sim˜vrivea. magram tan𝜃 = 𝑉 /𝑉𝑟
˚olobidan 1 + tan2 𝜃 = 1/cos2 𝜃 tanapardobis gamoqenebit miviˆebt

cos𝜃 =
𝑉𝑟√︃

𝑉 2
2 +𝑉 2

𝑟

, sin𝜃 =
𝑉√︃

𝑉 2
2 +𝑉 2

𝑟

,

da

𝐴𝐵 = 𝑎 cos𝜃 + ℎ sin𝜃 =
𝑎𝑉𝑟 + ℎ𝑉√︃
𝑉 2
2 +𝑉 2

𝑟

.

ami˚om (1.52.1) ˝eijleba ase gadav`erot

𝑀 = 𝜌𝑎𝑏𝑉𝑟𝑡1 = 𝜌 (𝑎𝑉𝑟 + ℎ𝑉 ) 𝑏𝑡2 = 𝜌 (𝑎𝑉𝑟 + ℎ𝑉 ) 𝑏𝑡3.

𝑀-is ¨irveli ori gamosaxulebidan

𝜌𝑎𝑏 =
𝑀

𝑉𝑟𝑡1
, 𝜌𝑏ℎ =

𝑀

𝑉1𝑡2

(
1 − 𝑡2

𝑡1

)
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´avsvat 𝑀 = 𝜌 (𝑎𝑉𝑟 + ℎ𝑉 ) 𝑏 𝑡3 ˚oloba˝i. ˝edegad 𝑡3 droisatvis miviˆebt

𝑡3 =
𝑡1𝑡2𝑉1

𝑉2𝑡1 + (𝑉1 −𝑉2)𝑡2
=

2 · 0.5 · 18
6 · 2 + (18 − 6) · 0.5 = 1 `t.

speros ˝emtxveva˝i, dasvelebis epek˚uri gani˜veti qoveltvis 𝑅 radiusis
`rea. ami˚om

𝜌𝜋𝑅2𝑉𝑟𝑡1 = 𝜌𝜋𝑅2
√︃
𝑉 2
𝑟 +𝑉 2

1 𝑡2 = 𝜌𝜋𝑅2
√︃
𝑉 2
𝑟 +𝑉 2

2 𝑡3.

akedan
𝑉 2
𝑟 𝑡

2
1 =

(
𝑉 2
𝑟 +𝑉 2

1
)
𝑡22 , 𝑉 2

𝑟 𝑡
2
1 =

(
𝑉 2
𝑟 +𝑉 2

2
)
𝑡23 .

¨irveli gan˚olebidan

𝑉 2
𝑟 =

𝑉 2
1 𝑡

2
2

𝑡21 − 𝑡22
,

´avsvat meore˝i
𝑉 2
1 𝑡

2
2

𝑡21 − 𝑡22
𝑡21 =

(
𝑉 2
1 𝑡

2
2

𝑡21 − 𝑡22
+𝑉 2

2

)
𝑡23 .

sabolood

𝑡3 =
𝑉1𝑡1𝑡2√︃

𝑉 2
1 −𝑉 2

2 )𝑡22 +𝑉 2
2 𝑡

2
1

=

√
6
2

`t ≈ 73.5 `m.

1.53 ra drois ˝emdeg ˜vlav ˝emoexveva simi cilindrs?

radgan simi u˛imvadia, 𝐴 `er˚ilis ˚angencialuri si´kare nulis ˚olia. ma˝in
𝐵 `er˚ilis si´kare simis ¨er¨endi˜ularulad unda iqos mimartuli, rom mas
simis gas`vriv ˜om¨onen˚a ar kondes (ixilet naxazi).
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amrigad simis da˛imulobis jala qoveltvis si´karis ¨er¨endi˜ularulia
da mis sidides ver ˝ecvlis. simis sruli sigrjea 𝐿 = 2𝜋𝑅𝑘 . vtkvat drois
raˆac momen˚˝i simis im na`ilis sigrje, romelic ar exeba cilindrs, aris 𝑙 .
am dros burtulas ˜utxuri si´kare ikneba 𝜔 = 𝑉 /𝑙 . mcire Δ𝑡 drois ˝emdeg,
simis sigrje gaizrdeba Δ𝑙-it (ixilet naxazi).

naxazidan cxadia, rom Δ𝑙 udris 𝐴𝐵 r˜alis sigrjes. ami˚om

Δ𝑙 = 𝜔Δ𝑡 𝑅 =
𝑉𝑅

𝑙
Δ𝑡 .

es gvajlevs diperencialur gan˚olebas

𝑑𝑙

𝑑𝑡
=
𝑉𝑅

𝑙
.

ganvacalot cvladebi da aviˆot in˚egrali

𝑉𝑅 𝑡 =

2𝜋𝑅𝑘∫
0

𝑙 𝑑𝑙 = 2𝜋2𝑘2𝑅2.

amrigad, simi rom mtlianad gai˝alos, sa˛iroa dro

𝑡 = 2𝜋2𝑘2
𝑅

𝑉
.

amdenive dro das˛irdeba mis u˜an ˝emoxvevas. magram simi u˜an ˝emoxvevas
ma˝inve ar i`qebs: simis mtlianad ga˝lis ˝emdeg, burtula ˝emo`ers dama˚ebit
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naxevar`res ise, rom simis sigrje ar icvleba, da mxolod amis ˝emdeg simi i`qebs
˜vlav cilindrze ˝emoxvevas (ixilet naxazi).

ami˚om simis ˝emoxvevis sruli dro

𝑇 = 2𝑡 + 𝜋𝐿

𝑉
=
2𝜋2𝑘𝑅

𝑉
(2𝑘 + 1) .

1.54 bi˜pordis zonaris porma

radgan de˚onacias s˛irdeba gar˜veuli dro rom 𝐴 `er˚ilidan 𝐵 `er˚il˝i
mivides, 𝐵 `er˚ili upro axlos unda iqos 𝑂 satavestan, vidre 𝐴 `er˚ili,
rata am `er˚ilebidan dar˚qmiti ˚alˆa 𝑂 `er˚il˝i ertdroulad mivides
(ixilet naxazi).

tu˜i 𝐵 `er˚ilis ¨olaruli ˜oordina˚ebia (𝑟, 𝜑), ma˝in unda gvkondes

𝑟0

𝑐
=
𝐴𝐵

𝑉
+ 𝑟

𝑐
. (1.54.1)
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¨olaruli ˜oordina˚ebis ganmar˚ebidan

𝑥 = 𝑟 cos𝜑, 𝑥 = 𝑟 sin𝜑

gamomdinareobs, rom

𝑑𝑥 = 𝑑𝑟 cos𝜑 − 𝑟𝑑𝜑 sin𝜑, 𝑑𝑦 = 𝑑𝑟 sin𝜑 + 𝑟𝑑𝜑 cos𝜑.

ami˚om
𝑑𝑙2 = 𝑑𝑥2 + 𝑑𝑦2 = 𝑑𝑟 2 + 𝑟 2𝑑𝜑2,

da

𝐴𝐵 =

∫
𝑑𝑙 =

𝜑∫
𝜑0

√︄
𝑟 2 +

(
𝑑𝑟

𝑑𝜑

)
𝑑𝜑.

ma˝asadame (1.54.1) ˝eijleba ase gadav`erot

𝑟0

𝑐
=

1
𝑉

𝜑∫
𝜑0

√︄
𝑟 2 +

(
𝑑𝑟

𝑑𝜑

)
𝑑𝜑 + 𝑟

𝑐
. (1.54.2)

˝evni˝not, rom

𝑑

𝑑𝑥

𝑥∫
𝑎

𝑓 (𝜏)𝑑𝜏 = 𝑓 (𝑥),

sadac 𝑎 raˆac ˜ons˚an˚aa. martlac

𝑑

𝑑𝑥

𝑥∫
𝑎

𝑓 (𝜏)𝑑𝜏 = lim
Δ𝑥→0

1
Δ𝑥


𝑥+Δ𝑥∫
𝑎

𝑓 (𝜏)𝑑𝜏 −
𝑥∫

𝑎

𝑓 (𝜏)𝑑𝜏


da

𝑥+Δ𝑥∫
𝑎

𝑓 (𝜏)𝑑𝜏 −
𝑥∫

𝑎

𝑓 (𝜏)𝑑𝜏 =

𝑥+Δ𝑥∫
𝑎

𝑓 (𝜏)𝑑𝜏 +
𝑎∫

𝑥

𝑓 (𝜏)𝑑𝜏 =

𝑥+Δ𝑥∫
𝑥

𝑓 (𝜏)𝑑𝜏 ≈ 𝑓 (𝑥)Δ𝑥 .

gava`armoot (1.54.2) 𝜑-ti:

0 =
1
𝑉

√︄
𝑟 2 +

(
𝑑𝑟

𝑑𝜑

)
+ 1
𝑐

𝑑𝑟

𝑑𝜑
.
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akedan, imis gatvalis`inebit, rom 𝑑𝑟
𝑑𝜑

< 0, tu˜i zonari saatis sa`inaaˆmdego
mimartulebit exveva, rogorc naxazzea, miviˆebt

𝑑𝑟

𝑑𝜑
= − 𝑟√︁

𝛽2 − 1
,

sadac 𝛽 = 𝑉 /𝑐 . ganvacalot cvladebi da aviˆot in˚egrali:

𝑟∫
𝑟0

𝑑𝑟

𝑟
= − 1√︁

𝛽2 − 1

𝜑∫
𝜑0

𝑑𝜑 = − 𝜑 − 𝜑0√︁
𝛽2 − 1

.

sabolood miviˆebt, rom tu˜i zonari saatis sa`inaaˆmdego mimartulebit
exveva, misi porma ganisazˆvreba logaritmuli s¨iralis gan˚olebit

𝑟 = 𝑟0 exp

(
− 𝜑 − 𝜑0√︁

𝛽2 − 1

)
.

1.55 bzrialas vardna magididan

roca bzriala vardnas dai`qebs, gadavidet mis sa˜utar atvlis sis˚ema˝i. am
sis˚ema˝i magidis ˜idis mojraobis man˚olebebia

𝑥 = −𝑉𝑡, 𝑧 =
1
2
𝑔𝑡2.

ese igi 𝑧 simaˆleze magidis ˜ide bzrialas sime˚riis ˆerjidan da˝orebulia
𝑉
√︁
2𝑧/𝑔 manjilit. ˜ide ar dae˘axeba bzrialas, tu˜i qvela 𝑧 < 𝐻 simaˆlistvis

gvakvs u˚oloba

𝑉

√︄
2𝑧
𝑔

>
𝑅𝑧

𝐻

(
5 − 4

𝑧

𝐻

)
,

anu

𝑉 2 >
𝑔𝑅2

2𝐻
𝑧

𝐻

(
5 − 4

𝑧

𝐻

)2
.

vi¨ovot 𝑓 𝑥) = 𝑥 (5 − 4𝑥)2 punkciis maksimumi.

𝑑 𝑓

𝑑𝑥
= (5 − 4𝑥) (5 − 12𝑥) = 0
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¨iroba gvajlevs 𝑥1 = 5/4 da 𝑥2 = 5/12 amoxsnebs. ¨irveli ˝eesabameba 𝑓 (𝑥)
punkciis minimums da 𝑧 < 𝐻 in˚ervalis garetaa. 𝑓 (𝑥) punkciis maksimums
˝eesabameba 𝑥2 = 5/12 da is 𝑧 < 𝐻 in˚ervalis ˝ignitaa. radgan 𝑓 (𝑥2) = 125/27,
ar da˘axebis ¨irobad miviˆebt

𝑉 2 >
125
27

𝑔𝑅2

2𝐻
,

anu

𝑉 > 𝑉𝑐 =

√︂
125𝑔𝑅2

54𝐻
.

roca 𝑉 = 𝑉𝑐 , magidis ˜idis ˚raek˚oria bzrialas sis˚ema˝i na´venebia naxazze.

1.56 veneras da˜virvebis maksimaluri dro mzis ´asvlis ˝emdeg

gadavidet im sis˚ema˝i romlis satavec mzea da romelic isetive ˜utxuri
si´karit brunavs rogorc dedami`a. am sis˚ema˝i dedami`a ujravia, xolo
venera mojraobs 𝑟 = 0.72 a.e. radiusis `reze (ixilet naxazi).
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naxazidan cxadia, rom veneras maksimaluri ˜utxuri da˝oreba mzidan
˝eesabameba si˚uacias, roca dedami`a-veneras ˝emaertebeli xazi exeba veneras
orbi˚as. ami˚om sin𝜃 = 𝑟/𝑅 = 0.72 da 𝜃 = arcsin 0.72 ≈ 46◦. dedami`aze
dam˜virveblisatvis, venera cis gumbatze mojraobs 𝜔 = 360◦/(24 st) ˜utxuri
si´karit. ami˚om, mzis ´asvlis ˝emdeg veneraze da˜virvebis maksimaluri dro
ikneba

𝑡 =
46◦

𝜔
≈ 3.1 st.

1.57 ´rdilis bolos ˚raek˚oria

dedami`is e˜va˚oris daxris ˜utxe e¨li¨˚i˜is (dedami`is orbi˚is sibr˚qis)
mimart aris 23.4◦. ami˚om 22 ivniss mzis ˝uki ecema ´rdiloet naxevarsperoze
dedami`is brunvis ˆerjis mimart 𝜃0 = 90◦ − 23.4◦ = 66.6◦ ˜utxit. tbilis˝i
ver˚i˜aluri ˘oxi dedami`is ˆerjtan adgens 𝜃1 = 90◦ − 41.7◦ = 48.3◦ ˜utxes,
radgan tbilisi mdebareobs ´rdiloetis 41.7◦ ganedze. ˘oxis zeda 𝐴 bolo˝i
gamavali mzis sxivebi devs ˜onusis zeda¨irze, romlis ˆerjic dedami`is
ˆerjis ¨araleluria, xolo ga˝lis ˜utxe aris 𝜃0. ˘oxis ´rdilis bolo
miiˆeba am sxivebis dedami`is zeda¨irtan gada˜vetaze, romelic mcire ma˝˚abit
˝eijleba br˚qlad ´aitvalos. ˝esabamisad, ´rdilis bolos ˚raek˚oria ikneba
˜onusuri ˜vetis mona˜veti. tu˜i 𝜃1 +𝜃0 = 90◦, 𝐶𝐷 sibr˚qe ˜onusis ert-erti
msaxvelis ¨araleluria da ˜onusuri ˜veta aris ¨arabola (ixilet ˝uatana
naxazi). tu˜i 𝜃1 + 𝜃0 < 90◦ gvekneba elipsi (ixilet mar˘vena naxazi), romelic
´rdiloet ¨olusze (𝜃1 = 0◦) `red gadaikceva. tu˜i 𝜃1 + 𝜃0 > 90◦, rogorc
tbilisis ˝emtxveva˝i, gvekneba hi¨erbola (ixilet marcxena naxazi).

avir´iot atvlis sis˚ema ise, rom 𝑧 ˆerji ˘oxis gas`vriv iqos mimartuli,
xolo dedami`is brunvis ˆerji 𝑦𝑂𝑧 sib˚qe˝i iqos. atvlis sis˚emis satave
movatavsot ˘oxis bolo 𝐴 `er˚il˝i, ase rom dedemi`is zeda¨iris gan˚oleba
ikneba 𝑧 = −1. tu˜i atvlis sis˚emas movabrunebt 𝑥 ˆerjis irgvliv −𝜃1
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˜utxit, 𝑧′ ˆerjis mimartuleba daemtxveva dedami`is ˆerjis mimartulebas
(ixilet marcxena naxazi).

naxazidan cxadia, rom axal da jvel ˜oordina˚ebs ˝oris aseti ˜av˝iri
gvakvs:

𝑥′ = 𝑥, 𝑦′ = cos𝜃1𝑦 − sin𝜃1 𝑧, 𝑧′ = cos𝜃1 𝑧 + sin𝜃1𝑦. (1.57.1)

˝˚rixovan sis˚ema˝i, ˘oxis boloze gamavali mzis sxivebis ˜onusi moicema
gan˚olebit (ixilet mar˘vena naxazi)

𝑧′2 tan2 𝜃0 = 𝑥′2 + 𝑦′2. (1.57.2)

rom vi¨ovot am ˜onusis gada˜veta dedami`is idealizirebul br˚qel zeda¨irtan,
(1.57.1) da (1.57.2) pormuleb˝i unda ´avsvat 𝑧 = −1. ˝edegad miviˆebt

tan2 𝜃0 (− cos𝜃1 + 𝑦 sin𝜃1)2 = 𝑥2 + (𝑦 cos𝜃1 + sin𝜃1)2 .

es ˚oloba, sa˜maod mar˚ivi algebruli da ˚rigonome˚riuli gardakmnebis
˝emdeg, ase ˝eijleba gadav`erot:

cos2 𝜃0𝑥2 + cos (𝜃0 + 𝜃1) cos (𝜃0 − 𝜃1)𝑦2 + sin (2𝜃1) 𝑦 = sin (𝜃0 + 𝜃1) sin (𝜃0 − 𝜃1),
(1.57.3)

rac martlac ˜onusuri ˜vetis gan˚olebaa: tu˜i cos (𝜃0 + 𝜃1) > 0, gvekneba
elipsi, tu˜i cos (𝜃0 + 𝜃1) = 0 | ¨arabola, da tu˜i cos (𝜃0 + 𝜃1) < 0 |
hi¨erbola.

vi¨ovot ´rdilis bolos ˜oordina˚ebis damo˜idebuleba droze. tu˜i 𝐴
zeda `verodan mzis˜en mimartulebas ˝eesabameba 𝜃 da 𝜑 speruli ˜utxeebi,
ma˝in 𝐴 `er˚ilze gamavali mzis sxivis gan˚oleba ¨arame˚ruli pormit ikneba

𝑥 = −𝜏 sin𝜃 cos𝜑, 𝑦 = −𝜏 sin𝜃 sin𝜑, 𝑧 = −𝜏 cos𝜃,
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sadac 𝜏 > 0 ¨arame˚ria. dedami`is zeda¨irs ˝eesabameba 𝑧 = −1, anu 𝜏0 =

1/cos𝜃 , da ´rdilis bolos ˜oordina˚ebi ikneba

𝑥 = − tan𝜃 cos𝜑, 𝑦 = − tan𝜃 sin𝜑. (1.57.4)

radgan (1.57.1) gardakmna radius-vek˚oris sigrjes ar cvlis, am ˚olobebidan
miviˆebt, rom

sin𝜃 ′ cos𝜑′ = sin𝜃 cos𝜑, (1.57.5)
da

sin𝜃 ′ sin𝜑′ = cos𝜃1 sin𝜃 sin𝜑 − sin𝜃1 cos𝜃,
cos𝜃 ′ = cos𝜃1 cos𝜃 + sin𝜃1 sin𝜃 sin𝜑.

bolo ori gan˚oleba ni˝navs, rom

cos𝜃 = cos𝜃1 cos𝜃 ′ − sin𝜃1 sin𝜃 ′ sin𝜑′,

sin𝜃 sin𝜑 = cos𝜃1 sin𝜃 ′ sin𝜑′ + sin𝜃1 cos𝜃 ′. (1.57.6)

cxadia, rom mzis sxivebis ˜onusze 𝜃 ′ = 𝜃0. avir´iot drois atvlis satave
ise, rom gvkondes 𝜑′ = 3

2𝜋 − 𝜔𝑡 , sadac 𝜔 = 2𝜋/24 = 𝜋/12 aris dedami`is
brunvis ˜utxuri si´kare misi ˆerjis gar˝emo. ma˝in (1.57.4), (1.57.5) da (1.57.6)
gan˚olebebidan miviˆebt

𝑥 = − sin𝜃 cos𝜑
cos𝜃

=
sin𝜃0 sin𝜔𝑡

cos𝜃1 cos𝜃0 + sin𝜃1 sin𝜃0 cos𝜔𝑡
,

𝑦 = − sin𝜃 sin𝜑
cos𝜃

=
cos𝜃1 sin𝜃0 cos𝜔𝑡 − sin𝜃1 cos𝜃0
cos𝜃1 cos𝜃0 + sin𝜃1 sin𝜃0 cos𝜔𝑡

. (1.57.7)

es pormulebi gansazˆvravs ´rdilis bolos mojraobas ˚raek˚oriis gas`vriv
drota ganmavloba˝i (ixilet naxazi).
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naxazidan da (1.57.7) gan˚olebebidan ´ans, rom drois atvlis satavis ´veni
ar´evani ni˝navs, rom 𝑡 = 0 ˝eesabameba ´rdilis minimalur tan (𝜃0 − 𝜃1) sigrjes
(`iteli `er˚ili naxazze).

𝜏0 > 0 ¨iroba ni˝navs, rom mzis sxivi 𝐴 `er˚ilis gavlis ˝emdeg ˜vets
dedami`is zeda¨irs, da am `er˚il˝i gvekneba ´rdilis bolo. ´rdili
dai˜virveba mxolod dˆis ganmavloba˝i, da radgan 𝜏0 = 1/cos𝜃 , dˆis xangr-
jlivoba ganisazˆvreba

cos𝜃1 cos𝜃0 + sin𝜃1 sin𝜃0 cos𝜔𝑡 > 0

u˚olobit, saidanac miviˆebt

− 1
𝜔
arccos (− cot𝜃0 cot𝜃1) < 𝑡 <

1
𝜔
arccos (− cot𝜃0 cot𝜃1).

amrigad, dˆis xangrjlivoba tbilis˝i 22 ivniss ikneba

Δ𝑡 =
2
𝜔
arccos (− cot𝜃0 cot𝜃1) =

24
𝜋

arccos (− cot𝜃0 cot𝜃1) ≈ 15 st.

1.58 karis da tvitmprinavis si´kare

vtkvat ®𝐴, ®𝐵 da ®𝐶 vek˚orebi ˝eesabameba sam˜utxedis gverdebs tvitmprinavis
prenis dros (ixilet naxazi).

ma˝in
®𝐴
𝑡1

= ®𝑢 + ®𝑉𝐴,
®𝐵
𝑡2

= ®𝑢 + ®𝑉𝐵,
®𝐶
𝑡3

= ®𝑢 + ®𝑉𝐶,

sadac ®𝑉𝐴 aris tvitmprinavis si´kare haeris mimart, roca is ®𝐴 gverdis
gas`vriv miprinavs. ®𝐵 da ®𝐶 vek˚orebis arsi analogiurad ganimar˚eba. radgan
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tvitmprinavis si´kare haeris mimart 𝑉 erti da igivea misi prenis dros,
®𝑉 2
𝐴
= ®𝑉 2

𝐵
= ®𝑉 2

𝐶
= 𝑉 2 da, ma˝asadame,

𝑉 2 =

(
𝐴

𝑡1
− ®𝑢

)2
=
𝐴2

𝑡21
− 2

®𝐴 · ®𝑢
𝑡1

+ 𝑢2.

analogiurad

𝑉 2 =
𝐵2

𝑡22
− 2

®𝐵 · ®𝑢
𝑡2

+ 𝑢2, 𝑉 2 =
𝐶2

𝑡23
− 2

®𝐶 · ®𝑢
𝑡3

+ 𝑢2.

es ˚olobebi ˝eijleba asec gadav`erot

𝑡1
(
𝑉 2 − 𝑢2

)
=
𝐴2

𝑡1
− 2 ®𝐴 · ®𝑢, 𝑡2

(
𝑉 2 − 𝑢2

)
=
𝐵2

𝑡2
− 2 ®𝐵 · ®𝑢, 𝑡3

(
𝑉 2 − 𝑢2

)
=
𝐶2

𝑡3
− 2 ®𝐶 · ®𝑢.
(1.58.1)

radgan ®𝐴 + ®𝐵 + ®𝐶 = 0, tu˜i am ˚olobebs ˝ev˜rebt da ˝edegs gavqopt
(𝑡1 + 𝑡2 + 𝑡3)-ze, miviˆebt

𝑉 2 − 𝑢2 =
1

𝑡1 + 𝑡2 + 𝑡3

[
𝐴2

𝑡1
+ 𝐵2

𝑡2
+ 𝐶2

𝑡3

]
. (1.58.2)

es ˚oloba a˜av˝irebs ertmanettan karis da tvitmprinavis si´kareebs. meore
mxriv, (1.58.2)-is gatvalis`inebit, (1.58.1)-dan miviˆebt

®𝑢 · ®𝐴 =
𝐴2

2𝑡1
− 𝑡1

2(𝑡1 + 𝑡2 + 𝑡3)

[
𝐴2

𝑡1
+ 𝐵2

𝑡2
+ 𝐶2

𝑡3

]
=

=
1

2(𝑡1 + 𝑡2 + 𝑡3)

[
𝑡2 + 𝑡3

𝑡1
𝐴2 − 𝑡1

𝑡2
𝐵2 − 𝑡1

𝑡3
𝐶2

]
. (1.58.3)

analogiurad

®𝑢 · ®𝐵 =
1

2(𝑡1 + 𝑡2 + 𝑡3)

[
𝑡1 + 𝑡3

𝑡2
𝐵2 − 𝑡2

𝑡1
𝐴2 − 𝑡2

𝑡3
𝐶2

]
. (1.58.4)

tu˜i ®𝑢 · ®𝐴 da ®𝑢 · ®𝐵 s˜alaruli namravlebi vicit, karis si´karis ˜vadra˚i 𝑢2

˝eijleba vi¨ovot. martlac ®𝐴×( ®𝐵× ®𝐶) = ®𝐵( ®𝐴· ®𝐶)− ®𝐶 ( ®𝐴· ®𝐵) vek˚oruli ˚olobis
gamoqenebit da imis gatvalis`inebit, rom ®𝑢 da ®𝐴×®𝐵 urtiert¨er¨endi˜ularu-
li vek˚orebia (®𝑢 , ®𝐴 da ®𝐵 ertsa da imave sibr˚qe˝ia), miviˆebt[

®𝑢 × ( ®𝐴 × ®𝐵)
]2

= 𝑢2 | ®𝐴 × ®𝐵 |2 =
[
®𝐴 (®𝑢 · ®𝐵) − ®𝐵 (®𝑢 · ®𝐴)

]2
.
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tu˜i 𝛼 aris ®𝐴 da ®𝐵 vek˚orebs ˝oris ˜utxe,

| ®𝐴 × ®𝐵 |2 = 𝐴2𝐵2 sin2 𝛼 = 𝐴2𝐵2 (
1 − cos2 𝛼

)
= 𝐴2𝐵2 − ( ®𝐴 · ®𝐵)2.

ami˚om, sabolood,

𝑢2 =
1

𝐴2𝐵2 − ( ®𝐴 · ®𝐵)2
[
𝐴2( ®𝐵 · ®𝑢)2 + 𝐵2( ®𝐴 · ®𝑢)2 − 2 ®𝐴 · ®𝐵 ®𝐴 · ®𝑢 ®𝐵 · ®𝑢

]
. (1.58.5)

®𝐴 + ®𝐵 = − ®𝐶 ˚olobidan, 𝐴2 + 𝐵2 + 2 ®𝐴 · ®𝐵 = 𝐶2. ami˚om

®𝐴 · ®𝐵 =
1
2

[
𝐶2 −𝐴2 − 𝐵2] . (1.58.6)

miˆebuli ˚olobebi (1.58.2) ÷ (1.58.6) sa˝ualebas gvajlevs vi¨ovot karis da
tvitmprinavis si´kareebi.

meore amoxsna. ®𝑉𝐴𝐵 = ®𝑉𝐴 − ®𝑉𝐵 , ®𝑉𝐶𝐴 = ®𝑉𝐶 − ®𝑉𝐴 da ®𝑉𝐵𝐶 = ®𝑉𝐵 − ®𝑉𝐶 vek˚orebi

˝eadgenen sam˜utxeds (radgan ®𝑉𝐴𝐵 + ®𝑉𝐶𝐴 + ®𝑉𝐵𝐶 = 0) da tvitmprinavis si´kare 𝑉
aris am sam˜utxedze ˝emoxazuli `ris radiusi (ixilet naxazi).

geome˚riidan cnobilia, rom tu˜i 𝑎 = | ®𝑉𝐴𝐵 |, 𝑏 = | ®𝑉𝐵𝐶 | da 𝑐 = | ®𝑉𝐶𝐴 | arian
sam˜utxedis gverdebi, ˝emoxazuli `ris radiusi moicema pormulit

𝑉 =
𝑎𝑏𝑐

4𝑆
=

𝑎𝑏𝑐√︁
(𝑎 + 𝑏 + 𝑐) (𝑎 + 𝑏 − 𝑐) (𝑏 + 𝑐 − 𝑎) (𝑐 + 𝑎 − 𝑏)

, (1.58.7)

sadac 𝑆 sam˜utxedis partobia, romelic moicema heronis pormulit

𝑆 =
√︁
𝑝 (𝑝 − 𝑎) (𝑝 − 𝑏) (𝑝 − 𝑐), 𝑝 =

1
2
(𝑎 + 𝑏 + 𝑐) .

magram

®𝑉𝐴𝐵 = ®𝑉𝐴 + ®𝑢 −
(
®𝑉𝐵 + ®𝑢

)
=

®𝐴
𝑡1

−
®𝐵
𝑡2
.
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ami˚om

𝑎2 =
𝐴2

𝑡21
+ 𝐵2

𝑡22
− 2

®𝐴 · ®𝐵
𝑡1𝑡2

=
𝐴2

𝑡21
+ 𝐵2

𝑡22
− 𝐶2 −𝐴2 − 𝐵2

𝑡1𝑡2
. (1.58.8)

analogiurad

𝑏2 =
𝐵2

𝑡22
+ 𝐶2

𝑡23
− 𝐴2 − 𝐵2 −𝐶2

𝑡2𝑡3
, 𝑐2 =

𝐶2

𝑡23
+ 𝐴2

𝑡21
− 𝐵2 −𝐶2 −𝐴2

𝑡3𝑡1
. (1.58.9)

(1.58.7) ÷ (1.58.9) pormulebis gamoqenebit vi¨ovit tvitmprinavis 𝑉 si´kares,
xolo ˝emdeg (1.58.2) ˚olobis sa˝ualebit | karis 𝑢 si´kares.

1.59 ios da˜virvebadi orbi˚aluri ¨eriodi

vtkvat 𝜔1 da 𝜔2 dedami`is da iu¨i˚eris ˜utxuri si´kareebia mzis gar˝emo,
xolo 𝑟1 da 𝑟2 { mati orbi˚ebis radiusebia. mzestan da˜av˝irebul ˜oor-
dina˚ta sis˚ema˝i, romelic 𝜔2 ˜utxuri si´karit brunavs, iu¨i˚eri ujravad
dgas ertsa da imave `er˚il˝i, xolo dedami`a mojraobs 𝜔 = 𝜔1−𝜔2 ˜utxuri
si´karit 𝑟1 radiusis `reze (ixilet naxazi).

iu¨i˚ersa da dedami`as ˝oris manjils vi¨ovit ˜osunisebis teoremis gamo-
qenebit:

𝑟 =

√︃
𝑟 21 + 𝑟 22 − 2𝑟1𝑟2 cos𝜃 =

√︃
𝑟 21 + 𝑟 22 − 2𝑟1𝑟2 cos𝜔𝑡 .

magram 𝑟2 ≈ 5𝑟1. ami˚om 𝑟1/𝑟2 mcire ¨arame˚ris mimart ¨irvel rig˝i 𝑟 manjili
icvleba harmoniuli ˜anonis mixedvit:

𝑟 ≈ 𝑟2

(
1 − 𝑟1

𝑟2
cos𝜃

)
= 𝑟2 − 𝑟1 cos𝜔𝑡 . (1.59.1)

vtkvat 𝑡 = 𝑡𝐵 drois momen˚˝i vxedavt ios iu¨i˚eris maxloblad 𝐴 `er˚il˝i.
po˚onebi, romlebic ios gamosaxulebas kmnian, gamosxivda upro arde 𝑡 ′

𝐵
=
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𝑡𝐵 −𝐴𝐵/𝑐 momen˚˝i, sadac 𝑐 sinatlis si´karea. ios ˛e˝mari˚i 𝑇0 orbi˚aluri
¨eriodis ˝emdeg, drois 𝑡 ′

𝐶
= 𝑡 ′

𝐵
+ 𝑇0 momen˚˝i, io ˜vlav aˆmo´ndeba igive 𝐴

`er˚il˝i, magram misgan gamosxivebuli sinatle dedami`amde moaˆ`evs drois
𝑡𝑐 = 𝑡 ′

𝐶
+𝐴𝐶/𝑐 momen˚˝i (ixilet naxazi).

ami˚om ios xiluli orbi˚aluri ¨eriodi ikneba

𝑇 = 𝑡𝐶 − 𝑡𝐵 =
𝐴𝐶

𝑐
− 𝐴𝐵

𝑐
+𝑇0 = 𝑇0 +

𝑟 (𝑡𝐶) − 𝑟 (𝑡𝐵)
𝑐

≈ 𝑇0 +
𝑇

𝑐

𝑑𝑟

𝑑𝑡

����
𝑡=𝑡𝐵

, (1.59.2)

sadac gavitvalis`inet, rom

𝑟 (𝑡𝐶) − 𝑟 (𝑡𝐵) ≈
𝑑𝑟

𝑑𝑡

����
𝑡=𝑡𝐵

(𝑡𝐶 − 𝑡𝐵).

(1.59.1)-is tanaxmad
𝑑𝑟

𝑑𝑡
= 𝑟1𝜔 sin𝜔𝑡 ≈ 𝑉1 sin𝜔𝑡,

sadac 𝑉1 = 𝑟1𝜔1 dedami`is orbi˚aluri si´karea da gavitvalis`inet, rom
𝜔1 ≈ 12𝜔2 ≫ 𝜔2. amrigad, (1.59.2) ˚oloba mogvcems

𝑇

(
1 − 𝑉1

𝑐
sin𝜔𝑡

)
= 𝑇0.

akedan

𝑇 =
𝑇0

1 − 𝑉1
𝑐
sin𝜔𝑡

≈ 𝑇0

(
1 + 𝑉1

𝑐
sin𝜔𝑡

)
.

epek˚is sidideze `armodgena rom ˝egvekmnes, ˝evni˝not, rom 𝑇0𝑉1/𝑐 ≈ 15 `m.
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meore amoxsna. ios da˜virvebadi ¨eriodi gansxvavdeba misi ˛e˝mari˚i ¨eri-
odisagan do¨leris epek˚is gamo da moicema pormulit

𝑇 = 𝑇0

(
1 − 𝑉

𝑐
cos𝛼

)
, (1.59.3)

sadac 𝑉 = (𝜔1−𝜔2)𝑟2 aris iu¨i˚eris si´kare dadimi`aze mqopi dam˜virveblis
mimart da 𝛼 aris ˜utxe iu¨i˚eris si´karesa da da˜virvebis xazs ˝oris (ixilet
naxazi. es pormula ˝eesabameba ujrav dam˜virvebels da mojrav gamosxivebis
`qaros. ami˚om gadavedit mzestan da˜av˝irebul si˚ema˝i, romelic mzis
gar˝emo 𝜔1 ˜utxuri si´karit brunavs, iseve rogorc dedami`a).

naxazidan cxadia, rom 𝛼 = 𝜋/2+𝛽 . meore mxriv, sinusebis teorema gvajlevs

𝑟1

sin 𝛽
=

𝑟

sin𝜃
,

sadac 𝜃 = (𝜔1 − 𝜔2)𝑡 . (1.59.1) ˚olobis tanaxmad, ¨irveli rigis miaxloeba˝i,
𝑟1/𝑟 ≈ 𝑟1/𝑟2. ami˚om

cos𝛼 = − sin 𝛽 = −𝑟1
𝑟2

sin𝜃,

da

𝑇 = 𝑇0

(
1 + 𝑉

𝑐

𝑟1

𝑟2
sin𝜃

)
≈ 𝑇0

(
1 + 𝑉1

𝑐
sin [(𝜔1 − 𝜔2)𝑡]

)
,

radgan
𝑉

𝑐

𝑟1

𝑟2
=

(𝜔1 − 𝜔2)𝑟1
𝑐

≈ 𝜔1𝑟1

𝑐
=
𝑉1

𝑐
.
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1.60 mo´venebiti su¨erluminaluri mojraoba

vtkvat obiek˚i mojraobs 𝑉 si´karit da˜virvebis xazisadmi ∠𝐵𝐴𝐶 = 𝛼 ˜utxit.
dedami`idan xiluli gadaadgileba 𝑇 = 5 `eli`ad˝i ikneba 𝐿 = 𝐵𝐷 = 10
sinatlis `eli`adi (ixilet naxazi).

vigulisxmot, rom sinatle 𝐴 `er˚ilidan dedami`aze (𝐶 `er˚ili) modis
drois 𝑡𝐴 = 0 momen˚˝i. es sinatle 𝐴 `er˚il˝i gamosxivebuli ikna upro
adre, drois 𝑡 ′

𝐴
= −𝐴𝐶/𝑐 momen˚˝i, sadac 𝑐 sinatlis si´karea. obiek˚i 𝐵

`er˚il˝i aˆmo´ndeba drois

𝑡 ′𝐵 = 𝑡 ′𝐴 + 𝐴𝐵

𝑉
= 𝑡 ′𝐴 + 𝐿

𝑉 sin𝛼

momen˚˝i, radgan 𝐴𝐵 = 𝐵𝐷/sin𝛼 = 𝐿/sin𝛼 . 𝐵 `r˚il˝i obiek˚is mier gamosx-
ivebuli sinatle dedami`as miaˆ`evs 𝑡𝐵 = 𝑡 ′

𝐵
+𝐵𝐶/𝑐 ≈ 𝑡 ′

𝐵
+𝐷𝐶/𝑐 drois momen˚˝i,

radgan 𝐵𝐶 ≈ 𝐷𝐶 (gansxvaveba meore rigisaa mcire ∠𝐵𝐶𝐴 ˜utxis mimarteba˝i).
amrigad

𝑡𝐵 ≈ −𝐴𝐶
𝑐

+ 𝐿

𝑉 sin𝛼
+ 𝐷𝐶

𝑐
=

𝐿

𝑉 sin𝛼
− 𝐴𝐷

𝑐
.

magram 𝐴𝐷 = 𝐵𝐷 cot𝛼 = 𝐿 cot𝛼 , anu

𝑡𝐵 ≈ 𝐿

𝑉 sin𝛼
− 𝐿 cot𝛼

𝑐
.

amocanis ¨irobis tanaxmad 𝑡𝐵 − 𝑡𝐴 = 𝑇 . ami˚om miviˆebt gan˚olebas

𝐿

𝑉 sin𝛼
− 𝐿 cot𝛼

𝑐
= 𝑇,

saidanac vi¨ovit obiek˚is 𝑉 si´kares:

𝑉 =
𝑐

cos𝛼 + 𝑐𝑇
𝐿

sin𝛼
. (1.60.1)

𝑉 < 𝑐 ¨iroba ˝esruldeba, tu˜i

cos𝛼 + 𝑐𝑇

𝐿
sin𝛼 > 1.
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es u˚oloba, sin𝛼 = 2 sin 𝛼
2 cos

𝛼
2 da 1 − cos𝛼 = 2 sin2 𝛼

2 tanapardobebis
gamoqenebit, mogvcems

tan
𝛼

2
<
𝑐𝑇

𝐿
=
1
2
,

da, ma˝asadame, 𝛼 < 2 arctan 0.5 ≈ 53.1◦.
rom vi¨ovot 𝑉 (𝛼) punkciis minimumi, unda amovxsnat gan˚oleba

𝑑𝑉

𝑑𝛼
= − 𝑐(

cos𝛼 + 𝑐𝑇
𝐿

sin𝛼
)2 (

− sin𝛼 + 𝑐𝑇

𝐿
cos𝛼

)
= 0,

rac gvajlevs ˝esabamisi 𝛼𝑚 ˜utxisatvis

tan𝛼𝑚 =
𝑐𝑇

𝐿
=
1
2
.

´avsvat es (1.60.1) ˚oloba˝i. ˝edegad miviˆebt obiek˚is minimalur ˝esajlo
si´kares

𝑉𝑚 =
𝑐

cos𝛼𝑚
1

1 + 𝑐𝑇
𝐿
tan𝛼𝑚

=

√︁
1 + tan2 𝛼𝑚

1 + 𝑐𝑇
𝐿
tan𝛼𝑚

𝑐 =
2𝑐
√
5
≈ 0.89𝑐.

1.61 ´rdilis gakroba

vtkvat 𝑡 = 0 ˝eesabameba drois im momen˚s, roca sinatlis `qaro zus˚ad
˜edlis zemot aris, xolo drois 𝑡 momen˚˝i 𝑃 `er˚il˝i ˜edlidan 𝑥 manjilze
dai˜virveba sinatle da ˝esabamisad ´rdilis gakroba. es sinatle gamosxivda
drois upro adre 𝑡𝑆 = −𝑦/𝑉 momen˚˝i, roca sinatlis `qaro imqopeboda
˜edlidan 𝑦 manjilze (ixilet naxazi).

cxadia, rom

𝑡 = 𝑡𝑆 +
𝑆𝑃

𝑐
, (1.61.1)

118



sadac 𝑐 sinatlis si´karea. △𝑃𝐵𝐴 da △𝑃𝑆𝐶 msgavsi sam˜utxedebia. ami˚om

𝑥

𝑥 + 𝑦 =
ℎ

𝐻
.

ma˝asadame

𝑥 =
ℎ

𝐻 − ℎ
𝑦, 𝑥 + 𝑦 =

𝐻

𝐻 − ℎ
𝑦, (1.61.2)

da

𝑆𝑃 =
√︁
𝐻 2 + (𝑥 + 𝑦)2 = 𝐻

√︄
1 + 𝑦2

(𝐻 − ℎ)2 .

amis gatvalis`inebit (1.61.1) miiˆebs ˝emdeg saxes

𝑡 = −𝑦

𝑉
+ 𝐻

𝑐

√︄
1 + 𝑦2

(𝐻 − ℎ)2 .

upro mosaxerxebelia rogorc damou˜idebuli cvladi gamoviqenot ara 𝑦,
aramed 𝑧 = cot𝜃 , sadac 𝜃 aris ˜utxe 𝑆𝑃 mona˜vets da horizon˚als ˝oris.
ma˝in 𝑥 = ℎ𝑍 , 𝑥 + 𝑦 = 𝐻𝑧 da ma˝asadame 𝑦 = (𝐻 − ℎ)𝑧, rac mogvcems

𝑡 = − (𝐻 − ℎ)𝑧
𝑉

+ 𝐻

𝑐

√
1 + 𝑧2. (1.61.3)

vi¨ovot 𝑡 (𝑧) punkciis minimumi.

𝑑𝑡

𝑑𝑧
= −𝐻 − ℎ

𝑉
+ 𝐻

𝑐

𝑧
√
1 + 𝑧2

= 0

¨iroba gvajlevs
𝑧

√
1 + 𝑧2

=
𝑐

𝑉

(
1 − ℎ

𝐻

)
,

romlis amoxsnacaa

𝑧𝑚 =

(
1 − ℎ

𝐻

)
1√︁

(𝑉 /𝑐)2 − (1 − ℎ/𝐻 )2
.

ami˚om manjili ˜edlidan, sadac ´rdili qvelaze s`rapad gakreba aris

𝑥𝑚 = ℎ𝑧𝑚 = ℎ

(
1 − ℎ

𝐻

)
1√︁

(𝑉 /𝑐)2 − (1 − ℎ/𝐻 )2
. (1.61.4)
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(1.61.4) ˚olobidan cxadia, rom aseti scenari gulisxmobs

𝑉

𝑐
> 1 − ℎ

𝐻
.

sa`inaaˆmdego ˝emtxveva˝i, roca 𝑉 /𝑐 < 1 − ℎ/𝐻 , 𝑡 (𝑦) ˜lebadi punkciaa da
𝑦 → ∞ zˆvar˝i, roca 𝑧 → ∞, (1.61.3) mogvcems

𝑡 → −𝐻𝑧
𝑉

(
1 − ℎ

𝐻
− 𝑉

𝑐

)
→ −∞.

am ˝emtxveva˝i, ´rdili normalurad ikceva: sinatlis zoli uaxlovdeba
˜edels usasrulobidan mar˘vena mxridan da ´rdili mtlianad gakreba drois
𝑡 = 𝐻/𝑐 momen˚˝i, romelic ˝eesabameba gamosxivebas im momen˚˝i, roca 𝑦 = 0.

1.62 sinatlis atinatis si´kare

vtkvat 𝐴 `er˚ili ˝eesabameba 𝛼 ˜utxes, xolo 𝐵 `er˚ili | 𝛼 + Δ𝛼 ˜utxes
(ixilet naxazi).

radgan 𝐴𝑂 = ℎ tan𝛼 ,

Δ𝑥 = 𝐴𝐵 ≈ 𝑑 𝐴𝑂

𝑑𝛼
Δ𝛼 =

ℎΔ𝛼

cos2 𝛼
. (1.62.1)

meore mxriv, tu˜i 𝐴 `er˚il˝i sinatle dai˜virveba 𝑡 = 𝑡𝐴 drois momen˚˝i,
es ni˝navs, rom misi gamosxiveba moxda upro adreul 𝑡 ′

𝐴
= 𝑡𝐴 −𝑆𝐴/𝑐 momen˚˝i,

sadac 𝑐 sinatlis si´karea. lazers Δ𝛼 ˜utxit mobrunebisatvis das˛irdeba
Δ𝛼/𝜔 dro. ami˚om 𝐵 `er˚il˝i atinati aˆmo´ndeba drois ˝emdeg momen˚˝i:

𝑡𝐵 = 𝑡𝐴 − 𝑆𝐴

𝑐
+ Δ𝛼

𝜔
+ 𝑆𝐵

𝑐
.
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radgan 𝑆𝐴 = ℎ/cos𝛼 ,
𝑆𝐵 − 𝑆𝐴 ≈ 𝑑 𝑆𝐴

𝑑𝛼
Δ𝛼 =

ℎ sin𝛼
cos2 𝛼

Δ𝛼,

da miviˆebt

𝑡𝐵 ≈ 𝑡𝐴 +
(
1
𝜔

+ ℎ sin𝛼
cos2 𝛼

)
Δ𝛼.

ami˚om

Δ𝑡 = 𝑡𝐵 − 𝑡𝐴 ≈
(
1
𝜔

+ ℎ sin𝛼
cos2 𝛼

)
Δ𝛼. (1.62.2)

(1.62.1) da (1.62.2) ˚olobebi gvi´veneben, rom atinatis si´kare 𝐴 `er˚il˝i aris

𝑉 =
Δ𝑥

Δ𝑡
=

ℎ𝜔

cos2 𝛼 + ℎ𝜔
𝑐
sin𝛼

. (1.62.3)

am punkciis grapi˜i na´venebia naxazze: lur˘i grapi˜i ˝eesabameba ℎ𝜔/𝑐 = 0.5
˝emtxvevas, xolo `iteli grapi˜i | ℎ𝜔/𝑐 = 2 ˝emtxvevas.

rogorc vxedavt, gar˜veuli 𝛼 = 𝛼𝑐 ˜ri˚i˜uli ˜utxis ˝emtxveva˝i atinatis
si´kare usasrulo xdeba. (1.62.3) ˚olobis tanaxmad, es xdeba ma˝in, roca

cos2 𝛼𝑐 +
ℎ𝜔

𝑐
sin𝛼𝑐 = 1 − sin2 𝛼𝑐 +

ℎ𝜔

𝑐
sin𝛼𝑐 = 0, (1.62.4)

romlis amoxsnacaa (˝evni˝not, rom | sin𝛼𝑐 | ≤ 1, ami˚om ˜vadra˚uli gan˚olebis
meore pesvi, dadebiti ni˝nit, ar gamodgeba)

sin𝛼𝑐 =
ℎ𝜔

𝑐
−

√︄
1 +

(
ℎ𝜔

𝑐

)2
.
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˜ri˚i˜uli ˜utxis arsi ˝eijleba asetnairad avxsnat. tu˜i 𝑡 = 0 drois
momen˚˝i lazeri asxivebda horizon˚alurad mar˘vniv, ma˝in 𝐴 `er˚il˝i
sinatlis atinati gamo´ndeba

𝑡𝐴 =
𝛼

𝜔
+ ℎ

𝑐 cos𝛼
drois momen˚˝i, sadac ¨irveli `evri ˘am˝i ˝eesabameba im dros, romelic
lazers das˛irda 𝛼 ˜utxit mobrunebisatvis, da meore `evri | im dros,
romelic sinatles das˛irda 𝐴 `er˚il˝i misasvlelad. 𝑡𝐴 (𝛼) punkcias akvs
minimumi, romelsac ˝eesabameba iseti 𝛼𝑚 ˜utxe, rom����𝑑𝑡𝐴𝑑𝛼

����
𝛼=𝛼𝑚

=
1
𝜔

+ ℎ sin𝛼𝑚
𝑐 cos2 𝛼𝑚

=
1

𝜔 cos2 𝛼𝑚

(
cos2 𝛼𝑚 + ℎ𝜔

𝑐
sin𝛼𝑚

)
= 0,

da (1.62.4) gan˚olebastan ˝edareba gvi´venebs, rom 𝛼𝑚 = 𝛼𝑐 .
amrigad gvakvs ˝emdegi surati: ¨eriodulad atinati ¨irvelad gamo´ndeba

im `er˚il˝i romelsac ˝eesabameba 𝛼𝑐 ˜utxe. ˝emdeg atinati orad iqopa, erti
matgani i`qebs mojraobas mar˘vniv, xolo meore | marcxniv. mati si´kareebi
moicema (1.62.3) pormulit. ert-erti atinati qoveltvis sinatleze me˚i
si´karit mojraobs. tu˜i ℎ𝜔/𝑐 > 2, meore atinatic qoveltvis sinatleze me˚i
si´karit mojraobs. magram tu˜i ℎ𝜔/𝑐 < 2, ma˝in meore atinati i`qebs mo-
jraobas sinatleze me˚i si´karit, romelic mcirdeba da im `er˚il˝i, romelsac
˝eesabameba iseti 𝛼𝑠 ˜utxe, rom

sin𝛼𝑠 =
ℎ𝜔

𝑐
− 1,

atinatis si´kare u˚oldeba sinatlis 𝑐 si´kares. ˝emdgom˝i si´kare kvlav
mcirdeba, aˆ`evs minimalur mni˝vnelobas

𝑉𝑚𝑖𝑛 =
4ℎ𝜔

4 + (ℎ𝜔/𝑐)2
,

roca sin𝛼 = ℎ𝜔
2𝑐 , da ˜vlav i`qebs zrdas ise, rom asim¨˚o˚urad, rica 𝛼 → 90◦,

atinatis si´kare miis`rapvis ˜vlav sinatlis si´karisa˜en.

1.63 `qlis motxilamures si´kare

motxilamure mibmulia ˜a˚erze gau˛imvadi to˜it. ami˚om misi si´karis ¨roek-
cia to˜is gas`vriv igive unda iqos, rogorc ˜a˚eris si´karis ¨roekcia to˜is
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gas`vriv, radgan `inaaˆmdeg ˝emtxveva˝i to˜is sigrje ˝eicvleba da gau˛imvadi
to˜i an ga`qdeba, anda ´aixsneba, aˆar ikneba da˛imuli da motxilamure
si´kares da˜argavs. radgan mxolod to˜is gas`vriv ¨roekciebis ˚olobaa
aucilebeli ¨iroba, motxilamures si´kare ˝eijleba ˜a˚eris si´kareze me˚i
iqos, magalitad roca ˜a˚eris si´kare to˜is gas`vrivaa, xolo motxilamures
si´kare raˆac ˜utxes adgens to˜tan.

1.64 gansxvaveba dasavlet da aˆmosavlet mimartulebebs ˝oris

vtkvat ma˚areblebs ˝oris drois ˝ualedi orive mimartulebit aris 𝑇 ,
ma˚areblis dgomis xangrjlivoba sadgurze | 𝜏 , xolo drois ˝ualedi
dasavletit mimavali ma˚areblis `asvlasa da aˆmosavletit mimavali ma˚areb-
lis mosvlas ˝oris | 𝑡 (ixilet naxazi. `iteli peri ˝eesabameba aˆmosavlet
mimartulebas, xolo lur˘i peri | dasavlet mimartulebas).

suratis ¨eriodulobis gamo, sa˜marisia ganvixilot drois erti 𝑇 ¨eri-
odi. tu˜i mgzavri sadgurze midis drois im ˝ualed˝i, romelic suratze
lur˘i peritaa gamoqopili, is an ma˝inve ˘deba dasavletit mimaval ma˚are-
bel˝i, an ucdis aset ma˚arebels, romelic aˆmosavletit mimaval ma˚arebelze
adre mova, da ˘deba mas˝i. naxazidan cxadia, rom drois am ¨eriodis xangr-
jlivobaa 𝜏 + (𝑇 − 2𝜏 − 𝑡) = 𝑇 − 𝜏 − 𝑡 .

tu˜i mgzavri sadgurze midis drois im ˝ualed˝i, romelic suratze
`iteli peritaa gamoqopili, is ¨irikit, an ucdis aˆmosavletit mimaval
ma˚arebels, romelic dasavletit mimaval ma˚arebelze adre mova, da ˘deba
mas˝i, an ma˝inve ˘deba aset ma˚arebel˝i. drois am ¨eriodis xangrjlivobaa
𝑡 + 𝜏 .

tu˜i mgzavris sadgurze mosvlis qvela dro tanabaralbaturia, cxadia,
rom imis albatoba, rom mgzavri ´a˘deba dasavletit mimaval ma˚arebel˝i
𝑇−𝜏−𝑡
𝑡+𝜏 me˚˘er me˚ia, vidre imis albatoba, rom mgzavri ´a˘deba aˆmosavletit

mimaval ma˚arebel˝i. amocanis ¨irobis tanaxmad es tanapardoba sams udris.
es ˝esajlebelia, roca 𝑇 = 4(𝑡 + 𝜏).
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1.65 mojraoba s¨iraluri gluvi ˆaris gas`vriv

amocanis sime˚riidan gamomdinare, mosaxerxebelia vimu˝aot cilindrul ˜oor-
dina˚ta sis˚ema˝i (ixilet naxazi).

s¨iraluri ˆaris gan˚oleba cilindrul ˜oordina˚eb˝i aris

𝜌 = 𝑅, 𝑧 =
𝜑

2𝜋
ℎ. (1.65.1)

𝐴 `er˚ilis radius-vek˚orisatvis gvekneba

®𝑟 = 𝑅®𝑒𝜌 + 𝑧®𝑒𝑧,

sadac ®𝑒𝑧 = ®𝑘 aris or˚i (erteuli vek˚ori) 𝑧-ˆerjis gas`vriv, xolo

®𝑒𝜌 = cos𝜑®𝑖 + sin𝜑 ®𝑗, ®𝑒𝜑 = − sin𝜑®𝑖 + cos𝜑 ®𝑗 (1.65.2)

¨olaruli or˚ebia. 𝐴 sxeulis si´kares vi¨ovit tu˜i gava`armoebt radius-
vek˚ors:

®𝑉 =
𝑑®𝑟
𝑑𝑡

= 𝑅 ¤𝜑®𝑒𝜑 + ¤𝑧®𝑒𝑧,

sadac `er˚ili aˆni˝navs `armoebuls droit, da gavitvalis`inet, rom, (1.65.2)
˚olobebis tanaxmad,

𝑑®𝑒𝜌
𝑑𝑡

= ¤𝜑®𝑒𝜑 ,
𝑑®𝑒𝜑
𝑑𝑡

= − ¤𝜑®𝑒𝜌 .
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analogiurad vi¨ovit sxeulis a´karebas:

®𝑎 =
𝑑 ®𝑉
𝑑𝑡

= 𝑅 ¥𝜑®𝑒𝜑 − 𝑅 ¤𝜑2®𝑒𝜌 + ¥𝑧®𝑒𝑧 .

tu˜i gavitvalis`inebt (1.65.1) ˚olobas 𝑧 ˜oordina˚isatvis, sxeulis si´kare
da a´kareba miiˆebs aset saxes

®𝑉 = 𝑅 ¤𝜑®𝑒𝜑 + ℎ

2𝜋
¤𝜑®𝑒𝑧, ®𝑎 =

𝑑 ®𝑉
𝑑𝑡

= 𝑅 ¥𝜑®𝑒𝜑 − 𝑅 ¤𝜑2®𝑒𝜌 +
ℎ

2𝜋
¥𝜑®𝑒𝑧 . (1.65.3)

tu˜i sxeuli e˝veba sa`qisi 𝑛ℎ simaˆlidan 𝑧 simaˆlemde, energiis ˝enaxvis
˜anoni mogvcems

𝑚𝑔(𝑛ℎ − 𝑧) = 1
2
𝑚𝑉 2 =

1
2
𝑚

(
𝑅2 + ℎ2

4𝜋2

)
¤𝜑2.

es gansazˆvravs sxeulis ˜utxur si´kares, rogorc 𝑧 ˜oordina˚is punkcias

¤𝜑2 =
8𝜋2𝑔(𝑛ℎ − 𝑧)
ℎ2 + 4𝜋2𝑅2 . (1.65.4)

tu˜i gava`armoebt am ˚olobas,

2 ¤𝜑 ¥𝜑 = − 8𝜋2𝑔 ¤𝑧
ℎ2 + 4𝜋2𝑅2 = − 8𝜋2𝑔

ℎ2 + 4𝜋2𝑅2
ℎ

2𝜋
¤𝜑,

miviˆebt, rom sxeulis ˜utxuri a´kareba mudmivia

¥𝜑 = − 2𝜋𝑔ℎ
ℎ2 + 4𝜋2𝑅2 . (1.65.5)

(1.65.3) ˚olobidan cxadia, rom

𝑎2 = 𝑅2 ¥𝜑2 + 𝑅2 ¤𝜑4 + ℎ2

4𝜋2 ¥𝜑
2.

´avsvat ak sxeulis ˜utxuri a´kareba (1.65.5) da ˜utxuri si´kare (1.65.4) da˝vebis
bolo momen˚˝i, roca 𝑧 = 0. ˝edegad, mcire algebruli gardakmnebis ˝emdeg,
miviˆebt

𝑎2 =
𝑔2ℎ2

(ℎ2 + 4𝜋2𝑅2)2
[
ℎ2 + 4𝜋2𝑅2 (

1 + 16𝜋2𝑛2
) ]
.

amrigad, 𝐴 sxeulis a´kareba 𝑛 sruli ˝emobrunebis bolos ikneba

𝑎 =
𝑔ℎ

ℎ2 + 4𝜋2𝑅2

√︁
ℎ2 + 4𝜋2𝑅2 (1 + 16𝜋2𝑛2) .
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1.66 s¨orcmenebis ˜olonis sigrje

gadavidet m`vrtnelis atvlis sis˚ema˝i. am sis˚ema˝i ˜olona m.vrtnels
uaxlovdeba 𝑉 +𝑢 si´karit da mis srul ˝ebrunebas das˛irdeba 𝑡 = 𝐿/(𝑉 +𝑢)
dro. am drois ganmavloba˝i, ¨irveli s¨orcmeni, momelic ˝emobrunebis ˝emdeg
m`vrtnels ˝ordeba 𝑉 − 𝑢 si´karit, moas`rebs

𝑙 = (𝑉 − 𝑢)𝑡 = 𝑉 − 𝑢

𝑉 + 𝑢 𝐿

manjilis garbenas. cxadia, rom es ikneba ˜olonis axali sigrje ˝emobrunebis
˝emdeg.

1.67 ra simaˆleze ax˚eba ¨ing-¨ongis burti?

mi`aze dacemis `in, orive burtis si´kare ikneba 𝑉 =
√︁
2𝑔ℎ. tavda¨irvelad

˜alatburtis burti aire˜leba mi`isgan sididit imave si´karit. tu˜i am dros
gadavalt am burtis atvlis sis˚ema˝i, davinaxavt, rom ¨in-¨ongis burti mas
e˘axeba 2𝑉 si´karit. radgan ˜alatburtis burti gacilebit mjimea ¨ing-
¨ongis burtze, es u˜anas˜neli misgan aire˜leba rogorc ujravi ˜edlisgan,
e.i. 2𝑉 si´karit. are˜vlis ˝emdeg, ¨ing-¨ongis si´kare dedami`is mimart ikneba
2𝑉 +𝑉 = 3𝑉 . radgan ax˚omis simaˆle sa`qisi si´karis ˜vadra˚is ¨ro¨orciulia,
¨ing-¨ongis burti ax˚eba 9ℎ = 13.5 m simaˆleze.

1.68 ˚raek˚oriis simrudis radiusi

gava`armoot 𝑉 2 = ®𝑉 · ®𝑉 ˚oloba

2𝑉
𝑑𝑉

𝑑𝑡
= 2 ®𝑉 · 𝑑

®𝑉
𝑑𝑡

= 2 ®𝑉 · ®𝑎.

akedan vi¨ovit ˚angencialur a´karebas:

𝑎𝜏 =
𝑑𝑉

𝑑𝑡
=

®𝑉 · ®𝑎
𝑉

.

ma˝in normaluri a´kareba ikneba

𝑎𝑛 =

√︃
𝑎2 − 𝑎2𝜏 =

√︃
𝑎2𝑉 2 − ( ®𝑉 · ®𝑎)2

𝑉
=

| ®𝑉 × ®𝑎 |
𝑉

,
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da ˚raek˚oriis simrudis radiusatvis miviˆebt

𝑅 =
𝑉 2

𝑎𝑛
=

𝑉 3

| ®𝑉 × ®𝑎 |
.

1.69 gemis ˚raek˚oriis gan˚oleba

vi¨ovot ˜oordina˚ta speruli sis˚emis or˚ebi. radgan radius-vek˚ori
aris

®𝑟 = 𝑟 sin𝜃 cos𝜑®𝑖 + 𝑟 sin𝜃 sin𝜑 ®𝑗 + 𝑟 cos𝜃 ®𝑘,

sadac ®𝑖 , ®𝑗 , ®𝑘 de˜ar˚es sis˚emis or˚ebia 𝑥 , 𝑦 da 𝑧 ˜oordina˚ebis gas`vriv,
radius-vek˚oris inpini˚ezimaluri `anacvleba 𝑟 , 𝜃 da 𝜑 ˜oordina˚ebis
gas`vriv ikneba

𝑑(𝑟 )®𝑟 = 𝑑𝑟

[
sin𝜃 cos𝜑®𝑖 + sin𝜃 sin𝜑 ®𝑗 + cos𝜃 ®𝑘

]
,

𝑑(𝜃 )®𝑟 = 𝑟𝑑𝜃

[
cos𝜃 cos𝜑®𝑖 + cos𝜃 sin𝜑 ®𝑗 − sin𝜃 ®𝑘

]
,

da
𝑑(𝜑)®𝑟 = 𝑟 sin𝜃𝑑𝜑

[
− sin𝜑®𝑖 + cos𝜑 ®𝑗

]
.

normirebis ˝emdeg miviˆebt speruli sis˚emis or˚ebs:

®𝑒𝑟 = sin𝜃 cos𝜑®𝑖 + sin𝜃 sin𝜑 ®𝑗 + cos𝜃 ®𝑘,
®𝑒𝜃 = cos𝜃 cos𝜑®𝑖 + cos𝜃 sin𝜑 ®𝑗 − sin𝜃 ®𝑘,

®𝑒𝜑 = − sin𝜑®𝑖 + cos𝜑 ®𝑗 .
(1.69.1)

˝evni˝not, rom

¤®𝑟𝑟 = ¤𝜃
[
cos𝜃 cos𝜑®𝑖 + cos𝜃 sin𝜑 ®𝑗 − sin𝜃 ®𝑘

]
+ ¤𝜑 sin𝜃

[
[− sin𝜑®𝑖 + cos𝜑 ®𝑗

]
,

rac ni˝navs
¤®𝑟𝑟 = ¤𝜃 ®𝑒𝜃 + ¤𝜑 sin𝜃 ®𝑒𝜑 . (1.69.2)

meridiani mimartulia ®𝑒𝜃 vek˚oris gas`vriv. ami˚om, amocanis ¨irobis tanaxmad,

®𝑉 · ®𝑒𝜃 = 𝑉 cos𝛼, ®𝑉 · ®𝑒𝜑 = 𝑉 sin𝛼, (1.69.3)

sadac meore ˚oloba gamomdinareobs im pak˚idan, rom ®𝑒𝜃 da ®𝑒𝜑 urtiert¨er¨en-
di˜ularuli vek˚orebia, romlebic ®𝑉 -stan ertad ertsa da imave sperosadmi
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mxeb sibr˚qe˝i arian ganlagebuli. meore mxriv, radgan speros zeda¨irze
𝑟 = 𝑅 ar icvleba, da (1.69.2) ˚olobis gatvalis`inebit, gemis ®𝑉 si´karisatvis
miviˆebt

®𝑉 =
𝑑

𝑑𝑡
(𝑟 ®𝑒𝑟 ) = 𝑅

(
¤𝜃 ®𝑒𝜃 + ¤𝜑 sin𝜃 ®𝑒𝜑

)
.

tu˜i amas ´avsvamt (1.69.3) ˚olobeb˝i, miviˆebt

𝑅 ¤𝜃 = 𝑉 cos𝛼, 𝑅 ¤𝜑 sin𝜃 = 𝑉 sin𝛼.

¨irveli ˚oloba gavqot meoreze da gavitvalis`inot 𝑑𝜃
𝑑𝑡
/𝑑𝜑
𝑑𝑡

= 𝑑𝜃
𝑑𝜑
, rac mogvcems

diperencialur gan˚olebas
1

sin𝜃
𝑑𝜃

𝑑𝜑
= cot𝛼.

ganvacalot cvladebi da aviˆot in˚egrali ˝emdegi ˚olobis gatvalis`inebit∫
𝑑𝜃

sin𝜃
= −1

2

∫ [
1

1 + cos𝜃
+ 1
1 − cos𝜃

]
𝑑 cos𝜃 = ln

√︂
1 − cos𝜃
1 + cos𝜃

= ln tan
𝜃

2
.

˝edegad miviˆebt gemis ˚raek˚oriis gan˚olebas

tan
𝜃

2
= tan

𝜃0

2
𝑒 (𝜑−𝜑0) cot𝛼 .

es `iri cnobilia leksodromiis saxelit.

1.70 miaxloebis minimaluri manjili

avre˜lot na`ila˜is ˚raek˚oria (zeda gverdidan ¨irveli are˜vlis ˝emdeg)
𝑂𝐵 zeda gverdis mimart (ixilet marcxena naxazi).
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aseti o¨eraciis ˝emdeg, ˚raek˚oriis lur˘i da ˝avi perebit gamoqopili
na`ilebi ert `rpeze aˆmo´ndebian. tanac ˚raek˚oriis nebismieri `er˚ilis
da˝oreba ˜utxis 𝑂 `verosagan igive ikneba, rac 𝑂𝐵 sar˜e˝i misi gamosaxulebis
da˝oreba 𝑂 `er˚ilisagan. cxadia, rom ˝emdgomi are˜vla 𝑂𝐶 xazis mimart
˚raek˚oriis m`vane na`ilsac am `rpeze moatavsebs. ase ˝egvijlia gavagrjelot
manam, sanam 𝛼 ˜utxis ˝ignit na`ila˜is ˚raek˚oriis qvela na`ili ert `rpeze
ar aˆmo´ndeba (ixilet mar˘vena naxazi). cxadia, rom minimaluri manjili ˜utxis
𝑂 `verosa da na`ila˜s ˝oris udris 𝑂 `er˚ilidan am `rpeze da˝vebuli
¨er¨endi˜ularis sigrjes da misi sididea 𝑙 sin𝜑0.
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